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From the Author 


This textbook on mathematical analysis is based on many years’ 
experience of lecturing at a higher technical college. Its aim is to 
train the students in active approach to mathematical exercises, 
as is done at a seminar. 

Much attention is given to problems improving the theoretical 
background. Therefore standard computational exercises are supple- 
mented by examples and problems explaining the theory, promo- 
ting its deeper understanding and stimulating precise mathema- 
tical thinking. Some counter-examples explaining the need for cer- 
tain conditions in the formulation of basic theorems are also in- 
cluded. 

The book is designed along the following lines. Each section 
opens with a concise theoretical introduction containing the prin- 
cipal definitions, theorems and formulas. Then follows a detailed 
solution of one or more typical problems. Finally, problems with- 
out solution are given, which are similar to those solved but 
contain certain peculiarities. Some of them are provided with hints. 

Each chapter (except Chap. IV and V) closes with a separate 
section of supplementary problems and questions aimed at reviewing 
and extending the material of the chapter. These sections should 
prove of interest to the inquiring student, and possibly also to 
lecturers in selecting material for class work or seminars. 

The full solutions developed in the text pursue two aims: (1) 
to provide lecturers with a time-saver, since they can refer the 
students to the textbook for most of the standard exercises of a 
computational character and concentrate mainly on the solution 
of more sophisticated problems, thus gaining time for more rewar- 
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ding work; and (2) to meet the needs of those who are working 
on their own or following correspondence courses, providing a sub- 
stitute for the oral explanations given to full-time students. 

The student will find the book most useful if he uses it acti- 
vely, that is to say, if he studies the relevant theoretical material 
carefully before going on to the worked-out solutions, and finally 
reinforces the newly-acquired knowledge by solving the problems 
given for independent work. The best results will be obtained 
when the student, having mastered the theoretical part, immedia- 
tely attacks the unsolved problems without referring to the text 
solutions unless in difficulty. 

Isaac Maron 


Chapter | 


INTRODUCTION 
TO MATHEMATICAL ANALYSIS 


§ 1.1. Real Numbers. 
The Absolute Value of a Real Number 


Any decimal fraction, terminating or nonterminating, is called 


a real number. 
Periodic decimal fractions are called rational numbers. Every 


rational number may be written in the form of a ratio, 7 , of two 


integers p and q, and vice versa. 

Nonperiodic decimal fractions are called trrational numbers. 

If X is a certain set of real numbers, then the notation «EX 
means that the number x belongs to X, and the notation x¢ X 
means that the number x does not belong to X. 

A set of real numbers x satisfying the inequalities a< x <b, 
where a and 6 are fixed numbers, is called an open interval (a, b). 
A set of real numbers x satisfying the inequalities ax<x<b is 
called a closed interval [a, b]. A set of real numbers x, satisfying 
the inequalities ax <b or a<x<bJ, is called a half-open in- 
terval |a, b) or (a, b]. Open, closed, and half-open intervals are 
covered by a single term interval. 

Any real number may be depicted as a certain point on the 
coordinate axis which is called a proper point. We may also intro- 
duce two more, so-called improper points, 4+-o0 and —oo infinitely 
removed from the origin of coordinates in the positive and nega- 
tive directions, respectively. By definition, the inequalities —oo < 
<x<-+o hold true for any real number x. 

The interval (a—e, a+ e) is called the e-neighbourhood of the 
number a. 

The set of real numbers x >M is called the M-neighbourhood 
of the improper point -+-oo. 

The set of real numbers x <M is called the M-neighbourhood 
of t .e improper point —oo. 

The absolute value of a number x (denoted |x|) is a number 
that satisfies the conditions 

Sx 1 ee 0; 
exe Ol WO. 
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The properties of absolute values are: 

(1) the inequality |x|<ca means that —-~a<x<a; 

(2) the inequality |x|2>a means that x >a or x< —a; 
(3) [xe yl<[x|+lyh 

(4) |x y|>[|xl—lylh 

(5) |xyl= |x|] yI: 


(6) |= |= (y+ 0). 


yl AH 


1.1.1. Prove that the number 
0.1010010001...1000...01... 


jetta cane 
n 








is irrational. 

Solution. To prove this, it is necessary to ascertain that the 
given decimal fraction is not a periodic one. Indeed, there are n 
zeros between the nth and (n+ 1)th unities, which cannot occur 
in a periodic traction. 


1.1.2. Prove that any number, with zeros standing in all deci- 
mal places numbered 10” and only in these places, is irrational. 


1.1.3. Prove that the sum of, or the difference between, a ra- 
tional number @ and an irrational number 6 is an_ irrational 
number. 

Solution. Consider the sum of a and B. Suppose a+B=y is a 
rational number, then B=y—a is also a rational number, since 
it is the difference between two rational numbers, which contra- 
dicts the condition. Hence, the supposition is wrong and the number 
a-+f6 is irrational. 


1.1.4. Prove that the product af and the quotient a@/p of a 
rational number «= 0 and an irrational number 6 is an irraticnal 
number. 


1.1.5. (a) Find all rational values of x at which y=V +443 
is a rational number. 

Solution. (a) Suppose x and y=V x+x-+3 are rational num- 
bers. Then the difference y—x-=gq is also a rational number. Let 
us now express x through g 

y—x=V P+x4+3—x=9, 
VxeP+x+3=q+x, 
V+xt3=q+2qx4+ x’, 
if 2 


re aay 


By a direct check it is easy to ascertain that q=}/,. 
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Prove the reverse, namely, y=V x?-+x-+3 is a rational number 








if rot, where g is any rational number not equal to !/,. 
Indeed, 
y=VEpepa= ff Coes ee: 


(1 — 2q)? 1—29 
= yt — 298+ 7q?—6q+9 _ = oa —g+3? _ g@—q+3 41 
(129 (—29? 1d, IE) 


The latter expression is rational at any rational q not equal to ?/,. 
(b) Prove that V2 is an irrational number. 


1.1.6. Prove that the sum /3+-) 2 is an irrational number. 


Solution. Assume the contrary, i.e. that the number Y34+V2 
is rational. Then the number 


x Vo. l 
(Ere V3+V2 


is also rational, since it is the quotient of two rational mnumers. 
Whence the number 


V2=4((V3+V2)—(VV3—V2)| 


is rational, which contradicts the irrational nature of the number 
V 2 (see Problem 1.1.5). Hence, the supposition is wrong, and the 
number 3-4) 2 is irrational. 


1.1.7. Prove that for every positive rational number r satisfying 
the condition r? < 2 one can always find a larger rational number 
r+h(h > 0) for which (r+ h)? < 2. 

Solution. We may assume h<l. Then A? <h and (r+h)< 
<r?t 2rh--h. That is why it is sufficient to put r?+2rht+h=2, 
i.e. A= (2—r?)/(2r +- 1). 

1.1.8. Prove that for every positive rational number s satisfying 
the condition s? > 2 one can always find a smaller rational number 

—k(k > 0) for which (s—k)? > 2. 


1.1.9. Solve the following inequalities: 

(a) |2x— 3] < 1 

(b) (x— 2)? 4; 

- x*°+2x—8< 0; 

d) |x? —7x-+-12| > x?—7x-+ 12. 

ee (a) The inequality |2x—3|<1 is eqivalent to the 

inequalities 
—1 << 2x—3< l, 
whence 
22 ox = 4 and | <x% <2. 
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(d) The given inequality is valid for those values of x at which 
—/x+12< 0, whence 3<x< 4. 


1.1.10. Find out whether the following equations have any 
solutions: 


(a) |x|=x+5; (b) |x|=x—65? 

Solution. (a) Atx20 we have x=x-+5. Hence, there are no 
solutions. At x <0 we have —x =-x-+5, whence x= —5/2. This 
value satisfies the initial equation. 

(b) At x>>0 we have x=x—5. Hence, there are no solutions. 
At x<0 we have —x=x—5, whence x =5/2, which contradicts 
Our supposition (x < 0). Thus, the equation has no solution. 


1.1.11. Determine the values of x satisfying the following equa- 
lities: 








fl). X=) 
a) | |= x-+1’ 
: | x? —5x +6 |= — (x?—5x-+ 6). 


1.1.12. Determine the values of x satisfying the following equ- 
alities: 

(a) | (x? + 4x + 9) + (2x — 3) |= |x? +4x49]+|2x—3]; 

(b) |(x#—4)—(x?-+ 2) | =| #4 |—] 2749. 

Solution. (a) The equality |a+b|=|a/+|6| is valid if and 
only if both summands have the same sign. Since 


4 4x4+9=(x+2)7?4+5>0 


at any values of x, the equality is satisfied at those values of x 
at which 2x—320, i.e. at x > 3/2. 

(b) The equality |a—b|=|a|—[}| holds true if and only if a 
and b have the same sign and |a|>|b|. 

In our case the equality will hold true for the values of x at 
which 

—4>x°+2. 
Whence 
2 ls. Ne SV 3. 


1.1.13. Solve the inequalities: 
: ) |8x—5|—| 2x -+ 3] > 0; 
(b) ]x?—5x| > |x*]—| 5x. 


1.1.14. Find the roots of the following equations. 

(a) |sinx|=sinx-+ 1; 

(b) x?—2|x|—3=0. 

Solution. (a) This equation will hold true only for those values 
of x at which sinx <0, that is why we may rewrite it in the 
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following way: 
—sinx=sinx-+1, or sinx=—"/,; 


whence x = mk—(—1)* n/6 (R=0, +1, +2, ...). 

(b) This equation can be solved in a regular way by considering 
the cases x>>0 and x<0. We may also solve this equation re- 
writing it in the form 

[t= 2 1x3 = 0; 
Substituting y for |x|, we obtain 
y*—2y—3=0, 
whence y,=3, y,=—I1. Since y=|x|20, the value y,=—1 does 
not fit in. Hence 
y=|x|=3, 
ie. x, =—3, x, = 3. 


§ 1.2. Function. Domain of Definition 


The independent variable x is defined by a set X of its values. 

If to each value of the independent variable x«€ X there corres- 
ponds one definite value of another variable y, then y is called 
the function of x with a domain of definition (or domain) X or, 
in functional notation, y=y(x), or y=/(x), or y=q(x), and so 
forth. The set of values of the function y(x) is called the range 
of the given function. 

In particular, the functions defined by the set of natural num- 
bers 1, 2, 3, ..., are called numerical sequences. They are written 
in the following way: x,, x,, ..., X%,,. ... or {x,}. 


1.2. nly oe the function f(x) =(«+1)/(x—1). Find f (2x), 2f (x), 
f (x*), : 


Solution. 
2 | ] 
FQy=S 5; iy =255; 


Ma=S2; wp -(!) | 
1.2.2. (a) Given the function 








lI—x 
i (x) = log ay ‘ 
Show that at x,, x,E€(—1, 1) the following identity holds true: 


f(x) +f (4%) =/ Tae 
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Solution. At xE€(—1, _ we — ee and hence 
a (1 — x) (1 — xX) 
i (x ith (x X,) = log a “1 4 Jog Te = 108 age: (1) 
On the other hand, 
)_—_ Arte 
Xi+% \ L+X4%_ I --XyXy—Xy— Xq 
(a )= ioe Xy +X ae 08 P-xyXg- xy XQ 
1+ xXx 














a (1 —x,) (1—x,) 
sng (1 + xy) (1+ 9) ’ 
which coincides with the right-hand member of expression (1). 
(b) Given the function f(x) =(a*-+a~*)/2 (a>0). Show that 
f (x+y) +f (x—y) = 2f (x) f(y) 
1.2.3. Given the function f(x)=(x+1)/(x*—1). Find /(—1); 
f(a+1); f(a)+1. 
1.2.4. Given the function f(x)=x'—1. Find 


} (6) —F (a) a+h 
———_—— (0 #a) and j( =). 


1.2.5. Given the function 


37 l —l<x< JQ, 
f (x) = tan (x/2), be <n, 
x/(x? — 2), =X =..0, 


Find f(—1), f(a/2), [ (22/3), 7 (4), 7 (6). 
ee The point ae lies ne the interval [—1, 0). 


Hence 
f(—1) = 3-7 OY —1=2. 
The points x=a1/2, x=2n/3 belong to the interval [0, 2). 
Hence 
f (m/2) =tan(n/4)=1; f (2n/3) =tan(n/3)=V3. 
The points x=4, x=6 belong to the ee (a, 6]. Hence 
4 2 3 
oa ee eo 9 17" 
1.2.6. The function /(x) is defined over the whole number scale 


by the following law: 
2x3 + 1, if x<Q2, 
i (x) Winss2)y. sli 3. 
2x—d, if x > 3. 
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Find: f(V¥2), (V8), f(V log, 1024). 

1.2.7. In the square ABCD with side AB=2 a straight line 
MN is drawn perpendicularly to AC. Denoting the distance from 
the vertex A to the line MN as x, express through x the area S 
of the triangle AMN cut off from the square by the straight 
line MN. Find this area at x=) 2/2 B yi f 
and at x=2 (Fig. 1). 

Solution. Note that AC=2 V2: 


hence 0<x<2Y 2. Ifx<V 2, 
then 










M 


S(x)=Sp amn =%*. 
If x > V2, then 
S(x) =4—-(2 V2 —xpP=— P+ 
+4x V2 —4. N 

Thus, Fig. | 

Bae 0<x<)2, 
= PAy V2 =4. [Pere oV 2. 
Since V2/2<V2 , S(V2/2)=(V2 /2"=1/,. Since 2>)V2, 

S(2)=—44+8V2 —4= 8(V 2 —1). 


Six) =| 


1.2.8. Bring the number a,, which is equal to the nth decimal 
place in the expansion of /2 into a decimal fraction, into cor- 
respondence with each natural number n. This gives us a certain 
function a,=@q(n). Calculate @(1), @(2), p(3), @ (A). 

Solution. Extracting a square root, we find V2 =1.4142.... 
Hence 

p()=4 g(2)=1; 9(3)=4 (4) =2. 


1.2.9. Calculate / (x) =49/x? + x? at the points for which 7/x + x«=3. 
Solution. [| (x) = 49/x? + x? = (7/x-+ x)? — 14, but 7/x-+ x =3, hence 
f (x) =9—14=—5. 
1.2.10. Find a function of the form f(x)=ax’?+bx-+c, if it is 
known that /(0)=5; f(—1)=10; f (1) =6. 
Solution. 
f (0) =5 =a-0?-+50-0-+¢, 
f (—1) = 10=-a—b-+e, 


j (1) =6=a+b-+e. 
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Determine the coefficients a, b, c from the above system. We have: 
a=3; b=—2; c=5; hence f[ (x) =3x?—2x+5. 
1.2.11. Find a function of the form 
[ (x) =a+bc* (c>0), 
if f(O)= 15; f (2) = 30; f (4) = 
1.2.12. Find @[p(x)] and plg (x)] if 


p (x) =x? and w(x) =2* 
Solution. 


© [tp (x)] = [PP = (2°)? = 2%, 
th [p (x)] = 2° = 2", 


1.2.13. Given the function 
5 
f (x)= 


Find f (3x); f(x*); 3f (x); [7 (+)]}*. 
1.2.14. Let 





24] 
x e 


atl (Ox x<l, 
ox—l at l<xx<3. 


Find f (2), f(0), £(0.5), f(—O0.5), f (3). 
1.2.15. Prove that if for an exponential function y=a* (a> 0; 


3° at —l_<x< 0, 
f (x) | 


a= 1) the values of the argument x=x, (n=1, 2,...) form an 
arithmetic oe then the corresponding values of the func- 
tion y,=a*(n=1, ..) form a geometric progression. 


1.2.16. Bie onal Gta aidatn Solve the equation f(x) =|qg(x)|. 
1.2.17. Find f (x) if 
P(x+l)=x?—38x+2. 
1.2.18. Evaluate the functions 
f(x) =x? + 1/x? and @ (x) = x*+ L/x4 
for the points at which l/x-+x«=5. 
1.2.19. f(x)=x+1; p(x) =x—2; solve the equation 
lF)+e@l=lF@|+le |. 


1.2.20. A rectangle with altitude x is inscribed in a triangle 
ABC with the base 6 and altitude A. Express the perimeter P and 
area S of the rectangle as functions of x. 
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1.2.21. Find the domains of definition of the following functions: 
(a) f (x) =Ve—14+V6—=; 


(b) f (x) = V C= 0 











V3 2x— 2 
©) [=p = 
(d) f (x) =Vsinx—1; 
(e) f (x)= V ioe i dea 
(f) f(x) = log, 5; 
(g) f (x) = log aH . 
(h) f (x)= arc sin t=" log (4 — x); 
(i) F()= ony” Vx+2; 
(j) f(x) =log cos x; ) 
(k) f (x) = arc cos = 





Solution. (a) The domain of definition of the given function 
consists of those values of x at which both items take on real 
values. To ensure this the following two conditions must be satis- 


fied: 
x—1>0, 
6—x > 0. 
By solving the inequalities we obtain x21; x<6. Hence, 


the domain of definition of the function will be the segment [1,6]. 
(e) The function is defined for the values of x for which 





log ore 20, 


This inequality will be satisfied if 


oe 


1, or x* —odx+4< 0. 





Solving the latter sade we find |!<x<4. Thus, the seg- 
ment [1,4] is the domain of definition of the function. 

(f) The function is defined for all positive x different from unity, 
which means that the domain of definition of the function consists 
of the intervals (0, 1) and (1, +00). 
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(k) The function is defined for the values of x for which 
3 


= <4 one = L. 


Since 4+2sinx >0 at any x, the problem is reduced to solving 


the inequality 
3 


412sinx <1. 


Whence 
3<4+4+2sinx, i.e. sinx>—}/,. 


By solving the latter monet we obtain 


— 4 2kn<x< = + 2kn (k=O, +1, +2, ...). 


(1) The function is defined for the values of x for which 
|x|— x >0, whence |x|] > x. This inequality is satisfied at x <0. 
Hence, the function is defined in the interval (—oo, 0). 


1.2.22. Find the domains of definition of the following functions: 
(a) f (x) =V arc sin (log, x) ; 

(b) f(x) = - log, log, x; 
(c) i (x)= De sin x | 
(d) f ( ee 
(e) f (x) =V cos (sin x) are sin ams 


Find the ranges of the following functions: 


(1) i 2— cos 3x ’ 








7 





(2) ¥=753 - 
Solution. (a) For the function f(x) to be defined the following 
inequality must be satisfied 
arc sin (log, x) > 
whence 0< log, x<cl and lxx<2. 


(b) The function log, log,log,x is defined for log, log, x > 0, 
whence log,x >1 and x > 4. Hence, the domain of definition is 


the interval 4< x< ++ oo. 
(c) The given function is defined if the following inequalities are 


satisfied simultaneously: 
x-~0; —l<x<cl and x>2, 


but the inequalities —l1<x<1 and x >2 are incompatible, that 
is why the function is not defined for any value of x. 
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(e) The following inequalities must be satisfied simultaneously: 


1+ x? 
2x <l. 





cos (sinx) 0 and | 





The first inequality is satisfied for all values of x, the second, 
for |x|=1. Hence, the domain of definition of the given function 
consists only of two points x=-+1. 

(f) We have 





9 zs 
cos 3x = a ae 


Since 

2y — | 
y 

whence, taking into account that y > 0, we obtain 


—Il<cos3x<.l, we have —1< <1, 


—y<ty—l<y or 7 SHS. 


(g) Solving with respect to x, we obtain 


_ lt Vi-w 
2y ; 
The range of the function y will be determined from the relation 
|1—4y? > 0. 
Whence 
—y<y<z. 


1.2.23. Solve the equation 
arc tanV x (x + 1)4- arc sin VY eax l= 1/2. 


Solution. Let us investigate the domain of definition of the func- 
tion on the left side of the equation. This function will be defined 
for 

Ctx >), OS P4+rxt1l< 


whence x?-- x =0. 

Thus, the left member of the equation attains real values only 
at x, 0 and X,=—1. By a direct check we ascertain that they 
are the roots of the given equation. 

This problem shows that a study of domains of definition of a 
function facilitates the solution of equations, inequalities, etc. 

1.2.24. Find the domains of definition of the following functions: 


2x—3 
V + 2x43 
(b) y=log sin(x—3)+V 16—x?; 


(a) y= 
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x—2 


3? 





(c) y= V 3—x-+arc cos 


x 
(d) d= Tog (1+ x) * 


1.2.25. The function f(x) is defined on the interval [0, 1]. What 
are the domains of definition of the following functions: 


(a) fF (3x*);  (b) F(x—5); (c) F (tan x)? 


Solution. The given functions are functions of functions, or su- 
perpositions of functions, i. e. composite functions. 

a) Let us introduce an intermediate argument u=3x?. Then the 
function f(3x?)=f(u) is defined if Ou<l, i.e. O<3xX°< 1, 
whence —1/V3<x< 1/V3. 

(c) Similarly: 0< tanx< 1, whence 


knxx<cnj/4tekn (R=0, +1, +2, ...). 


1.2.26. The function f(x) is defined on the interval [0, 1]. What 
are the domains of definition of the functions 


(a) f(sinx),; (b) f(2x+ 3)? 


§ 1.3. Investigation of Functions 


A function f(x) defined on the set X is said to be non-decreasing 
on this set (respectively, increasing, non-increasing, decreasing), if 
for any numbers x,, x,EX, x,<x,, the inequality f (x,)<f(x,) 
(respectively, f (x,) <F (xq), F(%) Sf (x), F(x) > f (%)) is satisfied. 
The function / (x) is said to be monotonic on the set X if it pos- 
sesses one of the four indicated properties. The function f(x) is 
said to be bounded above (or below) on the set X if there exists a 
number M(or m) such that f(x)<M for all xEX (or m<jf (x) 
for all x€ X). The function f(x) is said to be bounded on the set X 
if it is bounded above and below. 

The function f(x) is called periodic if there exists a number 
T >> 0 such that f(x+7) =f (x) for all x belonging to the domain 
of definition of the function (together with any point x the point 
x-+ T must belong to the domain of definition). The least number 7 
possessing this property (if such a number exists) is called the 
period of the function f(x). The function f(x) takes on the maxi- 
mum value at the point x,E€X if f(x,) f(x) for all xEX, and 
the minimum value if f(x,.)<f (x) for all xEX. A function f (x) 
defined on a set X which is symmetric with respect to the origin 
of coordinates is called even if f(—x)=f (x), and odd if f(—x) = 
= — | (x). 

In analysing the behaviour of a function it is advisable to de- 
termine the following: 
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. The domain of definition of the function. 
. Is the function even, odd, periodic? 
. The zeros of the function. 
The sign of the function in the intervals between the zeros. 
Is the function bounded and what are its minimum and ma- 
ximum values? 
The above items do not exhaust the analysis of a function, and 
later on their scope will be increased. 
1.3.1. Find the intervals of increase and decrease of the func- 
tion f(x) =ax?+bx-+c, and its minimum and maximum values. 
Solution. Isolating a perfect square from the square trinomial, 
we have 


CR CON 


2 4ac— b2 


f)=a(xt5) +5 


If a>0, then the function / (x) will increase at those values of x 
satisfying the inequality «+ 0/(2a) >0, i. e. at x >—0b/(2a), and 
decrease when x-++ b/(2a) <0, i.e. at x <—b/(2a). Thus, if a> 0, 


the function f (x) decreases in the interval ( —oo, a and inc- 
reases in the interval (— 6/(2a), + 00). Obviously, at x=— 0/(2a) 
the function f(x) assumes the minimum value 
b 4ac— b? 
fain =F (gz) = “ 
At a> O the function has no maximum value. 
Similarly, at a< 0 the function 7 (x) will increase in the inter- 





val | —oo, —s] and decrease in the interval (— b/(2a), 0); at 
x= — b/(2a) the function f(x) takes on the maximum value 
b 4ac— 6? 
imax =1(— 3) = 4a ’ 





whereas it has no minimum value. 
1.3.2. (a) Find the minimum value of the function 


y= 3x2 +5x—1. 


(b) Find the rectangle with the maximum area from among all 
rectangles of a given perimeter. 
Solution. (a) Apply the results of Problem 1.3.1: a=3 > 0, b=5, 





c=—1. The minimum value is attained by the function at the 
point x =— 5/6 
_ 4ac—? 387 
Imin = da .—~—~—é«<CYS‘D 


(b) We denote by 2p the length of the perimeter of the required 
rectangle, and by x the length of one of its sides; then the area S 
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of the rectangle will be expressed as 
S=x(p—x) or S=px—x’. 


Thus, the problem is reduced to the determination of the maximum 
value of the function S(x)=— x?-+ px. Apply the results of Prob- 
lem 1.8.1: a=—1<0, b=p, c=0. The maximum value is attai- 
ned by the function at the point «=— b/(2a)=p/2. Hence, one 
of the sides of the desired rectangle is p/2, the other side being 
equal to p—x=p/2, i.e. the required rectangle is a square. 


1.3.3. Show that 

(a) the function f (x) =x'+3x-+5 increases in the entire domain 
of its definition; 

(b) the function g (x) = x/(1 + x?) decreases in the interval (1, + 00). 

Solution. The function is defined for all points of the number 
scale. Let us take arbitrary points x, and x,, x, <x, on the number 
scale and write the following difference: 
f (X_)—f (x4) = (x3 + 3x, +5) — (x3 + 38x, +5) = 

= (X_— 4) (43 + XX + XU 3) = 
2 

= (x,—%,) (x, +5 %] +3 x9 +3] ‘ 


Since x,—.x, > 0 and the expression in the brackets is positive 
at all x, and x,, then f[(x,)—/f(x,) >0, i.e. f(x) >f(x,), which 
means that the function f(x) increases for all values of x. 


1.3.4. Find the intervals of increase and decrease for the follo- 
wing functions: 
(a) f (x) =sin x-+cos x; 
(b) tan (x-+ 2/3). 
Solution. (a) Using the familiar trigonometric formulas, we find 
f (x) =V 2cos (x—n/4). 
It is known that the function cosx decreases in the intervals 
2nmn<xxX<(Qn4+1)4n 
and increases in the intervals 
(Qn—l)nxixxdan (n=0, +1, +2, ...). 
Hence, the intervals of decrease of the function f (x) are: 
m/4+Qnnx<x<cnj4+(2n4+1)n (n=0, +1, ...), 
and the intervals of increase of the same function are: 
m/4+(2n—l)nxxxcn/4+2nn (n=0, +1, ...). 
1.3.5. Find the minimum and maximum values of the function 
[(x)=acosx-+bsinx (w+? > 0). 
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Solution. The given function can be represented as: 
f (x) =V a + 8? cos (x—a), 
where cosa =a/V a+, sina =b/V a? +0?. Since | cos (x —a)| <1, 
the maximum value of f(x) equals +) a?-+-b? (at cos(x—a) =1), 


the minimum value of f(x) being equal to —Va?+b6? (at 
cos (x —a) =—1). 








1.3.6. Find the minimum value of the function 
f (x) = BOP =2 48. 
Solution. We denote by q(x) the exponent, i. e. 
@ (x) = (x? — 2)? +8. 


The function f (x)=3%™ takes on the minimum value at the 
same point as the function q (x). 
Hence 


p (x) = x8 — 6x4 -+ 12x? = x? [(x? —3)? + 3]. 
Whence it is clear that the function @(x) attains the minimum 


value (equal to zero) at x =0. That is why the minimum value of 
the function f (x) is equal to 3°=1. 


1.3.7. Test the function 
f (x) =tanx-+-cot x, where O<x< 0/2, 
for increase and decrease. 


1.3.8. Given: m numbers a,, a,, ..., a, Determine the value 
of x at which the function 


f (x) = (x—a,)? + (x—a,)? +... + (%—-a,)° 


takes on the minimum value. 
Solution. Rewrite the function f(x) in the following way: 


f(x) = nx? —2(a,-+a,+...+4,)x+ (aj+az+... +7), 


wherefrom it is clear that f(x) is a quadratic trinomial ax? + bx-+-c, 
where a=n > (0. Using the results of Problem 1.3.1, we find that 
the function assumes the minimum value at x—=—b/(2a), i. e. at 
x= (a, +a,+...+4a,)/n. 

Thus, the sum of the squares of deviations of the value of x 
from # given numbers attains the minimum value when x is the 
mean arithmetic value for these numbers. 


1.3.9. Which of the given functions is (are) even, odd; and 
which of them is (are) neither even, nor odd? 
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(a) F(x) =log (x +-V 1 +x); 
(b) f (x) =log =; 
(c) f (x) =2x8—x+1; 
(d) Fy)=e 5S, 
Solution. (a) It can be seen that f(+ x) +f (—.x)=0. Indeed, 
f(-+ x) +f (—- x) = log (x +V1-+ x?) + log(— x +V 1+ 2°) = 
= log (1 + x®— x’) =0, 











hence, f (x) = — f/f (— x) for all x, which means that the function is odd. 
= l1—x 1—x 
(b) f (— x)= log ; == log (j=) "= — log 
Thus, f(—x)=—/ (x) for all x from the domain of definition 


(—1, 1). Hence, the function is odd. 


1.3.10. Which of the following functions is (are) even and which 
is (are) odd? 

(a) f (x) =4—2x4-+ sin? x; 

(b) f(x) = ren 1—x+x%; 

(c) f (x) = te 

(d) f (x) =sinx-+cos x; 

(e) f (x) =const. 


1.3.11. Prove that if f(x) is a periodic function with period 7, 
then the function f/ (ax-+b), where a > 0, is periodic with period 7/a. 
Solution. Firstly, 


f [a (x+ T/a) +6] =f [(ax-+b)+T] =f (ax-+), 


since T is the period of the function / (x). Secondly, let 7, be a 
positive number such that 


f[a(x+T,) +6] =f (ax+0). 


Let us take an arbitrary point x from the domain of definition 
of the function f(x) and put x’ =(x—b)/a. Then 


f (ax +) =f (a* J=f@=flaw+T)+4]= 


=| (ax' +b +-aT,) =f (x+aT)). 


Whence it follows that the period T<aT,, i.e. T,>T/a and 
T/a is the period of the function f (ax-+-)). 

Note. The periodic function f (x) =Asin(ox+ @), where A, ow, @ 
are constants, is called a harmonic with amplitude | A]|, frequency o 
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and initial phase @. Since the function sinx has a period 2m, the 
function A sin(mx-+q) has a period T = 2n/w. 


1.3.12. Indicate the amplitude | A], frequency o, initial phase @ 
and period T of the following harmonics: 

(a) f (x) =5 sin 4x; 

(b) f (x) =4 sin (3x + 1/4); 

c) f (x) = 3sin (x/2) + 4 cos (x/2). 

1.3.13. Find the period for each of the following functions: 

(a) [ (x) = tan 2x; 

(b) f (x) = cot (x/2); 

(c) f (x) == sin Qnx. 

Solution. (a) Since the function tanx has a period 1, the function 
tan 2x has a period 1/2. 


1.3.14. Find the period for each of the following functions: 
(a) f (x) =sin*x-+ cos! x; 

(b) f (x) =| cos x. 

Solution. (a) sin* x-+ cos‘ x = (sin? x-+ cos? x)? —2 sin? x cos? x = 


1 . ] 3 l - av 
=1— sin’ 2x= I—7 (Il—cos 4x) =F 4+7sin (4+); 


“4 T = 2n/o = 21/4 = 1/2. 

(b) f (x) =|cosx|=V cos? x cos? x =V (1+ cos 2x)/2; but the function 
cos2x has a period 7 =a; hence, the given function has the same 
period. 


1.3.15. Prove that the function f (x) =cos x? is not a periodic one. 
Solution. Let us prove the contrary. Suppose the function has a 
period 7; then the identity cos(x+ 7)? =cosx? is valid. 
By the conditions of equality of cosines for a certain integer k 
we have 
x? + 27x +7? + x? = Qnk. 


But this identity is impossible, since k may attain only integral 
values, and the left member contains a linear or quadratic function 
of the continuous argument x. 


1.3.16. Find the greatest value of the function 
2 
a V 2x? —4x 43° 


1.3.17. Which of the following functions are even, and which are 
odd: 


(a) f(x)=/ U—xP + V/V +4) 
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(b) f (x) =x? —|x|; 

(c) f (x) =x sin? x— x?; 

(d) f (x) = (1 + 2*)?/2*? 

1.3.18. Find the period for each of the following functions: 
(a) f (x) =arc tan (tan x); 


(b) f (x) =2cos=—. 


1.3.19. Prove that the functions _ 
(a) f(x)=x-+sinx; (b) f(x) =cosV x 


are non-periodic. 





§ 1.4. Inverse Functions 


Let the function y=/f(x) be defined on the set X and have a 
range Y. If for each y€Y there exists a single value of x such that 
f (x) =y, then this correspondence defines a certain function x = g (y) 
called inverse with respect to the given function y=/ (x). The suf- 
ficient condition for the existence of an inverse function is a strict 
monotony of the original function y=f (x). If the function increases 
(cecreases), then the inverse function also increases (decreases). 

The graph of the inverse function x=g(y) coincides with that of 
the function y=f (x) if the independent variable is marked off along 
the y-axis. If the independent variable is laid off along the x-axis, 
i.e. if the inverse function is written in the form y=g(x), then 
the graph of the inverse function will be symmetric to that of the 
function y=/(x) with respect to the bisector of the first and third 
quadrants. 


1.4.1. Find the inverse to the function y=3x-+5. 

Solution. The function y=3x--5 is defined and increases through- 
out the number scale. Hence, an inverse function exists and in- 
creases. Solving the equation y=3x-+5 with respect to x we obtain 
x= (y—5d)/3. 

1.4.2. Show that the function y=/x (k= 0) is inverse to itself. 

Solution. The function is defined and monotonic throughout the 
entire number scale except x0. Hence, an inverse function exists. 
The range of the function is the entire number scale, except y =0. 
Solving the equation y=/x with respect to x, we get x=R/y. 


1.4.3. Find the inverse of the function 
y =log, (x+V +1), (a>0, aX€l). 


Solution. The function y= log, (x+Vx?+1) is defined for all x, 
since V x?-+1> |x|, and is odd [see Problem 1.3.9 (a)]. It increases 
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for positive values of x, hence, it increases everywhere and has an 
inverse function. Solving the equation 


y= log, (x +V x*7+1) 
with respect to x, we find 
wW=-xtVe?@+l: a%¥=—x4+Ve?+l, 
whence 


x => (a¥ —a~¥) =sinh (y Ina). 


1.4.4. Show that the functions 
f(x) =x?—x+1, x 1/2 and (x) =1/2+V x—3/4 
are mutually inverse, and solve the equation 
e—xt1=12+Vx—3/. 


Solution. The function y=x?—x+1=(x—1/2)?+ 3/4 increases 
in the interval 1/2<x< 00, and with x varying in the indicated 
interval we have 3/4<.y<oo. Hence, defined in the interval 
3/4A<y<oo is the inverse function x=g(y), x2 1/2, which is 
found from the equation 


x?—x+(l—y)=0. 
Solving the equation with respect to x, we obtain 
x=g (y) = 1/2+V y¥—3/4 =9@ (y). 
Let us now solve the equation 
xe@—x+1=1/2+ V x—3/4. 


Since the graphs of the original and inverse functions can intersect 
only on the straight line y= x, solving the equation x?—x+1=¥x 
we find «= 1. 


1.4.5. Find the inverse of y=sinx. 

Solution. The domain of definition of the function y=sinx is 
the entire number scale, the range of the function is the interval 
[(—1, 1]. But the condition of existence of an inverse function is 
not fulfilled. 

Divide the x-axis into intervals nn—n/2<x<cnn-+2n/2. If nis 
even, then the function increases on the intervals nn—n/2< x< 
<nn+/2; if n is odd, the function decreases on the intervals 
nu—n/2<x<cnn-+n/2. Hence, on each of the indicated intervals 
there exists an inverse function defined on the interval [— 1, 1]. 
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In particular, for an interval —n/2<.x<. n/2 there exists an in- 
verse function x=arcsiny. 

The inverse of the function y=sinx on the interval nn—n/2< 
<x<nn-+m0/2 is expressed through arcsin y in the following way: 


x=(— l)"arcsinytnn (n=0, 41, +2, ...). 


1.4.6. Find the inverse of the given functions: 


(a) y=sin (3x—1) at—(m/64 1/3) <x < (m/6 + 1/3); 
(b) y=arcsin(x/3) at—3< x <3; 

(c) y= Slee 

(d) pao, 


1.4.7. Prove that the function y=(1—.x)/(1+ x) is inverse to 
itself. 
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1.5.1. Sketch the graph of each of the following functions: 
(a) f (x) =x*— 2x? + 3; 
2x 
(b) F) =;Sa: 
(c) f (x) =sin? x—2 sin x; 
(d) f (x) =arc cos (cos x); 


(ce) F(x) =V sin x; 
(f) f (1) = x¥08 


Solution. (a) The domain of definition of the function f(x) is the 
entire number scale. The function f(x) is even, hence its graph is 
symmetrical about the ordinate axis and it is 

J sufficient to investigate the function at «>0. 

Let us single out a perfect square f (x)= 
= (x?—1)?+2. Since the first summand 
(x? — 1)? >0, the minimum value of the func- 
tion, equal to 2, is attained at the points 

, 2 “ xX=-+1 (see Fig. 2). 

The function f(x) decreases from 3 to 2 on 
the closed interval O<x<1 and _ increases 
unboundedly on the open interval 1 < x < oo. 

Fig. 2 (b) The domain of definition of the func- 

tion f(x) is the entire number scale. The fun- 

ction / (x) is odd, therefore its graph is symmetrical about the origin 

of coordinates and it is sufficient to investigate the function at 
x >0. 

Since {(0)=0, the graph passes through the origin. It is obvious 

that there are no other points of intersection with the coordinate 
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axes. Note that |f(x)|<. 1. Indeed, (l—|x]|)?® 2Oor 14+ >2|x!], 
whence 
2 | x\ 


l> re IP (I 





Since f(x) 0 at x>>0 and f(1)=1, in the interval [0, oo) the 
maximum value of the function f(x) equals 1, the minimum value 
being zero (see Fig. 3). 





Let us prove that the function increases on the closed interval O< 
<x<l. Let OX x¥,< x,<1. Then 


2X, 2x, 2xy+ WxyxT—Qxy—2xyxo __ 
I+x? (1 + x3) (1 + 24) 
__ 2 (%2—%)) (1 ~*1%2) 
(1+ xg) (1 4- x7) 
and f (x) > f(x). | 
Similarly, we can show that on the interval (1, oo) the function 
decreases. Finally, 


f (x) = 2x/(1 + x?) < 2x/x? = 2/x, 


whence it is clear that f(x) tends to zero with an increase in x. 
(c) The domain of definition of the function f(x) is the entire 
number scale. The function has a period 2a, that is why it is quite 
sufficient to investigate it on the interval [0, 2m], where it beco- 
mes zero at the points x=0; x=a; x=2n. 
Writing the given function in the form 


i (x) =(1—sinxy?—1, 


we note that it increases with a decrease in the function sinx and 
decreases as sinx increases. Hence, the function f(x) decreases on 
the intervals [0, 2/2] and [3m/2, 2x], and increases on the interval 
(1/2, 3/2]. Since f (a/2)= —1, and f (3n/2)=3, the range of the 
function is —l<f(x)<3 (Fig. 4). 
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(d) The domain of definition of the function is the entire number 
scale. Indeed, |cosx|<cl at any x, hence, arc cos (cosx) has a 
meaning. The function f(x) is a periodic one with the period 2x, 
hence, it is sufficient to sketch its graph on the interval [0, 2m]. 
But on this interval the following 
equality is true: 

fies) x. O<x<n, 
\ 2u—x, NOxX< 2d. 

Indeed, the first assertion follows 
from the definition of the function 
arc cosx, while the second one can be 
proved in the following way. Let us 
put x’=2n—x, n<x<c2n;_ then 
O< x’ <n and 
f (x) = are cos [cos (2% — x’)] = arc cus (cos x’) = x’ = 2n—-x. 





Fig. 4 


Taking all this into consideration, we draw the graph (see Fig. 5). 
(e) The function y=Vsinx is a periodic one with period 2z; 
that is why we may confine ourselves to the interval [0, 2x]. But 





Fig. 5 


the function is not defined in the whole interval [0, 2x], it is 
defined only in the interval [0, x], as in the interval (mx, 2m) the 
radicand is negative. The graph is symmetrical about the straight 






ou a 
2 2 
Fig. 6 


line x=1/2, as well as the graph y=sinx (see Fig. 6). Here we 
have an example of a periodic function which does not exist in 
the infinite set of intervals. 

(f) The domain of definition of the function is 


O<x<landl<x<o. 
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Reduce the formula to the form 
f (x) — x!l/log x — xlog, 10 — 10. 


Hence, the graph of the given function is the half-line y= 10 
in the right-hand halfplane with the point x= 1 removed (see Fig. 7). 
1.5.2. Sketch the graphs of functions defi- 


ned by different formulas in different inter- g 
vals (and in those reducible to them): 
sinx at —nx<x<0, os 
(a) -| 2 at O0< x<l, | 
1/(x— 1) at l<x<4; | 
—2 at x>0, | 
(b) y=? 1/2 at x=0, 0 7 z 
—x*® at x< 0; Fig. 7 
(c) y=x+V 2X; 


(d) y=2/(x+V x). 

Solution. (a) The domain of definition of the function is the 
interval [—a, 4]. The graph of the function consists of a portion 
of the sinusoid y=sinx on the interval —n<x< 0, straight line 





y=2 on the interval (0, 1] and a part of the branch of the hyper- 
bola y=1/(x—1) on the interval (1,4] (see Fig. 8). 

(b) The graph of the function consists of a portion of a cubic 
parabola. an isolated point and a half-line (see Fig. 9). 

(c) The function may be given by two formulas: 


2x, if x >0, 
4 O, if x <0. 
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Thus, the graph of our function is a polygonal line (see Fig. 10). 

(d) From (c) it follows that the function is defined only in the 
interval (0, + co), y being equal to 1/x (x >0). Thus, the graph 
of our function is the right-hand part of an equilateral hyperbola 
(see Fig. 11). 





Fig. 10 Fig. 11 


1.5.3. Sketch the graphs of the following functions: 
(a) y=cosx+|cos x |; 


(b) y=|x+2|x. 
2cosx at cosx > 0, 
Solution. (a) cosx-+]|cosx|= 0 at cosx <0. 


Doubling the non-negative ordinates of the graph for the func- 
tion y=cosx (the broken line in Fig. 12) and assuming y=0O at 





tT. t (730 on z 


Fig. 12 


the points where cosx <0, we can sketch the desired graph (the 
solid line in the same figure). 
(b) The function |x-+2|x may be given by two formulas: 


(x+2)x at x >—2, 
Y=) —(x+2)x at x<—2. 


Plotting separately both parabolas: y=(x+2)x=(x+1)?—1, 
and y=—[(x+1)?— 1], retain only the parts corresponding to 
the above indicated intervals. Drawn in a solid line in Fig. 13 is 
the graph of the given function, the broken line showing the de- 
leted parts of the constructed parabolas. 
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1.5.4. Sketch the graph of the function 
y=2|x—2|—|x+1]4+-~. 
Solution. At x >2 
y=2(x—2)—(x 4+ 1) + x= 2x—5. 
At —l<x<2 
y= — 2(x—2)—(x +1) 4+ x= — 2x4+3. 





Fig. 13 


Finally, at x<—1 
y= —2(x—2) 4+ (x+1)+x=5. 
Hence, the given function can be rewritten in the following way: 
5, x<—l1 
Y= —2x+3, —l<sx<2, 
2x— 9d, R70. 


Therefore the graph is a polygonal line 

(see Fig. 14). 

1.5.5. Sketch the graph of the function 
y = 2*—27-*, 

Solution. Draw graphs for the functions 


=2* and y,=—27-* (broken lines in 
Fig. 15), and add graphically their ordina- Fig. 15 





tes. In doing so bear in mind that y,<y< 


<<y,,and that y, tends to zero with an increase in x, whereas y, 
tends to zero with a decrease in x (the solid line in Fig. 195). 


1.5.6. Sketch the graph of the function 
y=xsin x. 
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Solution. Being the product of two odd functions y,=x and 
y,=sinx, the function y is an even one, that is why we shall 
analyse it for x>0. 

a ea graphs for y,=x and y,=sin.x (the broken lines in 
Fig. : 

At the points where y,=sinx=0, y=y,-y,=0, and at the 
points where y,=sinx=+1, y=+y,=-+x. The latter equality 





Fig. 16 


indicates the expedience of graphing the auxiliary function y, = — x. 
Marking the indicated points and joining them into a smooth 
curve, we obtain the required graph (the solid line in Fig. 16). 


1.5.7. Sketch the graph of the function y=x(x?—1) by multi- 
plying the ordinates of the graphs y,=x and y,=x?—1. 


1.5.8. Graph the following functions: 

(a) y=x/(x?—4), (b) y= 1/arc cos x. 

Solution. (a) Since the function is odd, it is sufficient to inves- 
tigate it for x >0. 

Let us consider it as the quotient of the two functions: 


y,=x and y,=x?—4. 


Since at x=2 the denominator y,=0, the function is not de- 
fined at the point 2. In the interval [0, 2) the function y, increases 
from O to 2, the function y, is negative and | y, |= 4—.x? decreases 
from 4 to 0; hence, the quotient f(x)=y,/y, is negative and in- 
creases in absolute value, i.e. f(x) decreases in the interval [0,2) 
from 0 to —oo. 

In the interval (2, oo) both functions are positive and increasing. 
Their quotient decreases since from 2<x, < x, it follows that 

Ya—Y, = Xo _ (%1—*2) a) 2G. 


we—4 0 xi —4 (x8 —4) XI —4) 
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— 0, 


The indicated quotient tends to zero as x —> 00, since y= ite 


The general outline of the graph is presented in Fig. 17 (three 
solid lines). 

(b) Denote y,=arcecosx. The domain of definition of this func- 
tion |x|<cl. At x=1 we have y,=0, hence, y=1/y,— © at 





— 


oe ee Se ee ee cee eee ee ee wee ee —— 





Fig. 17 Fig. 18 


x—>1, i. e. x=1 is a vertical asymptote. The function y, decreases 
on the entire interval of definition [—1, 1), hence y=1/y, incre- 
ases. The maximum value y,=a is attained at x =— 1. Accor- 
dingly, the minimum value of the function is 1/m. The solid line 
in Fig. 18 represents the general outline of the graph. 


Simple Transformations of Graphs 


I. The graph of the function y=f(x-+a) is obtained from the 
graph of the function y=f/(x) by translating the latter graph along 
the x-axis by |a| scale units in the direction opposite to the sign 
of a (see Fig. 19). 

II. The graph y=f(x)+0 is obtained from the graph of the 
function y=f (x) by translating the latter graph along the y-axis 
by |6| scale units in the direction opposite to the sign of b (see 
Fig. 20). 

TIL The graph of the function y =f (kx) (Rk > 0) is obtained from 
the graph of the function y=f (x) by “compressing” the latter graph 
against the y-axis in the horizontal direction & times atk > 1 and 
by “stretching” it in the horizontal direction from the y-axis 1/k 
times at k <1 (see Fig. 21). 
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IV. The graph of the function y= (x)(k > 0) is obtained from 
the graph of function y=/(x) by “stretching” it in the horizontal 
direction & times at k >1 and “compressing” it against the x-axis 
(i. e. vertically) 1/k times at k< 1 (see Fig. 21). 









o y=#(z)+b, b>0 
og =f(Z) 
—Z y=t(a)+b,b<0 


Fig. 20 


V. The graph of the function y=— f(x) is symmetrical to that 
of the function y=f(x) about the x-axis, while the graph of the 
function y=f(—.x) is symmetrical to that of the function y= f (x) 
about the y-axis. 





Fig. 22 


VI. The graph of the function y=f(|x|) is obtained from the 
graph of the function y=/(x) in the following way: for x >0 the 
graph of the function y=f (x) is retained, then this retained part 
of the graph is reflected symmetrically about the y-axis, thus de- 
termining the graph of the function for x <0 (see Fig. 22). 

VII. The graph of the function y=|f(x)| is constructed from 
the graph y=/(x) in the following way: the portion of the graph 
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of the function y=/f(x) lying above the x-axis remains unchanged, 
its other portion located below the x-axis being transformed sym- 
metrically about the x-axis (see Fig. 23). 
VIII. The graphs of the more complicated functions 
y = Af (Rx +a) + 
are drawn from the graph of y=/ (x) ap- 
plying consecutively transformations I to V. 
1.5.9. Graph the function 
y == 38V —2(x+ 2.5) —0.8 
by transforming the graph y=) x. 
Solution. Sketch the graph of the function j 
y=V x (which is the upper branch of the / 





¥=\Fa)| 







parabola y?=.x) (Fig. 24, a), and transform f | 
it in the following sequence. _ 'Y=F(@) 
Sketch the graph of the function y=3V) 2x Fig. 23 


by enlarging 3V 2 times the ordinates of 
the points on the graph of the function y=YV x and leaving their 
abscissas unchanged (see Fig. 24, 0). 

Then sketch the graph of the function y=3V —2x which will 
be the mirror image of the preceding graph about the y-axis (see 
Fig. 24, c). 


y 





(b) (c) (dy @ 


Fig. 24 


By shifting the obtained graph 2.5 scale units leftward and then 
0.8 unit downward draw the desired graph of the function 


y= 3V —2(¥+2.5)—0.8 (see Fig. 24, d). 


1.5.10. Graph the function y=3cosx—YV 3sinx by transforming 
the cosine curve. 
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Solution. Transform the given function 


y= 30s x—V 3sinx=2 y3(¥ COS x—> Sin x) = 


—2V 3 cos (+4). 
Thus, we have to sketch the graph of the function 
y=2 V 3 cos(x+ m/6), 


which is the graph of the function y=2V 3cosx translated by 1/6 
leftward. The function has a period of 2n, hence it is sufficient to 
draw its graph for —nxx<con 
(see Fig. 25). 





Fig. 26 


The graph of any function of the form y=acosx-+bsinx, where 
a and 6 are constants, is sketched in a similar way. 


1.5.11. Graph the following functions: 


—*t3, 
(a) oe? 
I e 
(c) x?+x+ 1, if —l<x <0, 
a2 Siti? x, ff O<x<n, 
(x—I)/x+1), fh m<x <5; 
(d) y= x-+ I/x; 
(e) y= — x’, 
(f) y=x-+sin x; 


(g) y= 1/cos x; 
(h) y=3sin (2x — 4); 
(i) y=2V —3(x+1.5)— 1.2; 
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(j) y= |? —2x— 1], 
(k) g=||x|—15 
(1) y=cos (sin x); 
(m) y=|sinx|+sinx on the interval [0,3 x]; 
1 at x>0, 
(n) y= x? sign x, where sone} 0 at x= 0, 
—latx<0. 


1.5.12. The function y=/(x) is given graphically (Fig. 26). 
Sketch the graphs of the following functions: 


(a) y=f («+ 1); 


(b) y=f (x/2); 

(c) y=|f (x) |; 

(d) y=(|F (x) | +f (x)/2; 
(e) y=|f (x) I/F (x). 
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The number a is called the limit of a sequence x,, X,, ..+, Xn; 
. a n—oo, a= limx, if for any ¢>0 there exists a number 


N (e) > 0 such that the inequality |x,—a|<e holds true for all 
n > N (e). 

A sequence which has a finite limit is said to be convergent. 

A sequence {x,} is called infinitely small if limx,=0, and infi- 
nitely large if lim x, = oo. 


1.6.1. Given the general term of the sequence {x,}: 


sin (nm/2) 
X,>= Ee 


Write the first five terms of this sequence. 
Solution. Putting consecutively n=1, 2, 3, 4, 5 in the general 
term x,, we obtain 
__ sin (0/2) sade 
Lp ene 
gee ae 0: 
x, = a) =—4t; 
sin (41/2 
x,= c Vesa. 
__sin(5/2) 1 
a pe 





= 
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1.6.2. Knowing the first several terms of the sequence, write one 

of the possible expressions for the general term: 
5 10 17 26. 

(a) 3° 8 73° Te’ 23° 

(b)1,5.%4,3 4,4 5. 

Note. A knowledge of the first several terms of a sequence is not 
sufficient to define this sequence. That is why this problem should 
be understood as one of finding a certain simple inductive regula- 
rity compatible with the given terms. 

Solution. (a) Note that the numerator of each of the given terms 
of the sequence equals the square of the number of this term plus 
unity, i.e. n?-+1, while the denominators form the arithmetic prog- 
ression 3, 8, 13, 18, ... with the first term a,=3 and the com- 
mon difference d=5. Hence, 


a, =a,+d(n—1)=3+5(n—1)=5n—2, 
thus we have 


n+l 
nan” 5n—2° 





x 


(b) Here the general term of the sequence can be written with 
the aid of two formulas: one for the terms standing in odd places, 
the other for those in even places: 


k at n=2k—l, 
nV 1(k+1) at n=2k. 
It is also possible to express the general term by one formula, 
which will be more complicated, for instance, 
! ! : 
xn =A (A) + apg [+ ("1 


1.6.3. Find the first several terms of the sequence if the general 
term is given by one of the following formulas: 








(a) x, =sin (n1/3); 
(b) x, = 27" cos nn; 
(c) x, =(1+ 1/n)". 
1.6.4. Using the definition of the limit of a sequence, prove that 


(a) lim x,=1 if x,=(2n—1)/(2n-+ 1), 

(b) lim x, = 3/5 if x, = (3n?+ 1)/(5n?—1). Beginning with which 
n is the inequality |x,—3/5|< 0.01 fulfilled? 

Solution. (a) For any ¢ > 0 let us try to find a natural number 
N (ce) such that for any natural number n> WN (e) the inequality 
|x, —1|<e is fulfilled. 
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For this purpose let us find the absolute value of the difference 
2n— | _ 2 

Qn+-1 1|= nT |= 2n-+ 1° 
Thus, the inequality |x,—1]<e is satisfied if = 


n> l/e—1/,. Hence the integral part of the number 1/e—‘/, may 
be taken as N(s), i.e. MN =E(l/e—?/,). 

So, for each ¢ > 0 we can find a number N such that from the 
inequality n > MN it will follow that |x,—1]< e, which means that 











<8, whence 





2n— | 
jim 1 onl = | 
(b) Let us find the absolute value of the difference |x,—3/0 |: 


3n2+1 3 |= 8 
5nt—1 5 | 5 (5n?—1)° 
Let e >0 be given. Choose n so that the inequality 


8 
5a? 1) ~ °: 





is fulfilled. 
Solving this inequality, we find 


8 I yo 
2 See see — —_—_—— 
> Bets? n>s e ° 


l 8+ 5s 
N=6& (4 V e ) ' 
we conclude that at n >N 
|x,—3/o|<e, 


which completes the proof. 
If e=0.01, then 


=E(L// SE® ) = 8(LV 85) =5, 
and all terms of the sequence, beginning with the 6th, are contai- 
ned in the interval (3/5—0.01; 3/5+-0.01). 
1.6.5. Given a sequence with the general term n= ger It is 
known that lim x,=1/3. Find the number of points x, lying out- 


Putting 








side the open interval 
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Solution. The distance from the point x, to the point 1/3 is 
equal to 
2 3p. 9 | 19 
Z| surg |=sasce 
Outside the interval L there will appear those terms of the se- 
quence for which this distance exceeds 0.001, i.e. 
19 | 
3On 4) > T1000" 


whence 
18 988 7 
lan< + = 1035. 
Hence, 703 points (x,, %,, .--, Xy3) are found outside the inter- 
val L. 


1.6.6. Prove that the number /=0O is not the limit of a sequen- 
ce with the general term x, = (n?— 2)/(2n?—9). 

Solution. Estimate from below the absolute value of the diffe- 
rence 
n?>—2 
Qn? —9 


_ | n?— 2 | 
| Qn2?—9]* 





y 


At n=>3 the absolute value of the difference remains greater 
than the constant number 1/,; hence, there exists such ¢ > 0, say, 
e=1/,, that the inequality 


n2—2 l 
2n? —9 —0| 7 2 





holds true for any n>3. 
The obtained inequality proves that /=0O is not the limit of the 
given sequence. 


1.6.7. Prove that the sequence 


l l 2 3 ] 4 


I, 9? 3° 2” 


3° 5? 4? — 4 5? -s/8 
with the general term 
1/n, if n=2k—1, 
7™\ nln +2), if n=2k, 
has no limit. 

Solution. It is easy to show that the points x, with odd num- 
bers concentrate about the point 0, and the points x, with even 
numbers, about the point 1. Hence, any neighbourhood of the point 0, 
as well as any neighbourhood of the point 1, contains an infinite 
set of points x,. Let a be an arbitrary real number. We can always 
choose such asmall ¢ > 0 that the e-neighbourhood of the point a will 
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not contain at least a certain neighbourhood of either point 0 or 
point 1. Then an infinite set of numbers x, will be found outside 
this neighbourhood, and that is why one cannot assert that all the 
numbers x,, beginning with a certain one, will enter the e-neigh- 
bourhood of the number a. This means, by definition, that the 
number a is not the limit of the given sequence. But a is an arbit- 
rary number, hence no number is the limit of this sequence. 


1.6.8. Prove that limx,=1 if x, =(3"-+ 1)/3”. 


1.6.9. Prove that limx,=2 if x,=(2n+3)/(n+-1). Find the 
number of the term beginning with which the inequality 
| (2n + 3)/(n+ 1)—2|<e, where ¢=0.1; 0.01; 0.001, is fulfilled, 

1.6.10. Prove that the sequence 

| l 3 ] 
9? 9) 4? 4? 
with the general term 


J 


9 8 9 ee e 9 


7 
8 


] 
ee, (n+ 1)/2 


l 
gnle 


l 





if n is odd, 


if nm is even, 





( 
ie 

| 

\ 


has no limit. 

1.6.11. Prove that at any arbitrarily large a>0O limx,=0 if 
Sa 

Solution, Let a natural number k > 2a. Then at n>k 


qn a a a a a a a a a 
wate gee eta(t-5+ +S) (goat) < 
] \"2-k 1 \2 
<n (4)*=e0r(4)" 
Since lim (1/2)"=0 (prove it!), then at a sufficiently large n we 
1 \x : 
have: (=) = 


lim (a”/n!) = 0. 





and, hence, a”/n! <e, which means that 





(2a)* 


1.6.12. Test the following sequences for limits: 
(a) x, = 1/(2n); 
1 for an even n, 
(b) = 1/n for an odd n; 
(c) X,=— COS ; 
(d) x,=n[l—(—1)"]. 
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1.6.13. Prove that the sequence with the general term 
X,=1/n® (k>0) 


is an infinitely small sequence. 
Solution. To prove that the sequence x, is infinitely small is to 
prove that lim x, =0. 


Take an arbitrary @ > 0. Since | x,,|=1/n®, we have to solve the 
inequality 
L/n® <g, 


whence n> j/I/e. Hence N may be expressed as the integral part 
of j/l/e, i. e. N=E(f/ 1p). 


1.6.14. Prove that the sequences with the general terms 


(a) eee (b) x, =~ sin [an —1) 5 


n 
are infinitely small as n— oo. 


1.6.15. Show that the sequence with the general term 
X, = (—1)" 2/(5 j/n+ 1) is infinitely small as n— oo. Find a num- 
ber N beginning with which the points x, belong to the interval 
(—1/10, 1/10). 
Solution. Take an arbitrary e >0 and estimate | x, |: 


2 2 2 l 
Xn = KS XK FS = 
| ) 5 antl 5i/ n 2 n Vn 


That is why |x,|<e a: soon as n> 1/e*. Hence limx, =0, i.e. 


nh>@ 


the sequence is infinitely small. _ 

We take now e=1/10. Since |x,|< 1/j/n, x, will necessarily 
be smaller than 1/10 if Wi/n< 1/10 or n> 1000. Hence N may 
be taken equal to 1000. But we can obtain a more accurate result 
by solving the inequality 
eet 
5Ynti 

It holds true at n> (19/5)? = 3.8% =54.872. Hence N may be 
taken equal to 54<<1000. 


1.6.16. It is known that if x,—a-+qa,, where a, is an infinite- 
simal as n— oo, then lim x,=a. Taking advantage of this rule, 


fd: the: lines: — 
(a) i= b) %, 


[x,{= 


_ + (-1) 
=7+C\" | 
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3"+14 sin (nm/4) __ Sin (nm/4) . 
ry =e 


Solution. (a) x, = a 


=3-+a,, where a, 
an infinitesimal as n—>+ oo, hence lim x, =3. 


n> @® 


is 


1.6.17. Prove that lim j/n=1. 


Solution. Let us prove that the variable j/n can be represented 
as the sum 1+a,, where a, is an infinitesimal as n—> oo. 


Let us put /n=1-+a,. Raising to the nth power we obtain 
n= (1+ oq)" = 1+ no, + east... Lat, 





wherefrom we arrive at the conclusion that for any n> 1 the fol- 
lowing inequality holds true: 
ae 


n> l+-—3—o4 


(since all the terms on the right are non-negative). Transposing the 
unity to the left and reducing the inequality by n—1 we obtain 


I>> = Oh, 
whence it follows that ee a or V2/n>a,>0. Since 
lim /2/n=0, lim @, also equals zero, i. e. a, is an infinitesimal. 
Hence it follows that 


lin j/n=1. 


tla> @ 


1.6.18. Prove that the sequence with the general term 
3 oe 
ee = 3V 


is infinitely large as n — oo. 
Solution. Let us take an arbitrary positive number M and solve 
the inequality 


5 ee 
3 Vo > M. 
Taking the logarithm, we obtain 
i/ n> log, M, n> (log, M)?. 


If we now take VN =E (log, M)?, then for all 1 >WN the inequa- 
lity |x,| > M will be fulfilled, which means that the sequence is 
infinitely large. 


1.6.19. Prove that 
lim / a= 1 (a >Q). 


ir @ 
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§ 1.7. Evaluation of Limits of Sequences 


If the sequences {x,} and {y,} are convergent, then 
(1) lim (, + y,) =lim x, + lim y,; 
(2) lim Onn) = lim x, lim y,3 


(3) lim “n Tae (lim y,, ~ 0). 
lf x Rey ey ‘lim x, < lim y,. 
1.7.1. Find lim x, if 


__ 3n?-+5n+4 | (b) x __ 6n3 + 2n?—3n+7 , 





(a) X= n= —~Fn3—I +11? 
_4n?@—4An+3, 2424 pn 
(C) n= onepanpa? () %e= seep A pT? 
1+2 
) ==. 
B+ E+ 
Solution. (a) x, =—z—— 
net 
lim (3--5/n-+4/n?2) 
lim x,=222%, =. 
n> © sim (a+!) 


(d) Recall that 


P?+2?1+ 37+... 42 ee ent) 
Hence 
3 
—_ n(n+l1)(2n+1) — 2n8+3n?-+n ea n +a 
« 6 (5n3-+ n-+ 1) —~ 6(5ne+n+1) 30-1 see : 
lim x, = 1/10. 
1.7.2. Find lim x,, if 
3n?+n—2 \3. oa 2n3 + 2n? + | a 
(a) %,=(gasoeey) | (b) x= ( garpqarp deca) } 
(c) x, = V/ 5n; (d) x= n°; 
(e) x= ni; (f) x= 7 6n+3. 
on?+n—2 \F __ 
Solution. (a) tim a (EeeeT) = 


een 3n?--n—2 )( pert) (eT) = 
in (as 4n?4+-2n+7/) \4n?+2n+7)] 
=(lim Frome) =(4) =a 
neo ttent+7/n?}] \4/) 64° 
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(c) In solving this example, and also the rest of the examples 
of Problem 1.7.2, take advantage of the following equalities (see 
Problems 1.6.17 and 1.6.19): 


lim 7/n=1 and lim /a=l. (1) 


We have 
lim x,= lim j/5n= lim V5 lim yn, 


n> @ n> @ n> @ 


but from (1) it follows that lim 5 | and lim j/n=1; hence 
linx,=1-l=1 


1.7.3. Find 
1—5n?2 
Jim | (saerstaeer n+l aT). 
Solution. Summing the fractions, we obtain 
2n? — 13n?2+.3 


Xn = 10n34-2n®-+ 15n 3° 
Whence 
lim x, = lim oe eee 
pam op LOn8+2n?+1l5n+3 5° 
Note. If we put 
2ne 1—5n? 


Yn Tne 3? “8 Gal? 


then the limit of their sur lim(y,-+2z,)== 1/5, though each of the 
summands is an infinitely large quantity. Thus, from the conver- 
gence of a sum of sequences it does not, generally speaking, follow 
that the summands converge too. 


1.7.4. Find lim x, if 


(a) x,=V 2n+3—Vn—], 
b) x,=Vre+n+1—Vnt—n+]; 
(c) x, =n? (n —Vn? +1); 
(d) x,=/ @—n+n; 
yeritye, 
V tn— | 
(f) x, =/(n+1) n+ 1) Saya 

) ym SPE SAE Bp Be 

e V P+I+ V4n?—1 

()) w=pyt+ygtsat 


(e) xX,= 





| 
<a) ° 
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Solution. (a) x,=Vn(V2+3/n—V 1—I1/n) — + 0 as n+ 0, 
since the second multiplier has a positive limit. 


6) 4 Be VFED aaa 


—_>-—-o das ito Ww. 





“a ee are 
2 
ee 
) (n?— n3)2/3 — pn / n2=—n3 +n? 


_ 1 
It means, x, — 1/8. \ , \ ‘ 


(e) Factoring out the terms of the highest power in the numera- 
tor and denominator, we have: 


VEzi+Va (VY 45+ 4) 


Vea wl (Yirk-Y2)- 
V thet yi 
Vier Vi 


= ni/4 —____________- _+-l. 00 aS N—> oo. 


1.7.5. Find lim, if 


nt>o 








(a) Xx spasere ts Oy (b) Xs sol Ea, 
"Vale V an y/ n3—3n2 
an a S 3n 
(c) X,=j/ 1l—n3+n; (d) x, 3q C08 WB — ET 
_2n n+l n fies 
(Sane 1 net Ion 
ltstgte ta 
(f) %,= 


11 1° 
largo: +3n 
§ 1.8. Testing Sequences for Convergence 


Bolzano-Weierstrass’ theorem. A monotonic bounded sequence has 
a finite limit. 

Theorem on passing to the limit in inequalities. If x,<y,<z, 
and lin x,=lim z,=c, then limy,=c too (¢ is a number, 


tae fl> ® ao 


+ oo or — oo but not oo). 


§ 1.8. Testing Sequences for Convergence o| 


1.8.1. Prove that the sequence with the general term x, = 
= (2n —1)/(8n + 1) is an increasing one. 
Solution. We have to prove that x,,, >, for any a, i.e. to 


prove that 
2n-+ | 2n— 1 
Ind > 3nd * 


The latter inequality is equivalent to the obvious inequality 
6n? +5n + 1 > 6n? + 5n—4. 

Hence, %,4, > Xn: 

1.8.2. Given a sequence with the general term 


10” 
Xn ay : 








Prove that this sequence decreases at n> 10. 


Solution. 
107 +1 10” 10 10 


—_——_ 


Xn+1 GED! al abl "ntl 
Since 4 <1 at n>10, then x,,,<.x, beginning with this 
number, which means that the sequence decreases at n > 10. 
1.8.3. Test the following sequences for boundedness: 


on? 
(a) Ag x? 
(b) y,= (—1)" sin n; 
(c) 2, =ncos nn. 
Se (a) The sequence {x,} is bounded, since it is obvious that 
aa ae <5 for all n. 
(b) The sequence {y,} is oem 
Yn l= |(—1)"|- a | sin n 


(c) The sequence {z,} is not bounded, since 




















|z,|/=|acosan|=n. 
1.8.4. Prove that the sequence 
Xo Xi, Xo Xn-1 
xX. = = CS gone — 
ae ae ae oe ee 


(a> 1, x, > 0) converges. 
Solution. Let us prove that this sequence is monotonic and 


bounded. Firstly, x,<x,_, a 


fs Xn-1 
+n = A+Xy~1 < ¥n-1" 
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Hence, the given sequence is a decreasing one. Secondly, all its 
terms are positive (by condition a>0O and x, > 0), which means 
that the sequence is bounded below. Thus, the given sequence is 
monotonic and bounded, hence it has a limit. 

1.8.5. Prove that the sequence with the general term 


] | | ] 
5 eed ea Pe oy 
.; 
(ie = 55s Sagat eT et 


! ! bo. 
—suiteatesi) 
converges. 

Solution. The sequence {x,,} increases, since x, 4, =*,-+ 1/(5"*!-- 1) 
and, hence, %,,, > ,- Besides, it is bounded above, since 1/(5"+ 1) < 
< 1/5” at any n and 

l l l l 
Me Gea ad | og Ye ee 
fy ee 1 1/51/5841 I ! ! 
<gtptgte tee pes (ls) <7: 
Hence, the sequence converges. 


1.8.6. Taking advantage of the theorem on the existence of a 
limit of a monotonic bounded sequence, prove that the following 
sequences are convergent: 

n—)]. 


n2 





(a) x, = 


l 
an 


(b) x,=2+a+at.. 


1.8.7. Prove that the following sequences converge and find their 
limits: 


(a) x,=V 2; x,-V 2 VD: 
,=V 24V 24/7 2: ae rn=V 24V24...4V2; sans 


n radicals 
Qn . 
(b) An =H > 
__ E(ny), 
(c) no nh ’ 


(d) the sequence of successive decimal PBproximations 1; 1.4; 
1.41: 1.414; ... of the irrational number V 2 
(6) Xan”: 
se (a) It is obvious that x,<%*,<%,<...<%,< 
i<..., ie. the sequence is increasing. It now remains to 
ae that it is bounded. 
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We have x,=V2-+x,_,, n=2, 3, ... Since x, ee 
Gq =Vipx, <VI79=2, x,=VIPx, <VIL9—2, .... Let it 
PesiOue | that x,_,< 2. Then 2 = 2. Thus, 
with the aid of mathematical induction we have proved that x, < 2, 


i.e. the sequence is bounded. Hence, it has a finite limit. Let us 
find it. Denote 











lim x, = Y. 


nro 
Then, x,=V2--x,_,; taising to the second power, we obtain 
Xp 2A Ke oes 


Passing to the limit, we can rewrite this equality as follows 


lim x2 = lim (2+.%,_,), or yY=2-+y. 


now 


The roots of the obtained quadratic equation are: 
Yy=2; y,=—l. 


The negative root does not suit here, since x, >0. Hence, lim Fn =) = 2. 


(c) We have ny—1< E(ny)<cny or y— — < a) E ny) < < y. But the 


sequences \y—=} and {y} converge, their limit being y, that is 
why limx,=y. 


(d) This sequence is non-decreasing, since each following term 
Xn4, 18 Obtained from the preceding one x, by adding one more 
Significant digit to the decimal fraction. The sequence is bounded 
above, say, by the number 1.5. Hence, the sequence converges, its 
limit being V 2. 

(e) The sequence decreases monotonically. Indeed, 

(n+ 1)! n! n} nn nn 


*n+t = (Pett (nt b® n(n? (n+l? ~ 


Since ——— yr Mechs. haga meee 


Then, since x, > 0, the sequence is bounded below, hence lim x, 


noon 


exists. Let us denote it 7. Obviously, /= lim x, 20. Now let us 
show that /=0. Indeed, 


wer (ee) (14 tpi tater 


fl 
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aa x > and x,4,< 5 hn Passing over to the limit, 
we obtain 


Hence 


I< 51, 
which, together with />>0, brings us to the conclusion: 
r=0; 


1.8.8. Find the limits of the sequences with the following gene- 


ral terms: 
n 


n e 
%— Varpa) > Varer 
l l 
aay Vat ae 


Solution. Let us prove that lim x,=1. Indeed, 








gc a aa ip eee 
. V n?-+n V n?-+n 


n 1 
~ Vitralnt Viera) 2a 


We can prove similarly that 





lim z,=1. 
Then, 
Le eb pe 
wn Testi Ver Peart Wert 
TC 
On the other hand, 
I ag 
V nen V nn V nt-+-n V nttn 





oe 





n 


Thus, 
4, <2. dim a, lim z= 1 


and according to the theorem on passing to the limit in inequalities 
lim y,=1. 
1.8.9. Using the theorem on passing to the limit in inequalities 
prove = 
lim /a=1 (a> 0). 


a> © 
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1.8.10. Prove the existence of the limit of the sequence y, =a?/?" 
(a> 1) and calculate it. 


1.8.11. Taking advantage of the theorem on the limit of a 
monotonic sequence, prove the existence of a finite limit of the 


sequence 
I I ] 
Xa=l+grtart... a 


1.8.12. Taking advantage of the theorem on passing to the limit 
in inequalities, prove that 
lim x,=1 if x,=2n(V n2+1—n). 


1.8.13. Prove that the sequence 
x,=Va; x= a+V a; 
ja Ga Vasa pea X, = at+Va+...+Va 


— 





ee 
n radicals 


(a > 0) 
has the limit b=(V 4a+1-+ 1)/2. 


1.8.14. Prove that the sequence with the general term 


l l I 
A= 3 eg Beg ed rag 
has a finite limit. 


1.8.15. Prove that a sequence of lengths of perimeters of regular 
2"-gons inscribed in a circle tends to a limit (called the length of 
circumference). 


§ 1.9. The Limit of a Function 


A point a on the real axis is called the limit point of a set X 
if any neighbourhood of the point a contains points belonging to X 
which are different from a (a may be either a proper or an impro- 
per point). 

Let the point a be the limit point of the domain of definition 
X of the function f(x). The number A is called the limit of the 
function f(x) as x +a, A= lim f(x), if for any neighbourhood V 


of the number A there exists a neighbourhood u of the number a 
such that for all xE€X lying in u, f(x)EV (the definition of the 
limit ef a function after Cauchy). The number A may be either 
finite or infinite. In particular, if the numbers A and a are finite 
we obtain the following definition. 
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A number A is called the limit of a function f(x) as x —a, 
A= lim / (x), if for any e >0 there exists a number 6(e) > 0 such 


that for all x satisfying the inequality 0<|x—a|<6 and belon- 
ging to the domain of definition of the function f(x) the inequality 
|f (x) —Aj<e holds true (the “e-6 definition”). 

If a= +oo, the definition is as follows. A number A is called 
the limit of a function f(x) as x ++ 0, A= lim f(x), if for any 


x> +0 
€ > 0 there exists a number M (e) > 0 such that for all x satisfying 
the inequality x > M(e) and belonging to the domain of definition 
of the function f(x) the inequality |f(x)—A|<e holds true (the 
“e-M definition’). 
The notation lim f(x)=co means that lim|f(x)|=-+ co. The 


rest of the cases. are considered similarly. 
The definition of the limit of a function after Heine. The nota- 
tion lim f(x)=A means that for any sequence of values of x con- 


x-a 
verging to the number a 
X19 Xo» oeoeegy Xn ee8@ 


(belonging to the domain of definition of the function and differing 
from a) the corresponding sequence of values of y 


Y= F(X) Yo =F (%a)s 00d Yn =P Xa)s + 
has a limit, which is the number A. 


1.9.1. Taking advantage of the definition of the limit after 
Heine (i.e. in terms of sequences) and of the theorems on the limits 
of sequences, prove that 





- 3x+!1 1 

[im 5x+4 2° 
Solution. Let us consider any sequence x,, %x,, ... satisfying 
the following two conditions: (1) the numbers x,, x,, ... belong 


to the domain of definition of the function f (x) =(8x-+ 1)/(5«+ 4) 
(i.e. x, 4—4/5); (2) the sequence {x,} converges to the number 2, 
i.e. lim x,=2. 
To the sequence {x,} there corresponds the sequence of values 
of the function 
Sx +1, 8xe+l, : 
5x, +4’ 5x,+4° °°"? 








proceeding from the theorem on the limits (§ 1.7), 


. : 3x,+1 lim (3x,+ 1) 6+1 1 
lim f(«,)= lim 2 = 44 = ee 
os ) n>wXnmt4 lim(5x,+4) 10+4 2 
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Thus, independently of the choice of a sequence {x,} which 
converges to the number 2(x,— 4/5), the corresponding sequences 
of values of the function f(x,) converge to the number 1/2, which, 
according to the definition of the limit of a function, means that 

- 3+! 1 
tim 5xt4°° 2° 





Note. The definition of the limit after Heine is conveniently 
applied when we have to prove that a function f(x) has no limit. 
For this it is sufficient to show that there exist two sequences {x,} 
and {x,$ such that lim x,= lim x,=a, but the corresponding 


sequences {7 (x,)} and fF (x7) do not have identical limits. 
1.9.2. Prove that the following limits do not exist: 
(a) lim sin st (b) lim 2'/*; (c) lim sin x. 
x > | = x > 0 x> oO 
Solution. (a) Choose two sequences 
] : 2 
X_ = 1+ —— and Xn= 1+ Gays (AH, DZ, ekeys 
for which 


lim x, = lim x,=1. 


nw>~o@ n> @ 


The corresponding sequences of values of the function are: 





: ] é 
I (%n) = SIN Ta I = SiN AN =0 
and 
, ‘ ] . 4 l ; 
i (X,) = sin T+ 2{4n-haj—1~ 019 ims w= Sin (2nx + 5; == |, 
Hence, 


lim f/(x,)=0 and lim f(x;)=1, 
x, > | Xn > | 
i.e. the sequences {/(x,)} and {/(x,)} have different limits, whence 
it follows that lim =U rece does not exist. 
x—> | a 
(c) Choose two sequences, x,=an and x,=2nn+n/2 (n=l, 
2, ...), for which lim x,= lim x, = 00. Since 


n> @ n> @ 


lim sinx,= lim sinan =O, 
“a> @ n+~@ 
and 
lim sinx, = lim sin(21n+n/2)=1, 
n> @ Aiwr@ 


lim sin x does not exist. 


Xx>m x 
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Note. The above examples show that one cannot draw the con- 
clusion about the existence of the limit of a function proceeding 
from the sequence of values of x of a particular form (for example, 
proceeding from x, =1-+2/((4n-+1)) in the item (a) of this prob- 
lem), but it is necessary to consider an arbitrary sequence x,, 
Xo, +++, Xn, ... Having a given limit. 


1.9.3. Proceeding from the definition of the limit of a function 
after Cauchy (i.e. in the terms of “e-6”; “e-M”, etc.), prove that 


(a) lim (3x— 8) = — 





- Ort! 5. 
Dy Sarg 

: ! 
(¢) fim oar = +003 


(d) lim log, x=co (a> 1); 


(e) lim arc tanx = 1/2; 


(f) lim Sale. 
x 3/6 
Solution. (a) According to the “e-6” definition we are to prove 
that for any e >0 there exists 56 >0 such that from the inequality 
|x—1|< 6 it follows that |f(x)—(—5)|=|f(x)+5]<e. 
In other words, it is necessary to solve the inequality 


|3x—8+5]|=3|x—1]|<e. 
The latter inequality shows that the de inequality | f(x) wae 
is fulfilled as soon as |x—1|< e/3=6. Hence, Jim (3x —8) = — 


(b) According to the “e-M” definition of the limit one has to 
show that for any e>0 it is possible to find a number M>0O 
such that for all x > M the inequality 


ox-+1 5 
mt 3| <2 (*) 








will be fulfilled. 
Transforming this inequality, we obtain 


ox+1 5 14 


3x9 3] |ax-9) ~® 





Since x >0, it remains to solve the inequality 


14 
3x9 < 
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whence 
14—9Qe | 
x> =; 
hence M =A 
E 
Thus, for e>0O we have found M=4—* such that for all 


values of x > M the inequality (*) is fulfilled, and this means that 





‘ 5x + | 5 
lim =; 
X-~+O 3x +9 3 
14—0.09 


9 
0.03. 463 a 


(c) We have to prove that for any K>O there exists 6>0 
such that from the inequality 


|lx—11|< 6 


Let, for example, e=0.01; then M= 


there always follows the inequality 


| 
ane 





1 
i 
Let us choose an arbitrary number K > 0 and solve the inequality 


l 


whence 
l 
eee (K > 0). 


Thus, if we put 6= then the inequality (**) holds true as 


I 
VR 
soon as |x—1|< 6, which means that lim i = -+- 00. 

x—> | _— 

(d) We have to prove that for any K >0O there exists M>0 
such that from the inequality x > M there always follows the ine- 
quality log, x > K. Let us choose an arbitrary number K >0 and 
consider the inequality log,x>K. If we put aS=M, then at 
x >M the inequality log, x >K holds true. Hence, 


lim log, x == +00. 


x>+0 
1.9.4. Prove that lim cosx does not exist. 


1.9.5. Using the sequences of the roots of the equations sin (1/x)=1 
and sin(1/x)= —1, show that the function /(x)=sin(1/x) has no 
limit as x — 0. 
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1.9.6. Proceeding from Cauchy’s definition of the limit of a 
function prove that: 








(a) lim (8x—2) = 1; (b) tim cae = 2; 
x > 1 1 Vx— 

(c) lim sinx =0; (d) ” COS x = ‘ 
x» 0 x->0 

. 2x—1 2, 

(e) lim 3ypo7 3° 

(f) lim a*¥=+oo (a> 1); 
X>+0 

(g) lim Sint 0. 


§ 1.10. Calculation of Limits of Functions 
I. If the limits lim a (x) and limu(x) exist, then the following 


theorems hold fies 


(1) lim (wu (*) + v(x)] =lim u (x) + lim v (x); 


(2 


New” 


lim [wu (x)-v (x)] =limu (x)-lim v (x); 


nt) lim wu (x) 
8) Fm oy ~ timo (ime () #0). 
II]. For all main elementary functions at any point of their do- 
main of definition the equality lim 7 (x) = i ( lim x) =f (a) holds true. 


III. If for all values of x in a “certain neighbourhood of a point a 
(except for, perhaps, x =a) the functions f(x) and q(x) are equal 
and one of them has a limit as x approaches a, then the other one 
has the same limit. 

IV. The following limits are frequently used: 

‘ sin x 
ee 


(2) lim(1 + L/x)* = lim (1 +qa)'/“>=e=—2.71828.. 


X—> © 


(3) lim 


x +0 


(4) lim 


ga OE og (a>0; al); 
in (i+ %) _ ). 
gs 


(5) lim = =Ine (a> 0). 
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1.10.1. Find the limits: 


4x®1+9Ox+7 | x3 +. 3x2—9x —2. 





(a) Om Sap (b) fim ee 8 
x+ | Z — | : 
(c) tim Veeaaaae (d) ns oa (p and g integers); 
be eae ipo 
(0) Hn VEST, tig BE, 
Vx+7—3 V 2x—3 . : x—3 
lint | oe 84 
(e Be V/ x+6— 27/ 3x—5 ” (fh) ae log. poets 
‘ x8 — x2@—y+ 1. VY x+8— V 8+ 
(i) jim x8 —3x-+-2 ” ()) dim 1 V5—x— a 


Solution. (a) Since there exist limits of the numerator and deno- 
minator and the limit of the denominator is different from zero, 
we can use the theorem on the limit of a quotient: 


lim 4x®+9x-+7 x5 49.7 ‘i 


ST re —_—_$_$—_——_$=_ «$= 
—- 


138 HT im BFAD S+I+I 


(b) The above theorem cannot be directly used here, since the 
limit of the denominator equals zero as x +2. Here the limit of 
the numerator also equals zero as x—+2. Hence, we have the 


indeterminate form For x2 we have 


x8 +.3x2—9Ox—2 (x—2)(x?+5x+1) x?+5x+1 


S- eel a ae ss eee” 
—— 


x8— x—6 (x— 2) (x? -+ 2x +3) x21 2x-+ 3° 


Thus, in any domain which does not contain the point «=2 the 
functions 


31342 9x —9 245+] 
fj) and 9 (x)= teers 


are equal; herce, their limits are also equal. The limit of the 
function g(x) is found directly: 


: tie, MPH OX+ 1 19, 
nim, PG) = aes I 

hence, 

x3 4+. 3x2?—9x—2 15 








in Fo 
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(c) Just as in (b), we remove the indeterminate form 2 by 


0 
transforming 
! - (X+1)(V 6x2+3— 3x) 
Nitty, Sens Igy Se) 
coal VOC@Lo48r gst 3— 3x2 
= lim V 6x? +3— 3x —| 
xo 3 (1—x) ec 


1.10.2. Find the limits: 


x3 x2 
A ia srr) 
(b) ‘lim (V 9x? + 1—3x); 


Xx>+@ 

etn Viet+3V/ «+57 x. 
X>+0 y 3x—2-+ V/ 2x—3 

(d) lim (V 2x?—3—5x); 


X¥7-—-@® 


(e) lim x(V x?+1—x); 


. VY 2x2+3 _  Y2xt+3. 
O) Nt ager ee aes 
(g) lim 52*/@+3), 
x—> @ 
x3 x 
Solution. (a) fim (a =) ‘ 


Here we have the indeterminate form co—oo; let us subtract the 
fractions 


lim 1 (gE mr)= ities see 
row \OV7— 4 8x42 tow We? + 6x? — 12x—8 
2+4/x a2 


= lim 9+ 6/x— 12/x? —8/x3 9 ° 


x—> © 


Note. We see that in such examples the limit is equal to the 
ratio of the coefficients at the superior power of x (provided the 
polynomials are of the same degree). 


_, (V 9x?+1—3x) 
() ae I 7 on Tie 
(c) In handling such examples bear in mind that the function 
= / p, (x), where p,(x) is a polynomial of degree n, tending 
to infinity in the same way as the function 7/ x”. This allows us 
to single out the superior power of x and divide both the nume- 
rator and denominator by this power of x. In the given example 
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the divisor is / x; then we obtain: 
no E43 3/ x45 O/ x 24+3/}/ x+5/y/ x8 
rata VY 3x—24 f/ 2x—3 aon 2x +8/ axle +98 
2 
fs ° 
(d) Since the sum of two positive infinitely large quantities is 
also an infinitely large quantity, then 


lim (V 2x?-—3— 5x) = lim |V2e—3 3 + (—5x)| = + o. 


xw7>— D 


(f) At x >0O we have Vieux, therefore 


ii V 2 (2+3/x?) lj x V2-43/x2 = V2 








worn *¥(4+4+2/x) = x(4+2/x) ~~ 4 
At x< 0 we have V x? = —-x and, hence, 
lim V x2 (2+3/x?) lim 2 V 243/02 2 
cone “(44+2/x) ~~ 0, *%(44+2/x) ~ 4 
Note. From this it follows, incidentally, that lim ae does 
oo hy 
not exist. 
lim 2x/(x+3) 
(g) lim 52+/4+3) — §*>& = 0% = 25. 
1.10.3. Find the limits: 
2x—2 . ; x+1 
in = b | Wei)’ 
ays V/ 26 +-*x— 3° 0) veal Ve — , 
of x 
(c) in ie (d) rage Vite a (Rk positive in- 
ee: 
(e) lim sin peer: (f) bia cos x 


2 sin? x-+sinx—1 
g 2 sin? x—3sinx+1° 


(g) lim 


x—> I/ 


Solution (method of substitution). (a) Let us put 26+x*= 2%. 
Then x= 23—26 and z—-3 as x—~1; hence 


: ae , 3 ‘ aos 21.3 
lim oo ete = lim ee o4 = lim e229) (2 eae) =) (2 + ene 9) = 
x1 / 2+x—3 243 %—3 z>3 a 


= lim 2 (z7-++ 3z-+ 9) = 54. 
z-3 
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(d) Let us put 1+x=2*; then x=z*—1 and z—1 as x—0. 
Hence, 





lim 

x 0 

(e) Let us put x—an/6=2; then x=z-+an/6 and z—0 as 
x— 7/6. On substituting we obtain 


V/ 1+x—! = 
ye i el =+ (see Problem 1.10.1 (d)). 


Sy eed 


fn sin (x— 3/6) catia sin z 
xr+n/6V3—2cosx 2+0V 3—2cos (z+ m/6) 
iti sin z an Tis 2 sin (2/2) cos (2/2) as 
z>0 V 3- 3— V3 3cosz+sinz 2+02V 3sin? (z/2) 4-2 sin (z/2) cos (z/2) 
oie cos (2/2) 


z— a V 3 sin (2/2) +cos (2/2) 
1.10.4. Find the limits: 





(a a) a 8 (b) lim tan ee. 
x >0 x->0 x8 

(c) lim cos (1x/2) 
eoyp ink ° 








— cos x aii 2 sin) sya a (= we 1 


Solution. (a) lim : 9 x/2 


x -0 x0 


anx—sin = sin x (1 —cos x) 
cosx-x3 


(b) lim 
x0 x +0 
_ l sin x I—cosx 1 


i 2 
x30 COSX Xx x 2 


(c) Let us put 1—x=z. Then x=1—z and z—0 as x— 1. 
Hence, 
ee cos Lele i a 
ee | an) a 
= lim = lim 
l= z2+~0 Z z+0 





lim 


x—> 1 


Note. For asimpler method of solving similar problems see § 1.12. 


1.10.5. Find the limits: 





to] a 





(a) lim (1 + V/x)"; (b) lim (1 + x)/G9; 
(c) lim (5)° (a) Him (1 + &/xy"% 
(e) lim ys 0 No a 
sl 


Inx—1 
x—e 





(i) lim 
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Solution. (a) lim € a =)" =lim (1 =F ms 


x—->® Xx—> @© 
eae fini L\* le og, 
=| lim (1+) ae 


(e) lim ners re In (1+) | x _ 1 
x | 











3x— [| in3° 


x > 0 os 


(i) Put Sie =z; then x-e(z+1); z—0 as x—>e. On substi- 
tuting we obtain 














lj ees faa In (x/e) Ba Gi OE ey ast, 
aia Meee is pie RON) Re ag Z e 
1.10.6. Find 
; 1 \* 
fim (1+): 

; . |] \* : ' } \x? ] 1/x 
Solution. tim (1 a = sapelly i +3) | =e ==]. 
1.10.7. Find the limits: 

(a) lim (2 eae 
x] 2+ x 
; x?+t2Qx—] \(2x4 br 1) 
(b) lim (goa) . 
Solution. (a) Denote: 
f (x) =(1 + x)/(2 + x); 
— 
Q (x) = ve 
asi eet es 
lim f (x) nti AE, 
lim @ (x) =lim =¥* =>. 
x] x1 
But at finite limits limf(x)=A > 0, lim@(x)=B the following 


relation holds true: 


lim @ (x) lif (x) 
lim [Xie eee Sen ass Ae. 
x-a 


; l+ x (1V-Vix)/(l-x) 2 ee yz 
tim (55 =(5) 7 3 


Note. If in handling examples of the form lim [f (x)]*™ it turns 


Hence, 


out that linf(x)=1 and = lim@(x)=0oo, then the following 


xa 


3—3148 


66 Ch. 1. Introduction to Mathematical Analysis 


transformation may be recommended: 
lim [f (x)]#@ = lim {1 + [7 (x) — 1] fo = 


Oe) Ea 1] 
= lim {{1 + (f (x )—1 vw Ihy LP )— 1) & ex? 


1.10.8. Find the limits: 


2x7 -+ 3 \ 8x? +3 I+ tan x \l/sinx 
(a ) fim n (5a = : (b) lin (See |--sin x . 


(c) tim (1 -t+ sin mx)cot Xx. 





(d) lim (= =) (as ku, with ek an integer). 


eon sina 


Solution. (a) Let us denote: 
2x7 -- 3 


f (x)= Ox2+ 5° ~ (x)= 8x? +- 3; 
2x2-+- 3 

lim f (x) = lim Sas-3= 5 
lim @ (x) = lim (8x? + 3) = 


X—>D Xx- @ 


Use the formula (*): 
8x2 43 lim @ (x) [f (x)-1) 
lim (S3) wT exw e 








Ie 6 , 
_ 2x2 4-3 _ 20 
OO = ag oe 
. -  2(&x?+3 
im @ 9 (F) 1] tin 20D = 


Therefore 
x2 4- Bxr+3 ssid 
a a ; sere, 
1.10.9. The undies f(x) is given with the aid of the limit 
7 *) = lim sn]? 


Investigate this function and graph it. 
Solution. Consider three cases: 
1) |x| > 1. Since in this case lim x?" 00, then 


xen | 


tat bei eee 
[ (x)= im Ta 1pea ies 
(2) |x| <1. In this case limx?”=0; therefore f(x) =—1. 


lt>D 
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(3) x =-E1. In this case x?*==1 at any n, and therefore [ (x) =0. 
Thus, the function under consideration can be written in the 
following way: 


[ieee 
i (x)= i —1 if |x| <1 
O if x=+1 


or, briefly, f(x) =sign(|x|—1) (see Problem 1.5.11 (n)). 
The graph of this function is shown in Fig. 27. 


1.10.10. The population of a cou- 
ntry increases by 2% per year. 
By how many times does it increase 
in a century? 

Solution. If we denote the ini- 
tial number of inhabitants of a 
given country as A, then after a 
year the total population will amo- 
unt to 


An (f(y. 1 
Ata 2 = (lta) 4. Fig. 27 





After two years the population will amount to A +5). After 


100 years it will reach the total of A( +m) > i.e. it will 


have increased Hits} | times. Taking into account that 


lim (1 +=] =e, we can approximately consider that (1 +35) mz e. 


“Hence, after 100 years the population of the country will have 
increased e? ~ 7.39 times. 


Of course, this estimation is very approximate, but it gives an 
idea as to the order of the increase in the population; [the quan- 


tity (1 beg) = 7.245 to within three decimal places). 
1.10.11. Find the limits: 





- cosx-+4tanx . 
oa 
2x2+-5x—7 . 
(b) int Sa 
(Cc) fio 
x | Vo 
(d) lim 2x?—dx+-4 | 


xo gm OX? —2x—3 ’ 


3* 
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(e) fim (Voet+ Loy 1); 
| : dN 
(1) Po (Vie + 8x3 


1.10.12. Find the limits: 





va. V aD sin (1 —x) 
a 

Sil] & ‘ a ; 
(c) US aa (d) ee 2x tan (1/4 — x); 


en tan? x—3 tan x 
xon/3 COS (x-+ 1/6) ° 


(€) 


1.10.13. Find the limits: 
(a) lim “ + 4/x)**3; (b) lim ee 
X—>@ x0 





*— | 





(c) lin : (d) in (1 + 3 tan? x)co! *; 
x0 
(e) lim (sin Qx)tan? 2x. (f) lim 1 ST ay", 
x>7/4 
(g) a (ta n x)'an 2%; (h) ia a el ; 
X— 5/2 


(1) 0 oa Oxo 


oe 2x-+ 1 1)/(3x+ 2). 


1+ ra) -V x)/(- ee 


fone epx 





(k) lin S 


x +0 


1.10.14. Find the limits: 


(a) oe (b) lim 
Xx 


x +0 x>m/4 


Intanx | 
1—cotx ’ 





(c) lim <5 In (1 + asin x), 


SIN Xx 


§ 1.11. (nfinitesimal and Infinite Functions. 
Their Definition and Comparison 


The function a(x) is called infinitesimal as x >a or as *— oo 
if lima(x)=0 or lima (x)= 


The function F(x). is called infinite as xa or as x ~o tf 
lim f (x) =o or lim f (x)= 


x~a x—> © 
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A quantity inverse to an infinite quantity is called an infintte- 
simal. 
Infinitesimal functions possess the following properties: 
(1) The sum and the product of any definite number of infinite- 
simal functions as x — a are also infinitesimals as x > a. 
(2) The product of an infinitesimal function by a bounded function 
is an infinitesimal. 
Comparison of Infinitesimals. Let the functions a(x) and B (x) be 
infinitesimal as x >a. If 
a (x) 
fim Bay = 


where c is a certain finite number different from zero, then the 
functions a(x) and B(x) are called infinitesimals of the same order. 
Ii c=1, then the functions a(x) and B(x) are called equivalent; 
notation: a (x) ~ B (x). 

If c=0, then the function a(x) is called an infinitesimal of a 
higher order relative to B (x), which is written thus: @ (x) =o (B (x)), 
and B(x) is called an infinitesimal of a lower order with respect 
to a (x). 


If lim Fano where 0< |c|<-+ 00, then the function (x) 
x-a 


is called an infinitesimal of the nth order as compared with the 
function B(x). The concept of infinite functions of various orders 
is introduced similarly. 





=e 





1.11.1. Prove that the functions 


(a) f(x) = oe as x > 2, 





(b) f (x) =(x— 1)? sin? — as x > 1 are infinitesimals. 


Solution. (a) It is sufficient to = the limit 


ltin j (x) =lim 3 eo or =0. 


(b) Firstly, the function @(x)=(x—1)* is infinitesimal as x > 1; 
indeed, lim(x—1)?=0. Secondly, the function 
x1 
tp (x) =sin® —; xl, 
is bounded: 
| sin’ —|\< l. 
x—l 
Hence, the given function f(x) represents the product of the 


bounded function (x) by the infinitesimal @(x), which means that 
f(x) is an infinitesimal function as x — 1. 
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1.11.2. aan that the functions 
—12 
4) [OS E> as x —> 4; 
(b) f(y= SN: sas Hie BS 
are eens 


1.11.3. Find 





hin x sin (1/x). 


x- 


Solution. Since x is an infinitesimal as x > 0 and the function 
sin (1/x) is bounded, the product x sin (1/x) is an infinitesimal, which 
means that lim xsin(1/x)=0. 

x0 


1.11.4. Compare the following infinitesimal functions (as x — 0) 
with the ee iat 


(a) f, (x)=tanx3; (b) f, (x)= j/sin?x; 

. @uV EEE 8 

Solution. (a) We have 
lim 2222 — jim | | = tree ~ lim x* = 0. 
x +0 x x0 x x0 xs 


Hence, tan x? is an infinitesimal of a higher ae relative to x. 














(b) We have 
{SS .. Ke 
lim VS * = lim SN leas 
x—>0 x x0 x? 8/y 1 ; 
Xx 


Hence, ;/sin?x is an infinitesimal of a lower order as compared 
with x. 
(c) We have 
V 9+4+x—3 1 
lim ———— = lin ————_ = =. 
x0 x x20 V9ex43 6 
Hence, the infinitesimals /9-+-x—3 and x are of the same order. 
1.11.5. Determine the order of smallness of the quantity B with 
respect to the infinitesimal a. 
(a) B=cosa—cos2a; (b) B=tana—sina. 


Solution. (a) 6 -=cosa—cos2a=2sin 2 asin, 


Z 2 
Whence 
ifn oP hin 2 sin al sin(a@/2)_ 3 . 
a+o@ a—-0 a 2 


Hence, B is an infinitesimal of the samme order as a?, i. e. of the 
second one with respect to a. 


§ 1.12. Equivalent Infinilesimals il 


1.11.6. Assuming x— oo, compare the following infinitely large 
quantities: 

(a) f(x)=38x?+2x+5 and (x) =2x?+2x—1; 

(b) F(x)=2e43x and g(x) = (x42); 

(c) F(x)=/x--a and (x)= j/x. 


Solution. (a) The infinite function 3x?+ 2x-+5 is of a lower order 
as compared with the infinite function 2x*-+ 2x—1, since 


: Bx?+2x+5 |, 3/X- 2/x27 + 5/x8 
lim = ——— = lim Soe = 0. 


epee eee a 
1.11.7. Prove that the infinitesimals a=x and B =x cos(1/x)(as x—+0) 
are not comparable, i.e. their ratio has no limit. 
Solution. Indeed, lim Fos (4) lim cos (1/x) does not exist (prove 
x->0 x->0 
it!), which means that these infinitesimal functions are not com- 
parable. 


1.11.8. If x0, then which of the following infinitesimals is 
(are) of a higher order than x; of a lower order than x; of the 
same order as x? 

(a) 100x;  (b) x2; (c) 6sinx; (d) sin?x; (e) j/tan®x. 


1.11.9. Let x—-0. Determine the orders of the following infini- 
tesimal functions with respect to x: 


(a) 2sin* x—x?; (b) V sin? x + x4; 
(cc) V1+ 8—1; (d) sin 2x—2 sin x; 
(e) 1—2cos («+ z)3 (f) 2V sin x; 

(g) —; (A) tan x + x; 

(i) cos x — j/ cos x; (j) e*~—cos x. 


1.11.10. Assuming the side of a cube to be an infinitesimal, de- 
termine the order of smallness of the diagonal of the cube (d); of 
the area of its surface (S); of its volume (V). 


§ 1.12. Equivalent Infinitesimals. 
Application to Finding Limits 

If the functions a(x) and B(x) are infinitesimal as x —a and if 
a(x) ~ v(x), B(x) ~ 8 (x), then 


a(x) li y (x) 
ry et 8G) 








(replacing an infinitesimal by an equivalent one). 
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If 
lim f(x)=k, O<|R| << o@, 

then 
j (x) a(x) ~ ka (x). 

If 
a(x) ~ v(x), 
B(x) ~ v(x), 

then 
a(x) ~ B(x). 


For two infinitesimal functions to be equivalent it is necessary 
and sufficient that their difference be an infinitesimal of a higher 
order as compared with each of the two. 

Listed below are infinitesimal functions: 


(a(x) is an infinitesimal as x — 0) 
) sina(x)~a(x); (2) tana (x) ~ a(x); 
) 1—cos a (x) ~ [a (x) ]?/2; 
) arcsina(x)~ a(x); (5) arctana (x) ~ a(x); 
(6) Inflta(x)] ~a(x); (7) a&”—1l~a(x)Ina 
7 0), in particular, e*“’ —1l ~ a(x); 
(8) [1+ a(x)]?—1 ~ Pa (x), in particular, // [oa (ny—1~ 22, 
1.12.1. Prove that as «0 


(c) sin V MEV PAV 
Solution. (a) By formula - at P=1/2 we have 


(Vile) al 5h. 


(1 
(3 
(4 


| 
1+x oe 


l 
Vite Vie 
(c) By formula (1) we have 
sin V “Vie Va Sl, 
ere, a ee 
whence sin V xVx~V P@4+Vx° 


1.12.2. Replace each of the following infinitesimals with an equi- 
valent one: 


(a) 3sina—da*; (b) (l—cosa)?+ 16a*-+ 5a4-+ 6a°. 
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Solution. (a) Note that the sum of two infinitesimals a and B 
of different orders is equivalent to the summand of the lower order, 
since the replacement of an infinitesimal with one equivalent to it 
is tantamount to the rejection of an infinitesimal of a higher order. 

In our example the quantity 3sin« has the order of smallness 1, 
(—5a*)—the order of smallness 3, hence 


3 sina-+(—da3) ~ 3sina ~ 3a. 
(b) (1—cos a)? + 16a? + 5a4+- 6a> = 4sin? 5 +- 16a3 + da4 + 6a%. 
The summand 16a? is of the lower order, therefore 
(1 —cos a)? + 16a3-+ 5a4+ 6a° ~ 160°. 


1.12.3. With the aid of the principle of substitution of equiva- 
lent quantities find the limits: 





, sin 5x . 1— cos x 
a) lim ————;  (b) ltin ———— 
a) ea ( x0 l—cos = | 
————5 
ey Tie es ey 
x +0 I+x2—1 x +0 sin 4x 
- sin 2x-++ are sin? x— arctan? x , 
(2) Tim, SnPe ave ac arctanes, 


. 3sinx—x+x3 
(I) {im tan x-+-2 sin? x-+ 5x4 ’ 

- (sin x—tan x)?-+-(1 — cos 2x)4-+ x? | 
(g) ba 7 tan? x-+ sin® x-+-2 sin® x : 


(h) ee sin Vx In (1+ 3x) 
35°07 ’ 
*> ° (are tan Vx) (2 V * =) 


(i) lj |— cos x-+2 sin x— sin? x— x*+3x4 
ie tan? x—6 sin? x + x— 5x3 


Solution. (a) We have sindx ~ 5x; In(1+ 4x) ~ 4x (see the list 


of equivalent infinitesimals on page 72). Therefore 
ie ie ee 
oy iia ae 








‘ In co ; In [1 cos x— | 
(c) lim ————— = iin ee 
x +0 /il+e—l x—> 0 x°/ 
; — | i 2/2 
=4 lim “4 =— 4 lim alls = —2, 
x>0 x cso * 


(d) From the list of equivalent infinitesimals we find: 


V ltxetx—1 ~ (x-4-x7)/2 ~ x/2, sin 4dx ~ 4x. 
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Therefore 
oo s 
ge ee Se ed 
pa sin 4x eo ig ee 8 


(e) Using the list of equivalent infinitesimal functions given on 
page 72 we obtain 


Sin 2x + arc sin? x — arc tan? x ~ sin2x ~ 2x. 


Hence, 
. Sin 2x-+-arc sin? x —arc tan’ x See tc OX 2 
ii SS It 


= ne--os—. 
x- 0 3X x0 x 3 


h)siny/ x~j/ x; In(1+3x) ~ 3x; 
ela ee es 
lim sin o/ xin (1 + 3x) ne = 
a ° (are tan Vx)? aC /« = ro 0x05 7 x 


1.12.4. Find the approximate values of the roots VY 1.02 and 
V 0.994. Estimate the absolute error. 
Solution. Use the approximate formula 
Vi+x~1+x/2 (*) 
(for x sufficiently close to zero). In our case 


VIF0.02 ~ 1475 =1. 01: 


V 10.006 ~1—-5" =0. 997, 


To estimate the error we note that 
eee ] $e a 
5—V1+x—I)=5 (ex-2V 14-44 2)= 
l ae l ae 2 l x \2 — x? 
=5 (x+1-2VeF14+l=5(VxFI-1) ~3(¥) =", 
Hence, the absolute error of the approximate formula (#) is esti- 
: x? 
mated by the quantity < 
Using this estimate we find that the absolute error of the root 


VY 1.02 ~ 1.01 is a C2" — 0.00005, and the absolute error of 


0.994 = 0.997 amounts to ~ 2:2" ~ 0.000005. 
8 


1.12.5. Prove that, as x —0O, 
(a) /TFx~l~ ox; 
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(b) arc tanmx ~ mx; 
(c) l—cos?x~ S sin? x. 


1.12.6. For x—-0 determine the order of smallness, relative 
to the infinitesimal B (x)= x, of the following infinitesimals: 


oe ec b x? (1+-x) 
(a) V sin? x + x4; (b) re 
1.12.7. For x-—»+2 determine the order of smallness, relative to 
the infinitesimal B (x) =x—2, of the following infinitesimals: 
(a) 3(x—2)?+2(x?—4); (b) p/sin ax. 


1.12.8. Making use of the method of replacing an infinitesimal 
with an equivalent one, find the following limits: 


in 3 
(o) lim aos (4) tim Fe 
(©) lim aa aeE (0 fim aan 
(g) lim Woe (h) tin Uae 


1.12.9. Find an approximate value of the root j/ 1042. 


§ 1.13. One-Sided Limits 


A number A is called the limit to the right of the function f (x) 

as x > x,(A= lim f(x)=/(x,+0)) if for any ¢ >0 there exists 
X+xX +0 

5(¢) > O such that for all x satisfying the inequality 0 < x—x, < 6(e) 
and belonging to the domain of definition of the function f(x) the 
inequality |f(x)—A|<e holds true. The limit to the left of the 
function {(x,—0) as x — x,—0 is defined in a similar way. If x, =0, 
then we write simply x —-+0 or x —-—0 and, respectively, { (+-0) 
and { (—0). 

1.13.1. Find the one-sided limits of the functions: 
| —2x+3 ifx<l, 
| 38x—5 ifix > 1 


(b) Fe) =faqp as eo hs 


asx — 1; 


(a) f(x) 
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(c) ee as x —>+ 0; 
(d) f (x)= SGD as: 4st; 


(e) | (x) =cos(m/x) asx— 0; 
(f) f(x) =5/(x—2)? asx — 2. 


Solution. (a) Letx <1. Thenf (x) == — 2x + 3. Hence, f (1—0) = 
= lim f(x)=1 is the limit ‘to the ett 
x> 1-0 
If x >1, then f(x)=3x—5; hence, 
f(1+0)= lim Ex —, is the limit 
aia 


to the right ce Fig. 28). 
V1 — cos 2x V 2sin? x 





(c) f (x)= SES ae et re 
7 V 2[sinx| 
ee 
but 
iinet sinx, if O<x< n/2, 
\ —sinx, if —nj2<x <0. 
Hence, 


pe lim fe Jim oe VY 2 i) =- V9. 
i (+0) = a0 f(x = lim (Ve —)= VY 2. 


x>+0 


(d) The expression 1/(1—x) tends to -++0o, when x tends to 1, 
remaining less than 1, therefore 


1 -X) — I 6.8 
eee ) == + 00 aes = 0, j (1—0) 0. 
Further, as x—+1-+-0 we have 1/(l1—x)—+— oo. Therefore 
lim 7V/G-*) —Q, 


x+14+0 
= lir ——— )=34+1=4. 
FU+O) = lim (34+ piman) 3+ 
(e) Let us choose two sequences, {x,} and {x,}, with the general 

terms 

- pees , = 2 —— 

Xa = 5 and Xn = qT (a ee 
respectively. 
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Then lim x, = lim x, =O and 


lim f (x,) = ltm cos 2an = 1; 
lim f (x1) = Iimcos (2n -+ 1) $ = (). 


Hence, the function f(x) has no limit to the right at the point 0; 
taking into account that f(x) is an even function, we conclude that 
it has no limit to the left either (see Fig. 29). 


Cem ere ee ee ee ee er eee ee ee ee es ees my es ee re ee ee ee ee ee ee 


Gee rete eee rene eens mee cee ws ee re ee eee 


1.13.2. Prove that, as x — 1, the function 


jx+l atOax<l, 
| 3x42 at Le ae 


has a limit to the left equal to 2 and a limit to the right equal to 5. 


f(x) =. 


1.13.3. Find the one-sided limits of the following functions as 


x — 0: 
| 
(a) f (x)= 9 _gtle? 
(b) 7 (x) =e 
(c) f (x) =LSnAL 


§ 1.14, Continuity of a Function. 
Points of Discontinuity and Their Classification 


Let the function y=—f(x) be defined on the set X and let the 
point x,€ X be the limit point of this set. The function f(x) is said 
to be continuous at the point x, if lim f (x)=f/(x,). The latter con- 


0 


dition is equivalent to the condition lim Ay(x,) = lim [f (x, + Ax) — 
Ax +0 Ax +0 
—f (x)] =. 
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The function [(x) is continuous at the point x, if and only if 
f (X%)— 9) = fF (X) +0) =f (X9). 

The function f/ (x) is continuous on the set X if it is continuous 
at every point of this set. 

Points of Discontinuity of the First Kind. Let the point x, be the 
limit point of the domain of definition X of the function f(x). 
The point x, is called a discontinuity of the first Rind of the fun- 
ction f(x) if there exist the limits to the right and to the left and 
they are finite. If f(x,—0)=f(x,4-0)-~/(x,), then x, is called 
a removable discontinuity. Further, if f(x,--0)-4f(x,+ 9), then x, 
is a non-removable discontinuity of the first kind, and the difference 
f (x, +0)—f(x,—-0) is called a jump discontinuity of the function 
f (x) at the point x,. 

Points of Discontinuity of the Second Kind. If at least one of 
the limits of f(x,—9) and /(x,+0) is non-existent and infinite, 
then point x, is called a discontinuity of the second kind of the fun- 
ction [ (x) 

1.14.1. Using only the definition prove discontinuity of the fun- 
ction f (x) =3x?+ 5x8 + 2v?+ 3x+4 at any x. 

Solution. Let x, be an arbitrary point on the number scale. First 
find lim f (x): 


X > Xo 


lim f (x) = lim (3x4 + 5x3 + 2x? + 3x + 4) = 3x) + Ox, + 2x? + 3n, 4-4. 


X > Xp X -+ Xo 
Then compute the value of the function at the point x,: 
(X,) =— 3Ap ae OX9 + 2X; iT 3X, siti 
Comparing the results thus obtained, we see that 


lin i (Xo) a [ (X,). 


Hence, the function / (x) is continuous at the point x, by definition. 
Since x, is an arbitrary point on the number scale, we have proved 
continuity of the function for all values of x. 


1.14.2. Given the functions: 


oy (2x? 4 3) for ~w<x<l, 
a) f(x) = x 6— lor. oh <x 3; 
jor 3< x < oo; 
for x<3, 


(b) F(x) = i for +> 3: 


(c) f(y =. 
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Find the points of discontinuity (if any). Determine the jump 
discontinuities of the functions at the points of discontinuity of the 
first kind. 

Solution. (a) The domain of definition of the function is the entire 
number scale (—oo, oo). In the open intervals (—oo, 1), (1, 3), 
(3, oo) the function is continuous. Therefore discontinuities are pos- 
sible only at the points x=1, x=3, at which analytic representa- 
tion of the function is changed. 

Let us find the one-sided limits of the function at the point x = 1: 


x71-0 
f(1+0)= lim 6 5x) = 1, 


x>1+0 
The value of the function at the point x= 1 is determined by the 
first analytic representation, i. e. f(1)=(2+3)/5 =1. Since 


f(1—0)=f(1+0) =f (1), 
the function is continuous at the point x=1. 
Consider the point x=3: 
j (3—0) = eu AO eee — 9; 


f(3-+0) = in To 3) =0. 
x+~3+0 

We see that the right-hand and the left-hand limits, though finite, 
are not equal to each other, therefore the function has a disconti- 
nuity of the first kind at the point x=3. 

The jump of the function at the point of discontinuity is 
j (3+0)—f (3—0) =0—(—9) = 

(c) The function is defined and continuous throughout the entire 
number scale, except at the point x=3/2. Since 2x—3 > 0 lor 
x > 3/2 and 2x—3 <0 for x < 3/2, 


i= 1 at x > 3/2, 
—l at x < 3/2. 


Hence, 
(3/2 +0)=1, 7 (3/2—0)=—1. 


Therefore, at the point x=3/2 the function has a finite discon- 
tinuity of the first kind. The jump of the function at this point 
f (3/2 + 0) —f (3/2 —0) is equal to 1—(—1)=2 

1.14.3. Test the following functions for continuity: 


(sie 


Be o. rx 0: 
{ | for x = 0; 
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(b) f (x)=sin (1/2), 
_ {xsin(1/x) for x40, 
(c) fin={ 0 for x= 0; 
{ 4-3* for x < 0, 
ee) 2a+x for x>0; 
(e) | (x) = arc tan (1/x); (f) f(x) =(x*41 M(x-+ 1). 
Solution. (a) The a is continuous at all points «40. At 
the point x =0O we have 
f(O)== 1; lim a = liin 
X>—-0 Xx>+0 
Hence, at this point the function is continuous as well, which 
means that it is continuous for all values of x. 


sin x 
— |, 
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(b) The function is defined and continuous for all x40. There 
are no one-sided limits at the point «=O (cf. Problem 1.13.1 
(e)). Therefore, at the point x=0 the function suffers a disconti- 
nuity of the second kind (see Fig. 30). 

(d) f (—0) = 4, oo +-0) = 2a; the equality j (—0) =/ (+0) =/ (0) 
a i fulfilled, i. e. ce function 7 (x) will ‘ a at the 
point x =O if we out 20 S42: 

(f) f(—1—0) =f (—1+0)= lim (?—x+1)=3, i.e. both one- 


Xx>-1 
sided limits are finite and coincide. But at the point x=—1 the 


€ 1.14. Continuity of a Function. Points of Dtscontinutty S] 


function is not defined and, therefore, is not continuous. The graph 
of the function is the parabola y= x?—x-+ 1 with the point M(—1, 3) 
removed. If we redefine the function putting f(—1)=3, then it 
will become continuous. Thus, at «=—I1 the function has a remo- 
vable discontinuity. 


1.14.4. Le the following functions for continuity: 

(a) f(x)=E£ (x). It should be borne in mind that the function 
E(x) is defined as the maximum integer n contained in the num- 
ber x, 1.e. aS a number satisfying the inequality n< x. 
(b) 

; { 1 if x is rational, 
= \ 0 if x is irrational. 


d(x) is . the Dirichlet function. For instance, 4 (0) = 1; A(—1/2)=1:; 
A(V 2) =0; A(m) =0, ete. 

es (a) The function E(x) is defined throughout the entire 
number scale and takes on only integral values. This function is 
discontinuous at every integral value n of the independent va- 
riable, since E(n—0)=n—1; 
E (n+0)=n (see Fig. 31). 

(b) Let us choose an arbitrary 
point x, on the x-axis; two cases 
are possible: (1) the number x, 
is rational; (2) the number x, is 
irrational. 

In the first case A(x,)=1. In 
any vicinity of a rational point 
there are irrational points, where 
A(x) =0. Hence, in any vicinity 
of x, there are points x for which 


| Ay|=|A (%) —4 (x) [= I. Fig. 31 
In the second case A(x,)= 
In any vicinity of an aa point there are rational points 


at which A(x)=1. Hence, it is possible to find the values of x for 
which 





| Ay |=|4 (%)—A(x)| = I. 


Thus, in both cases the difference Ay does not tend to zero as 
Ax +0. Therefore, x, is a discontinuity. Since x, is an arbitrary 
point, the Dirichlet function A(x) is discontinuous at each point. 
The graph of this function consists of a set of points with irratio- 
nal abscissas on the x-axis and of a set of points with rational 
abscissas on the straight line y=1, that is why it is impos- 
sible to sketch it. 
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1.14.5. Using the definition of continuity of a function in terms 
of “e—6”, test the following functions for continuity: 


(a) f(x) =ax+b (a0); 
j x? if x is rational, 
OF = | —x? if x is irrational. 
Solution. (a) Choose an arbitrary point x,. According to the “e-— 6” 
definition it is necessary to show that for any preassigned, arbitra- 
rily small number ¢> 0 it is possible to find a number 6 > 0 such 


that at |x—x,|< 6 the inequality |/(x)—/f(x)|<e holds true. 
Consider the absolute value of the difference 


{F () —F (x0) | = (ax + 6) — (x9 +5) | = |ax + 6—axy—b| =|a]|x—x0. 


Let us require that |f(x)—/f(x)|<e. This requirement will be 
fulfilled for all x satisfying the inequality 


Ja ||x—x9| <e or [x—xy|<e/la] (a0). 


Hence, if we take 6<e//a|, then at |x—x,| <6 the inequality 
{f (x) —f(x)|<e is fulfilled. Continuity is thus proved for any 
point x = Xp. 

(b) Choose an arbitrary point x . If {x,} is a sequence of rational 
numbers tending to x, then lim f (x,)=x. If {x;,} is a sequence 


of irrational numbers tending tO Xs, then lim f (x;,)=—x?. At x,~0 
the indicated limits are different and hence the function is discon- 
tinuous at all points x0. 

On the other hand, let now «=O. Find the absolute value of 
the difference | f (x)—/ (0)|: 


|f (x) —F(0)| =| + ?—0| = x. 


It is obvious that x2<e at |x| <<V e. If ¢>0 is given, then, 
putting 6<V e« and |x—0/=|x]{< 6, we obtain | Af (0)|=«? <e. 
Hence, 2t the point x=O the function is continuous. And so, the 
point x =0 is the only point at which the function iscontinuous. Note 
that the function under consideration can be expressed through the 
Dirichlet function (see Problem 1.14.4 (b)): f(x) =x [2A (x)—1]. 


1.14.6. Determine which kind of discontinuity the following 
functions have at the point x= x»: 
je =) x-+2 for x< 2, 
\ x?—1 for x2; x,=2; 
I I 
(b) f (x) =arc tan ok? xg = 0; (0) I (x) = yy9re} Kees); 


(d) 7 {ey = tanxy. Ke = 1/2; 
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=Vx—E(V x); X)==n*, where n is a natural number. 
Solution. (a) Find the one-sided limits at the point x, = 2; 
j/(2—0)= lim (x+2)=4 


Xx>2-0 


f(2+0)= lim (?—1)=3. 
X->2+0 


Here the limits to the right and to the left exist, are finite but 
do not coincide, therefore the function has a discontinuity of the 
first kind at the point x, =2. 


(e) The function E(V x) has discontinuities of the first kind at 
every point x=n?, where n is a natural number (see Problem 


1.14.4 (a)), whereas the re V x is continuous at all x>0. 
Therefore the function f (x ee x) has discontinuities of 











the first kind at the ae 1, 4, 9, Pe ere 
1.14.7. Test the following functions for continuity 
(a) F(x)= 
(=! for x40 
(bb) f(a te ONES 
( 3 for x=0; 
{ e/* for x0, 
cy f(a) = 
te) PO) \ 0. for x ==0; 
(4) f (x)= fim (sin); (e) f(x) = +E: 


(f) F(x)=E (x) +E (— x). 


1.14.8. For each of the following functions find the points of 
discontinuity and determine the jumps of the function at these 
points: 

4 





(a) [OS eos 
x+2 | 
(b) f(x) = eon 
(c) f(g Ad, 
—x for x<l, 
(d) f(x)=4 2 


a for x > 1. 


1.14.9. Redefine the following functions at the point x=0 so as 
to make them continuous: 


(a) f (x)= 2, 
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(b) f(y =e, 
Cig =) 
s sin? x 

(d) 7 (x)= ]—cos x° 


§ 1.15. Arithmetical Operations on Continuous 
Functions. Continuity of a Composite Function 


If the functions f(x) and g(x) are continuous at the point x=x,, 
then the functions 


(1) Fx) eles (2) F(e)-g(x)s (3) SE (g(x) #0) 


are also continuous at this point. 

If the function u=q@(x) is continuous at the point «=x, and 
the function y=/(u) is continuous at the point u,=@(x,), then 
the composite function y=f [g(x)] is continuous at the point x =x, 


1.15.1. Test the following functions for continuity: 
2x5 — 8x24 1] 
(a) () = ayaa perp4! 
3 sin? x+ cos? x+ 1 
0) = 
f x3 cos x+ x? sin x 
( cos (1/sin x) 


Solution. (a) A function representing a ratio of two continuous 
functions (polynomials in this case) is discontinuous only at points 
for which the denominator becomes zero. But in our case 


xi + 4x3 4+ 8x? + 8x + 4 = (x? 4 2x42)’, 


and since x?+2x+2=(x+1)?+1>0 at any x, the denominator 
never becomes zero. Hence, the function f(x) is continuous through- 
out the entire number seale. 

(b) The function f(x) suffers discontinuities only at points for 
which the denominator equals zero, i.e. at points which are the 
roots of the equation 


4cosx—2=0 or cosx=1/2, 
whence 
X=X,=+£27/3+2nn (n=0, +1, +2, ...). 


Thus, the function [(x) is continuous everywhere, except at the 
point x,. 
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{c) Just as in the preceding example, the numerator is continu- 
ous throughout the entire number scale. As far as the denominator 
is concerned, according to the theorem on continuity of a composite 
function, it is continuous at points where the function u = 1/sinx 
is continuous, since the function cos uw is continuous everywhere. 
Hence, the denominator is continuous everywhere, except at the 
points x =n (k an integer). Besides, we must exclude the points 
at which cos(l/sinx)=0, i.e. the points at which Il/sinx = 
= (2p+1)n/2 (p an integer), or sinx=2/[(2p+1)a]. Thus, the 
function f(x) is continuous everywhere except at the points x=kn 


and x =(— 1)” arcsin +n (k,p,n=0, £1, +2, ...). 


(2p+ 1) x 
1.15.2. Test the following composite functions for continuity: 


(a) y=cosx”", where n is a natural number; 
(b) y=cos log x; 


(c) y=V 1/2—cos? x. 

Solution. (a) We have a composite function y=cosu, where 
u=x". The function y=cosu is continuous at any point u, and 
the function u=.x" is continuous at any value of x. Therefore, the 
function y=cosx” is continuous throughout the entire number scale. 

(c) Here y=V 1/2—u?, where u=cosx. The function V 1/2 —12 
is defined and continuous on the interval |—V 2/2, V 2/2|, the 
function u=cosx is continuous throughout the entire number scale. 
Therefore, the function y == V 1/2—cos? x is continuous at all values 
of x for which 





Seiad f n/4+2an<x< 3n/4+ 2nn, 
osx] SV 2/2, Fe.) Bag + Onn <x < Tn/4 + Qnn. 


1.15.3. For each of the following functions find the points of 
discontinuity and determine their character: 


’ aca l . 

(a) Y=a pee p= 5» Where u=——; 
; { x—1 for x>0, 

(6) y=u*, where wy for x < 0: 


9 


l|— wu 
(c) 2 Yes es where w -= tan x. 


Solution. (a) The function 
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suffers a discontinuity at the point x=1. The function 
y= f (UW) =a ao 
suffers a discontinuity at points where uw?+u—2=0, i.e. u,=—2 


and u,=1. Using these values of uw, find the corresponding values 
of x by solving the equations: 


i 
x—1’ x—! 





ee 


whence x= 1/2 and x=2. 

Hence, the composite function is discontinuous at three points: 
x,=1/2, x,=1, x,=2. Let us find out the character of disconti- 
nuities at these points. 


lim y= lim y=0, 


x > | “i+ @ 
therefore x,=1 is a removable discontinuity. 
lim y= lim y=oo; lim y= lim y= oo; 
x2 1/2 u>— 2 2 u-, 1 


hence, the points x,=1/2, x,=2 are discontinuities of the second 
kind. 


1.15.4. Given the function f(x)=1/(l1— x). Find the points of 
discontinuity of the composite function 


y=H li ot. 


Solution. The point x-=-1 is a discontinuity of the function 


v=f (x)= 
If x41, then 


x 


u==f [f(x (x)] = - ==. 


Hence, the point x=0O is a discontinuity of the function 
u =f [F(x]. 

If x0, x ~l, then 

I 
PTV ON = eee 

is continuous everywhere. 

Thus, the points of discontinuity of this composite function are 
x=0, x=1, both of them being removable 
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§ 1.16. The Properties of a Function Continuous on a 
Closed Interval. Continuity of an Inverse Function 


|. The function 7 (x), continuous on the interval [a, b], possess- 
es the following properties: 

(1) f(x) is bounded on [a, 6]; 

(2) f(x) has the minimum and maximum values on [a, 6]; 

(3) If m= min f(x), M= max I (*), then for any A satisfy- 

@< x= alxes 
ing the inequalities m<c AX M there exists a point x,€[a, 6] for 
which [(x,)=A. 

In particular, if f(a)-f(6)< 0, then we can find a _ point 
c (a<c<.b) such that f(c)=0. 

II. Continuity of an Inverse Function. If the function y =f (x) is 
defined, continuous and strictly monotonic on the interval X, then 
there exists a single-valued inverse function x=q(y) defined, con- 
tinuous and also strictly monotonic in the range of the function 


y =f (x). 

1.16.1. Does the equation sinx—x-+1=0 have a root? 

Solution. The function 

} (x) =sinx—x-+ 1 

is continuous over the entire number scale. Besides, this function 
changes sign, since {/(0)=1, and f[(3x/2) =— 3n/2. Hence, by pro- 
perty (3) within the interval [0, 31/2] there is at least one root 
of the given equation. 


1.16.2. Has the equation x*®—18x+2=0 roots belonging to the 
interval [— 1, 1]? 


1.16.3. Prove that any algebraic equation of an odd power with 
real coefficients 


a, xertit axes... +a,,xX+0,,,,=0 (*) 
has at least one real root. 
Solution. Consider the function 
i (x) ore, ax” ce 2 a,x?” SE te ae QynX ae Qontiy 


which is continuous throughout the number scale. 
Let, for determinacy sake, a, > 0. Then 


lim 7 (x)= -+ 00, and lin f(x) =— o. 
x>+0 a a 
Hence, we can find numbers a, 6, a<b such that f(a) < 0; 
f(b) > 0. By property (3), between a and b there exists a number 


c such that f(c)=0, which proves that the equation (*) has at 
least one real root. 
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1.16.4. Let the function [(x) be continuous on [a, b] and let 
the equation f(x)=0 have a finite number of roots on the inter- 
val [a, 6]. Arrange them in the ascending order: 

PN BN ee I 

Prove that in each of the intervals 


(a, X); (X,, Xe), (X,, Xs), ie, pa SP (is b) 
the function f(x) retains the same sign. 

Solution. If the function changed its sign on a certain interval, 
then we could find one more root of the function, which contradicts 
the condition. To determine the sign of the function on any of the 
indicated intervals it is sufficient to compute the value of the func- 
tion at an arbitrary point of the appropriate interval. 


1.16.5. Given a function on the interval [— 2, + 2]: 
e412 if —2<x*< 0, 
M)=) (242) if 0<x<2. 

Is there a point on this closed interval at which f(x) =0? 

Solution. At the end-points of the interval [— 2, +2] the given 
function has different signs: 

f (—2)= +6; f(+2)=—6. 

But it is easy to notice that it does not become zero at any point 
of the interval [—2, +2]. Indeed, x7+2>0 and —(x?+2) <0 
at any x; this is due to the fact that f(x) has a discontinuity at 
the point «=0. 

1.16.6. Does the function 

f (x) = x3/4—sinax+3 
take on the value De within the interval [—2, 2]? 


Solution. The function /(x)=x?/4—sinax+3 is continuous 
within the interval [—2, 2]. Furthermore, at the end-points of this 
interval it attains the values 

f(—2)=k f(2)=9. 
Since l<2, <5, then, by property (3), within the interval 


[—2, 2] there exists at least one point x such that f(x) =2>. 


1.16.7. Show that the function 
2*-+-1 for-—l<x <0, 
P(X eek OF for x =0, 
2*—1 for O< x<cl, 
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defined and bounded on the interval {—1, 1], has neither maximum, 
nor minimum values. 

Solution. In the interval [—1, 0) the function increases from 3/2 
to 2 and in (0, 1] it increases from 0 to 1, it does not attain either 
the value 2 or 0. Therefore the function is bounded but never reaches 
its upper and lower bounds. This is because there is a discontinuity 
at the point x =0. 


1.16.8. Show that on any interval [a, 6] of length greater than 
unity the function /(x)=x—E(x) attains its minimum value but 
never reaches its maximum. 

Solution. In any interval [n, n+ 1), where n is an integer, the 
given function /(x) increases from 0 to 1, never attaining the maxi- 
mum. Hence, O0< f(x) <1 for any 
x. Since on the interval |a, 5] we 
can find at least one internal in- 
tegral point n, then f(n)=0O and 
lim f(x)=1, but f(x i for any 


X>-nh- 0 

x. It means that the function reaches 
its minimum value but never 
reaches its maximum. This is be- 





Fig. 32 


cause there is a discontinuity at the point x=n (see Fig. 32), 


1.16.9. Prove that the function y=°"*)/ x (n a natural number) 


is continuous throughout the number scale, considering it as a function 
inverse to y= x?"*?, 

Solution. The function y=x?"*} js continuous and increases [rom 
— oo to oo over the entire number scale. Hence, the inverse function 


x=°"*)/y is defined for all y, continuous and increasing. Denoting 
the independent variable again as x, we find that the function 


y=""*+/ x possesses the required properties. 
1.16.10. Prove that for any function of the form 
y=axrrrtt a xee-tta xs... +a,X+Aaats (x) 


where @,, Q;, Qj, ---, Qnuy Gy4, are positive numbers, there exists 
an inverse function increasing and continuous throughout the num- 
ber scale. 

Solution. As is known, the functions x, x°, x°, ..., x?”*+! increase 
throughout the entire number scale. Then, since the coefficients 
a; (i=0, 1, ..., n+1) are positive, the function f(x) =a,x°"*? + 
Me gy les lt a,X+aQ,+, also increases. Furthermore, it is con- 
tinuous. Therefore, for a function of the form (*) there exists an 
inverse function increasing and continuous over the entire number 
scale. 
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Note. This example establishes only the existence of an inverse 
function x =g(y), but gives no analytic expression for it. It is not 
always possible to express it in radicals. The problems of the exis- 
tence of an inverse function and of expressing it analytically should 
not be confused. 


1.16.11. Prove that there exists only one continuous function 

x=x(y) (— oo < y< oo) which satisfies the Kepler equation: 
x—esinx=y (O<e<l). 

Solution. Let us show that y(x) is an increasing function. Let 
x, <x, be arbitrary points on the number scale. Then 
Y (X_)-— y (X,) = (%,—€ SiN X,) — (4%, — Sin X) = 

= (x, —Xx,) —e (Sin x,—sin x,). 
Estimate the absolute value of the difference |sinx,—sin x, |: 


: » Xg—X Xo TX 
| sin x,—sin x,|=2/sin ae cos=et < 














<2| sin 
Since O<e<l, 
e|sinx,—sinx,| < (x,—¥x,), 


Xq—Xy | Xp — Xx, | 
= 2 = 14 — 4 | = — 2). 





whence 
(x,—x,)—& (sin x,— Sin x,) = Y (X,)— y (X,) > 0. 
Since y(x) is a continuous function in the interval (— co, oo), the 


inverse function x is a single-valued and 
continuous function of y. 


1.16.12. Show that the equation 
—3x+1=0 
has one root on the interval [1, 2]. Cal- 


culate this root approximately to within 
two decimal places. 


1.16.13. The function f(x) is defined 
on the interval [a, b| and has values of 
Fig. 33 the same sign on its end-points. Can one 
assert that there is no point on [a, b| 

at which the function becomes zero? 


1.16.14. Prove that the function 
[ep lab= la x= 0, 
POS eag Bt Oe ee 


is discontinuous at the point «=O and still has the maximum and 
the minimum value on [— 1, 1] (see Fig. 38). 
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§ 1.17. Additional Problems 


1.17.1. Prove the inequalities: 
(a) ni< (a) for a natural n> 1; 


3.¢C«*#b 2n— | l 
0) 5-Eg oe < ET 





17.2. Prove the inequalities: 
) 20233 > 303202; 


1. 
(a 
(b) 200! < 1002°°. 

1.17.3. Solve the inequalities: 
(a) ||x|—-2|< 1, 

(b) |[2—3x|—1]| > 2, 

(c) (x—2)V +1 > +2. 


1.17.4. Can a sum, difference, product or quotient of irrational 
numbers be a rational number? 


1.17.5. Do the equations 
a) |sinx|=sinx+3, (b) |tanx|--tanx+3 
have any roots? 


1.17.6. Prove the identity (EN (at) =. 





Z 
1.17.7. Prove the Bernoulli inequality 
(2a enw) See Be, 


where X,, X%,, ..-, X, are numbers of like sign, and 1+ .x,;>0 
Cee perrere a) 


1.17.8. Find the domains of definition of the following functions: 
a) f (x) =V 8— 2x; 
Ce 
(c) f(x = Sin? mx; 
I 
d (x ——_——- — and — | 
(d) F( 7 as g (x) Vaan 
(e) f (x) =arc sin (| x|—3) 


(f) f (x) =arc cos —— . 








1.17.9. Are the following functions identical? 
x 


(a) f (x) == and g(x) = 1; 


x 


.b) f(x) =log x? and @ (x) =2 log x; 
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(c) f(x) =x and p(x) =(V x); 

(d) f(x) =1 and @ (x) =sin? x-+ cos? x; 

(e) f (x) = log (x— 1) + log (x — 2) snd ~p (x) = log (x — 1) (x — 2). 

1.17.10. In what interval are the following functions identical? 

(a) f (x) =x and @ (x) = 10!*; 

(b) f(x) =VxVx—1 and (x) =Vx(x—1). 

1.17.11. An isosceles triangle of a given perimeter 2p = 12 revol- 
ves about its base. Write the function V (x), where V is the volume 


of the solid of revolution thus obtained and x is the length of the 
lateral side of the triangle. 


1.17.12. Investigating the domain of definition of functions, 
(a) solve the inequality 


Vix+2+4+Vx—5>V5—x, 
(b) prove that the inequality 
log, _, (x—3) z= 
has no solutions. 


1.17.13. The function y=signx was defined in Problem 1.5.11 (n). 
Show that 

(a) |x| =~ sign x; 

(b) x =|x|sign x; 

(c) sign (sign x) == sign x. 

1.17.14. Prove that if for a linear function 


i} (x) =ax+b 


the values of the argument x-=x, (n=1, 2, ...) form an arithmetic 
progression, then the corresponding values of the function 


Yn =F (X,) (n= l, 2; ai -) 
also form an arithmetic progression. 


1.17.15. Prove that the product of two even or two odd functicns 
is an even function, whereas the product of an even and an odd 
function is an odd function. 


1.17.16. Prove that if the domain of definition of the function 
/ (x) is symmetrical ce respect to x =0, then f(x) +/(—x) is an 
even function and f (x)—f(—-.x) is an odd one. 


1.17.17. Prove hi any function f(x) defined in a symmetrical 
interval (— J, /) can be presented as a sum of an even and an odd 
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function. Rewrite the following functions in the form of a sum of 
an even and an odd function: 


(a) i =tSS; (b) y ==a*. 


1.17.18. Extend the function f (x)= x?+ x defined on the inter- 
val [0, 3] onto the interval [— 3, 3] in an even and an odd way. 


1.17.19. The function {x}=x—E(x) is a fractional part of a 
number x. Prove that it is a periodic function with period 1. 


1.17.20. Sketch the graph of a periodic function with period 
T =1 defined on the half-open interval (0, 1] by the formula y = x?. 


1.17.21. Let us have two periodic functions f (x) and @ (x) defined 
on a common set. Prove that if the periods of these functions are 
commensurate, then their sum and product are also periodic functions. 


1.17.22. Prove that the Dirichlet function A(x) (see Problem 
1.14.4 (b)) is a periodic one but has no period. 


1.17.23. Prove that if the function 
j (x) =sin x + cosax 
is periodic, then a is a rational number. 


1.17.24. Test the following functions for monotony: 
(a) F(x) =x]; (b) f(*) =|x|—x. 


1.17.25. Prove that the sum of two functions increasing on a 
certain open interval is a function monotonically increasing on this 
interval. Will the difference of increasing functions be a monotonic 
function? 


1.17.26. Give an example of a non-monotonic function that has 
an inverse. 


1.17.27. Determine the inverse function and its domain of de- 
finition if 
x if —o <x< I, 
(a) y —tanh x; (b) y-=< * if laxe4, 
2” it Boe HO 500: 


1.17.28. Show that the equation .+2x+1=—1+)V «x has no 
real roots. 


1.17.29. Construct the graph of the function 
y= f(x—)+]/(*+9, 
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where 
j R(L—[x|/) at [xl<l 
(=) 0 at |x| > 0. 


1.17.30. Knowing the graph of the function y=f (x), sketch the 
graphs of the following functions: 


(a) y=fP2 (x); (b+) y=V E(x) (0) =P [Fd]. 


1.17.31. Prove that the graphs of the functions y=log,x and 
y = loganx can be derived from each other by changing all ordinates 
in the ratio 1:1/n. 


1.17.32. Prove that if the graph of the function y =f (x), defined 
throughout the number scale, is symmetrical about two vertical 
axes x=a and x=b (a< db), then this function is a periodic one. 


1.17.33. Let the sequence x, converge and the sequence y, diverge. 
What can be said about convergence of the sequences 


(a) Xp+Yni  (D) XnYn? 


1.17.34. Let the sequences x, and y, diverge. Can one assert that 
the sequences x,-+-y,, X,Y, diverge too? 


1.17.35. Let a, be an interior angle of a regular n-gon (n=3, 
4, ...). Write the first several terms of the sequence a,. Prove 
that lima,= 17. 


1.17.36. Prove that from limx,=a it follows that lim|x,]=]a]. 


fi @ 


Is the converse true? 


1.17.37. If a sequence has an infinite limit, does it mean that this 
sequence is unbounded? And if a sequence is unbounded, does it 
mean that it has an infinite limit? Prove that x,=n'-!" is an 
unbounded but not an infinite function. 


1.17.38. Prove that the sequence {a,}, where a, is the nth digit 
of an arbitrarily chosen irrational number, cannot be monotonic. 


1.17.39. Prove that if the sequence {a,/b,$ (6, > 0) is monotonic, 
then the sequence 


Ay +ag+...+ay 
by+ b.4+... +0, 


will also be monotonic. 


1.17.40. Prove the existence of limits of the following sequences 
and find them. 


ay V2, V2V2, V 2V2V2 ...: 
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(b) x,=c"/i/n! (c>0, k>0); 
(c) x,=a,/n, where a, is the nth digit of the number x. 


1.17.41. Prove that at an arbitrarily chosen x the sequence 
I : 
a is bounded. 


1.17.42. Prove that the sequence 
E(x) +E (2x) +... +E = 


2 


- 
has the limit x/2. 


1.17.43. Prove that 
lim a®=1 (a> 0). 
h + 0 


1.17.44. Given the function 
_f 1+. for x540, 
ho =| 0 for x=0. 
Prove that 
lif (4) eh: 
x > 0 
1.17.45. Let 


ae REE aS ain On ; 
P (x) a by x” + b,xt—! 4.04 be (a, Fe 0; by f= Q). 


Prove that 
oo, if n >™m, 


lim P(x)= 2 a,/d,, if n =m, 
ee a 0, ifn<m. 


1.17.46. Find the constants a and b from the condition: 
ss x* + | at 

(a) iim ( a —ax—b| =); 

(b) lim (V x—x+ 1 —ax—b)=0. 


X->— @© 


1.17.47. Sketch the graphs of the following functions: 
(a) f (x)= lim {71 +x" (x >0); 





(b) f (x)= lim sin?” x. 
1.17.48. Prove that 
é n I 
lim [(1+ x) (1 +x) (i +-+4) 2. (1-3? )} aS (jxl< 1). 
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1.17.49. Can one replace infinitesimal summands by equivalent 
infinitesimals in computing a limit? 


1.17.50. Determine the order of smallness of the chord of an 
infinitely small circular arc relative to the sagitta of the same arc. 


1.17.51. Determine the order of smallness of the difference of the 
perimeters of an inscribed and circumscribed regular n-gons_ rela- 
tive to an infinitely small side of the inscribed n-gon. 


1.17.52. The volumetric expansion coefficient of a body is con- 
sidered to be approximately equal to the triple coefficient of linear 
expansion. On equivalence of what infinitesimals is it based? 


1.17.53. Does the relation log(1+«)~ x hold true as x0? 


1.17.54. Will the sum of two functions f (x)-+g(x) be necessarily 
discontinuous at a given point x, if: 

(a) the function f(x) is continuous and the function g(x) is dis- 
continuous at x=x,, 

(b) both functions are discontinuous at x= x,? Give some examples. 


1.17.55. Is the product of two functions f(x) g(x) necessarily 
discontinuous at a given point x, if: 

(a) the function f(x) is continuous and the function g(x) is dis- 
continuous at this point; 

(b) both functions f(x) and g(x) are discontinuous at x= x,? 

Give some examples. 


1.17.56. Can one assert that the square of a discontinuous func- 
tion is also a discontinuous function? Give an example of a func- 
tion discontinuous everywhere whose square is a continuous function. 


1.17.57. Determine the points of discontinuity of the following 
functions and investigate the character of these points if: 
I 
(a) f (x) Tage. 
Ona = 
(c) p(x) =x [1—2A(x)], where A(x) is the Dirichlet function (see 
Problem 1.14.4 (b)). 


1.17.58. Test the following functions for continuity and sketch 
their graphs: 

(a) y=x—E (x); 

(b) y= xe +E (x*); 

(c) eae 


(d) y= m ies 
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1.17.59. Investigate the functions i {8 ( and g[/(x)] for conti- 
nuity if f(x)=signx and g(x) =x (1—x?) 
1.17.60. Prove that the function 
2x at—l<x<0, 
hy =| x+3/, at O<x<l 
is discontinuous at the point x=0 and nonetheless has both maxi- 
mum and minimum values on [—1, 
1.17.61. Given the function 
(x+ 1)2-G/ *141/) jf x0, 
i=4 6 if x=0. 
Ascertain that on the interval [—2, 2] the function takes on 


all intermediate values from f(—2) to f(2) although it is discon- 
tinuous (at what point?). 


1.17.62. Prove that if the function f(x): (1) is defined and mo- 
notonic on the interval [a, b]; (2) traverses all intermediate values 
between / (a) and f (6), then it is continuous on the interval [a, )]. 


1.17.63. Let the function y=f(x) be continuous on the interval 
[a, b], its range being the same interval axcy<b. Prove that on 
this closed interval there exists at least one point x such that 
[ (x) =x. Explain this geometrically. 


1.17.64. Prove that if the function /(x) is continuous on the 
interval (a, 6) and x,, x,, ..., x, are any values from this open 
interval, then we can find among them a number &€ such that 


FE) =A UF (AE Oa) +-.- HE Oa): 


1.17.65. Prove that the equation x 2*=1 has at least one posi- 
tive root which is less than unity. 


1.17.66. Prove that if a polynomial of an even degree attains at 
least one value the sign of which is opposite to that of the coeffi- 
cient at the superior power of x of the polynomial, then the latter 
has at least two real roots. 


1.17.67. Prove that the inverse of the discontinuous function 
y =(1+-.*) sign x is a continuous function. 


4--3148 
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DIFFERENTIATION 
OF FUNCTIONS 


§ 2.1. Definition of the Derivative 


The derivative ['(x) of the function y=f(x) at a given point x 
is defined by the equality 


ae Se eae 

If this limit is finite, then the function f(x) is called differen- 
tiable at the point x; and it is infallibly continuous at this point. 

Geometrically, the value of the derivative /’(x) represents the 
slope of the line tangent to the graph of the function y=f (x) at 
the point x. 

The number 

f. (x) = lim f (x+ Ax) —f (x) 


Ax > +0 Ax 


is called the right-side derivative at the point x 

The number 

yy Jing Pet Ax) —F (x) 
es —— 0 Ax 
is called the left-side derivative at the point x. 

The necessary and sufficient condition for the existence of the 
derivative f’(x) is the existence of the finite right- and left-side 
derivatives, and also of the equality f_ (x)= f, (x). 

If f’ (x)= oo, the function / (x) is said to have an infinite deri- 
vative at the point x. In this case the line tangent to the graph 
of the function y=f(x) at the point x is perpendicular to the 
X-axis. 

2.1.1. Find the increment Ay and the ratio 4 for the following 
functions: 


(a) y=Vx at x=0 and Ax=0.0001; 
(b) Y=as at x=1 and Ax = 0.2. 
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Solution. (a) Ay=V x+-Ax—V x =) 0.0001 =0.01; 
A 0.01 
Ae = a GonT = 100. 
2.1.2. Using the definition of the derivative, find the derivatives 
of the following functions: 
(a) y=cosax; (b) y=5dx?—2x. 
Solution. (a) Ay =cosa(x-+ Ax)—cos ax = 


=— 2sin (ax +5 Ax | sin 5 be 


—2 sin ( ax+-> Ax | sin Ax 





Ay , 
Ax AX : 
sin — Ax 
y’ = lim a 2) lim sin (ax + Ax) lim = — asin ax. 
Ax + 9 A* Ax +0 2 Ax +0 Ax 
In particular, if a=1, then y=cosx and y’ =—sinx. 


2.1.3. Show that the following functions have no finite derivati- 
ves at the indicated points: 


(a) y= j7/ x8 at the point x=0; 
(b) y=j/x—l1 at the point x=1; 
(c) y=3{x|+1 at the point x=0. 
Solution. (a) Ay = / (x-+ Ax— 7/ x3. 
At x=0 we have Ay= }/ Ax3, ae a Vf Axe 
ss Ax 





I ; | 
rage hence, ‘(0)= lim ——_ = CO, 
y/ Ax y ) Ax +0 7/ Ax? 


i.e. there is no finite derivative. 





(c) At Ax >0 the increment of the func- Pig. 34 
tion Ay atx=0 will be: Ay=3 (0+Ax)+1—1=3Ax. Therefore 
; Ay _ 
ete Ax es 


At Ax <0 the increment of the function Ay will be 


Ay=— 3(0+ Ax)+ 1—1=— 3Ax, 
hence, 
Ax + -0 Ax . 
Since the one-sided limits are different, there is no derivative at 
the point x =O (see Fig. 34). 


A* 
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2.1.4. Investigate the function y=|Inx| for differentiability at 
the point x=1. 
Solution. At x=1 


Ay =|In(1+ Ax)|—]|In1|=]In(1+ Ax)|, 


i. e. 
- — ¢in(l+Ax) at Ax >0, 
Ay=|In(1+A9|={ aay at Ax <0. 
Therefore 
In (1 + Ax) 
Ba | ws at Ax > 0, 
Ax In (1 -++ Ax) 
a at Ax < 0, 
whence 
. Ay _ [  ——— 
gaa aarane a 


Since the one-sided limits are different, there is no derivative. 
Hence, the function y=|Inx| is not differentiable at the point 
x==1 (see Fig. 35). 

2.1.5. Find the average velocity of 
motion specified by the formula 
S=(t?—5t+2) m 

from t,;=5 sec to ¢,=10 sec. 

2.1.6. Using the definition of the 

derivative, find the derivatives of 


the following functions: 
ree. (a) y=x*; (b) y= 1/2’. 


2.1.7. Investigate the function y=|cosx| for differentiability at 
the points x=n/2+ nn (n an integer). 





§ 2.2. Differentiation of Explicit Functions 


I. Basic Rules of Differentiation 

(1) c’ =0; 

(2) (u+tov)’=u'40; 

(3) (cu)’ =cu’; 

(4) (uv)’ =u'v-+ uv’, the product rule; 

(5) (>) == (v +0), the quotient rule. 


Here c=const, and uw and v are functions of « which have deri- 
vatives at a corresponding point. 

(6) If the function u=q@ (x) is differentiable at the point x,, and 
the function y=f (u) is differentiable at the point u,=@(x,), then 
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the composite function y=f(q@(x)) is differentiable at the point x, 
and y;(X9) = Yy (Uo) uz (x,), the function of a function, or chain, rule. 


II. Differentiation of Basic Elementary Functions 
(1) (u")’ =nu"~1u'; (2) (sin u)’ =cosu-w’; 











(3) ae) eee u'; 

u’ 
(4) (tan u)’ =—— ; (9) (cotu)’=— =F; 
(6) (Inu)! =— 
(7) (a")" =a" Ina-u’; 8) (e")' =e"u’; 
(9) (sinh uw)’ =coshu-w’; 
(10) (cosh uw)’ =sinhu-w’; 
(11) (arcsinu)’ = “ie = — (arc cos uy; 
(12) (are tan uw)’ = =a =—(arccotu)’. 


2.2.1. Find y’, if: 
(a) y= 5x?/3— 3x5/? 4 2x73; 


b Se eee a, b constants). 
(0) Yaar 


° 4 D — — 
Solution. (a) y = 5.2 y2/3-1__ 3.2 x8/2-1__2.3y73 Bec 
3 9 3 i 
Xx 
ele 
2 oe 


2.2.2. Find y’, if: 
Bas a sinx-+ cos x, 
(a) y=3cosx+2sinx; (b) Ua 
(c) y=(x?+ 1)arctanx; (d) y=x' arcsinx. 
Solution. (a) y’ =3(cosx)’+ 2 (sin x)’ =— 3sinx+2 cos x; 
(sin x-+ cos x)’ (sin x—cos x) — (sin x—cos x)’ (sin x-+ cos x) 
(b) y= (sin x— cos x)? = 
__ (cos x — sin x) (sin x — cos x)— (cos x-+ sin x) (sin x-+-cos x) 
(sin x—cos x)? 
— 2 e 
ae a FeeN : 


Se 


2.2.3. Find the derivative of the given function and then com- 
pute the particular value of the derivative at the indicated value 
of the argument: 


(a) f (x) =1—j/ x®+ 16/x at x =— 8; 





(d) y’ =(x°)’ arc sin x-+ (arc sin x)’ x? = 3x? arc sin x + ———— 
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(b) f(x) =(1—V x)?/x at x=0.01; 
(c) f(t) =(cost)/(1—sint) at t=x/6. 





: ; 2 c 2 16 
Solution. (a) i (x) = 3 tO 1/3__ 16x72 7 ee es 
Putting x =— 8, we obtain 

; = 2 16 cacy sie 
j —sin¢ (1—sin jyt-costt... | 
(c) POs a ~ t—sint' 


Whence f’ (1/6) = 


2.2.4. Taking aden of the differentiation formulas, find the 
derivatives of the following functions: 


(a) y=2x3 4+ 3x—5; (b) y=VE+ a +0.1ee, 
as +x+l. got Vx 

(c) Y= —x+1 ’ (d) oa 

(e) yao) y= Der tnx, 


(g) y=e*(cosx-+sinx); (h) y=. 
2.2.5. Taking advantage of the rule for differentiation of a com- 
posite function find the derivatives of the following functions: 


(a) y=sin* x; (b) y=Intanx; (C) yor 
(d) y=Insin(x?+1); (ce) y=arcsinV 1—x; 

(f) y =In® (tan 3x); (g) y=sin? V 1/(1—x). 

Solution. (a) Here the role of the external function is played by 


the power function: sin x is raised to the third power. Differentiating 


this power function with respect to the intermediate argument 
(sin x), we obtain 


(sin? X)sin x= 3 sin? x; 


but the intermediate argument sinx is a function of an independent 
variable x; therefore we have to multiply the obtained result by 


the derivative of sinx with respect to the independent variable x. 
Thus, we obtain 


y,=(sit® x) sin x (sin x), = 3 sin? x cos x; 


(b) y, =(In tan x)tan x ( tie) cs Be g 


fanxcos?x sin 2x’ 
(c) yy = (5s *)oo5 x (COS x), = 5S * In 5 (— sin x) = — 5s *sin x Ind; 
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(d) yy = [Insin (x®+ 1)]sin (241) [Sin (x? + 1)]eoay [x2 + 1], = 
See) ee a ee eo 
(e) y,=(are sin VIM yie VI— 2) (lhe 
ag SL) yO ee 
V i1—(i— ) Wiss aH Ix|VI—# oe 
2.2.6. Find the derivatives of the following functions: 
(a) y=(14 3x + 5x*)4; (b) y=(38—sin x)*; 
ic) y= V/ sin? x + 1/cos? x; 
(d) y= j/ 2e%+2% 41+ In? x: 
(e) y=sin 3x + cos (x/5)+ tan V x; 
(f) y =sin (x?—5x-+ 1)-+ tan (a/x); 
(g) y=arccos) x; 
(h) y= arc tan(In x) + In (arc tan x); 
(i) y= In? arc tan (x/3); 


hand ee ee 
Solution. (a) y’ =4(1 + 3x-+ 5x?) (1 + 3x-+ 5x)’ = 
=4(1+3x-+ 5x*)3 (3 + 10x); 


_— saya 
OY — Tap! =~ ave a 


2.2.7. Find the derivative of the function 





(jjy= 





y =arcsin = : 
I+ x? 
We have 
bes | 2 (1+ x?) —4x? 2 (1 —x?) 2 (1 —x?) 
4 Vi 2x ) (G+?) Ya—ee(i+x) [1—](--x)? 
L-+ x? 
i.e. 
2 
y’ ip at ee l, 
TF at |x| > 1. 


At |x| =1 the derivative is non-existent. 


2.2.8. Find the derivatives of the following functions: 
(a) y=sinh 5x cosh (x/3); 
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(b) y=coth (tan x) —tanh (cot x); 
(c) y =arc cos (tanh x) + sinh (sin 6x); 
(d) y=sinh? x? + cosh? x?; 

esinh ax 
Osan oe cone 
Solution. 


(a) y’ =(sinh 5x)’ cosh 2+ sinh 5x ( eosh i) = 


— 5 cosh 5x cosh — = +2 sinh 5x sinh 4 — 
(tanh x)’ 


(c) Ga 


Se ++ cosh (sin 6x) (sin 6x)’ = 
— tanh? x 


Seo 1/cosh? x ey 
V (cosh? x— sinh? x) pad 
+ 6 cos 6x cosh (sin 6x) = + 6 cos 6x cosh (sin 6x). 


~ x 


2.2.9. Find the derivatives of the following functions: 
x8 (x?-+-1) , U(x 
(a) y= ae (b) y= [4 (x)]?™ (u(x) > 9), 
3 ze 

(c) y= V2 Tax = sin? x cos? i; 

(d) y=(V tanx)*”?. 

Solution. (a) Apply the method of logarithmic differentiation. 
Consider, instead of y, the function 
| 8 | (+1) 
Soap }5—xj 
Taking into aaa that (In| uj)’ =u’/u, we have 


I —24x3 +. 125x* — 14x +75 
stage sant hea 15x (x? + 1) (6—x) 





3 
221) yin =In}x|+4In(?+1) f In|[5—x|. 





But z’=(In|y|)’=y’/y, whence 


pn 3 f(T) | — 2403-4 195x214 4-75 
SUS \ Vee RTO) 


(b) Suppose the functions u(x) and v(x) have derivatives in the 
given domain of definition. Then the function 


z=Iny=vInu 
also has a derivative in this domain, and 


= (U Inu)’ =v'lnu+oX, 


§ 2.2. Differentiation of Explicit Functions 105 


Hence, the function 
Y — ein ¥Y—- e 


also has a derivative in the indicated domain, and 


y =e2’=y2’. 
Thus, 


/ 


y’ =u" (v' In uve) =v0u?~lu' +u7 Inu-v’. 


2.2.10. Show that the function y= xe-*’/? satisfies the equation 


xy’ = (1 — x") Y. 
Solution. 
y! = e~ P22 — xre- 27/2 = e-**/2 (| — x?); 
xy’ = xe~*"/? (1—x?*). 
Hence, 
xy’ = y (1—x’). 


2.2.11. Show that the function y= xe~* satisfies the equation 
xy’ = (1—x) y. 
2.2.12. Investigate the following functions for differentiability: 


(a) y=arcsin (cosx); (b) y= Vy 1—Vi—#. 


Solution. (a) y’ = (cos x)’ ye sin x ee eas sin x 
V 1— cos? x V sin? x | sinx| © 
Hence, y’=—1 at points where sinx >0; y’=1 at points where 
sinx <0. At points where sinx=0O, i.e. at the points x=&n 
(k=O, +1, +2, ...) the function, though continuous, is not dif- 


ferentiable. 
(b) The domain of definition of this function is the interval 
—l<x<l. 


l 
aioe ee ey 2x) at x40 and x41. 
o OV Va svi ao 


As x-—+1—0O or x—+—1-+0 we have y’—--+ oo. Let us find 
out whether the derivative y’ exists at the point x=0, i.e. whe- 
V1iI-V1I— Ae 

Ax 


ther lim exists. 


Ax > 0 
Since V 1—Ax?— 1 ~— 5 Ax?, then 


! 
—— as Ax— 0, 
re end Alf Axe . Vae V2 


= lim = 


au, Ax'> 0 a= as Ax —+—0. 
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Thus, y_ (0) y, (0), which means that the function under consi- 
deration has no derivative at the point x=0, though it is conti- 
nuous at this point. 

Note. There are cases of failure of existence of f’ (x) and even of 
i. (x) and fi (x) at a given point, i.e. when the graph of the func- 
tion has neither a right-, nor a left-side tangent at the given point. 
For instance, the function 


{ xsin(l/x) at x0, 


[OOe: \ 0 at x=0 
is continuous at the point x=0, but does not have even one-sided 
derivatives, since art) — sin ia 


2.2.13. Find the derivatives of the following functions: 
(a) f (x) = sinh (x/2) + cosh (x/2); 

(b) f(x) =In [cosh x]; (c) f(x) =2V cosh x—1; 

(d) f (x)= arcsin [tanh 7 

(e) f(x) =V 1+sinh? 4x; 

(f) f (x) =e%* (cosh bx + sinh bx). 


2.2.14. Applying logarithmic differentiation find the derivatives 
of the following functions: 


af ea 
(a) y=(cosx)s@*; (b) y= a 


V/ (x+ 2)? V (x-+ 3)8 

2.2.15. 

cos? x 

i(x)= 1 + sin? x’ 

show that 

f (1/4) — 38f’ (1/4) = 

2.2.16. Show that the function 
x—e-** 
y= ox 





satisfies the differential equation 
xy’ +2y=e-*. 
2.2.17. Find the derivatives of the following functions: 
(a) y= IncosV arcsin3-2"” (x > 0); 
(b) y= V arc tan 3/ cos In* x. 
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§ 2.3. Successive Differentiation of Explicit Functions. 
Leibniz Formula 

If the derivative of the (n—1)th order of a function y=f (x) is 
already found, then the derivative of the nth order is determined 
by the equality 

y (x) = [y9 (a). 

In particular, y”(x)=[y’ (x)]’, 9’ (x)= [y’ (x)]’, and so on. 

If w and v are functions differentiable n times, then for their 
linear combination c,u-+c,v (c,, c, constants) we have the following 
formula: 

(c,u ~- cu)" = Cu LE Co, 


and for their product uv the Leibniz formula (or rule) 


(uv) = uy + nue-vy! 4+ 2 (21) yn ary" + 


1-2 
n 
+ or + uv'™ = 2 Cru Po, 


(0) (0) — p__ m(n—})..-(N~R+1)_ 
where wv =u, v™=v and Cr= 5k a TY 
binomial coefficients. Here are the basic formulas: 


(1) (x7) =m(m—1)...(m—n+ 1) x™-", 


are 


(2) (a*) =a* In"a(a >0). In particular, (e*)' =e, 
(3) (in xan a (—1)"7 oo 
(5) (cos x) = cos (x +nm/2), 


2.3.1. Find the derivatives of the nth order of the following 
functions: 
(a) y=Inx; (b) y=e**; (c) y=sinx; (d) y=sin5dxcos 2x; 
(e) y=sinxcosx; (f) y=sin3xcos?x; (g) y=In(?+x%—2). 
Solution. 
l 


(a) y= —=* 
y= —1.2-3x74 2.65 yg =(— 1) I (a I ler 


(c) y’ =cosx=sin (x-+ 2/2); 
y’ =cos(x+ 7/2) =sin (x + 2/2). 
In general, if we assume that for a given n=R 


mu \ 
y® = sin (x+k 2) : 


y= (1) x, y= 12x78, 


(—1)"-1 (n—1)! 
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then it will turn out that 
y'"*) = cos («+e 5) = sin (e+ N>+x| : 


Whence, by virtue of mathematical induction we conclude that for 
any natural n 


y™ =sin (x-+n 5) 
(d) y= sin5xcos ge | sin 7x-+ sin 3x ; 





2 
Therefore 
| : : 
a sin (7 +nF) + 3” sin (3x-+ ns) | : 
— 2x+1 
(g) y= x2 +x—2 


To simplify the computations let us transform the obtained 
function: 


, etl (ef Qt Q—N)_ _ z 
a =—4+=5- (ete (ae) 


Whence 





y” =—1(x—1)-?— 1 (x4 2)7?; 
y’ = 1-2(x—1)7-3+ 1-2 (%4 2)73 


ee @ @ @ @ @ @  @ @  @  @ @ @ @  @® @  ©@ 


y = (—1)"* "1 (n— 1D)! (4 — 1) 8 4+ (44 2)77] = 
= (— 1)"- 1(n— 1)! ear +o . 

















2.3.2. y= find y”. 
Solution. Transform the given expression in the following way: 
ax-+b a bc—ad bc —ad = 
4 hd oes ay rea (cx +d) 
Whence 
y =(—1)o(cexta)-, 
n bc — ad a 
y" =(—1)(—2) Se (ex +a)? 


y"” = (—1) (—2) (—3) ay teat 8 (ex +-d)~4 


y= (—1)"n! 


= (eal)r pa (be ad). 
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2.3.3. y= x/(x?— 1); find y™. 
Solution. Transform the given expression 
x 1 ] l 
v=a>7 late: 
therefore (see Problem 2.3.2): 


joel! I _ 1 
Oe leper gar |- 





2.3.4. Using the Leibniz formula, find the derivatives of the 
indicated orders for the following functions: 


(a) y=x* sin x; find y®®; 

(b) y=e*(x?—1); find y®, 

(c) y=e**sinBx; find y™. 

Solution. (a) y®® = (sin x-x?)@9 = (sin x)@® x? + 25 (sin x)@® (x?)’ ++ 


25-24 : 
4+ 2A sin x2 (x?)”, since the subsequent summands equal zero. 


Therefore 
y2®) — x? sin («+ 25 >) + 50x sin («+24 5) + 600 sin («+ 23 5) =: 
= (x? —600) cos x + 50x sin x. 


2.3.5. Compute the value of the nth derivative of the function 
3x-+- 2 ; 


Solution. By hypothesis we have y (x) (x?—2x+5)=3x-+2. Let 
us differentiate this identity n times using the Leibniz formula; 
then (for n 2) we obtain 


y” (x x) (x? —2x+5)+ ny" 1) (x) (2x—2) + 14) y (72— 2) (x)-2=0. 


Putting x=0, we have 
sy™ (0) —2ny~Y (0) n(n— 1) yl™~* (0) = 
Whence 
y™ (0) = y®- (0) — ee y'"-® (0), 
We have obtained a recurrence relation for determining the nth 


derivative at the point x=O(n > 2). The values y(0) and y’(0) 
are found immediately: y(0) = 2/5; 
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, — 3x2—4x+ 19 19 
Y()=Tartee oO) =55- 
Then, successively putting n=2, 3, 4, ..., find the values of 


the derivatives of higher orders with the aid of the recurrence 
relation. 
For example, 


; 9 19 21 2 56 
Y Y= 52 5 as? 
“yr ie 56 3-2 19 234 

Yy' (0) =— +3 + T5g—-E- + oe = — GaE- 


2.3.6. Find the derivatives of the second order of the following 
functions: 


arc sinx 


(a) y=xV 14x; (b) Y= i (C) y=e-*, 





2.3.7. Given the function 
y = c,e?* + ¢,xe?* + e*, 
Show that this function satisfies the equation 
y" — Ay’ + 4y=e*. 


2.3.8. Using the Leibniz formula give the derivatives of the in- 
dicated orders for the following functions: 


(a) y=x' sin x; find y?; 

(b) y=e-*sinx; find y’”; 

(c) y=e (3x?— 4); find y"”; 

(d) y=(1— x?) cosx; find y”. 

2.3.9. Using the expansion into a linear combination of simpler 
functions find the derivatives of the 100th order of the functions: 


yest _ its 
(a) y= sap: (Y) re 








2.3.10. Show that the function 
y = x" [c, cos (In x) +c, sin (In x)] 
(C,, C,, nm constants) satisfies the equation 
xy" + (1—2n) xy’ + (1 + n*) y=0. 
2.3.11. Prove that if f(x) has a derivative of the nth order, then 
[f (ax + b)]' = a"f™ (ax + 0). 
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§ 2.4. Differentiation of Inverse, Implicit and Parametri- 
cally Represented Functions 


1. The Derivative of an Inverse Function. If a differentiable 
function y=/[ (x), a<.x <b has a single-valued continuous inverse 
function x=g(y) and y,0 then there exists also 


: l 
Xp es 
Yx 


For the derivative of the second order we have 


Ya 

(yx)? 

2. The Derivative of an Implicit Function. If a differentiable 
function y=y/(x) satisfies the equation F(x, y)=0, then we have 
to differentiate it with respect to x, considering y as a function 


Xyy >= 


of x, and solve the obtained equation at (, y)=0O with respect 


to y,. To find y;, the equation should be twice differentiated with 
respect to x, and so on. 

3. The Derivative of a Function Represented Parametrically. If 
the system of equations 


x=(t), y=P(t), a<E<B, 
where p(t) and w(t) are differentiable functions and g’(t)-¢0, 
defines y aS a single-valued continuous function of x, then there 
exists a derivative y, and 
Will) _ gi 
pr (t) xt 


The derivatives of higher orders are computed successively: 
oa (Yx)t ” __ Yux)t 
~ , 9 XXX , 


Y xx , and so on. 


In particular, for the second derivative the following formula is 

true: es 
tas Xt Ytt —Xtt Yt : 
os (x2)5 

2.4.1. For the function 
(a) y=2x°4+3x°+ x; find x,; 
(b) y=3x—(cosx)/2; find x,,; 
(c) y= x+e%; find x,y. 
Solution. (a) We have y;=6x?-+ 15x4+1, hence, 
| l 


x. Sg = Aor a 
4 Yx 6x? +- 15x4-+ 1 
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(c) y= 1+e*, Yy.,=e*%, hence, 
x. eo | ” ose ex 
yer “ww exe 


2.4.2. Using the rule for differentiation of an inverse function, 
find the derivative y, for the following functions: 


(a) y= X; (b) y=arc sin V x: (c) y=I1n V1+x?. 
Solution. (a) The inverse function x=y* has the derivative 
x, = 3y’. Hence, 
; ] l ] 
OP 8 
(c) At x >0O the inverse function x= Vey —1 has the derivative 
x= e/V ey — 1. Hence, 
1 VeV¥—1 Vw x 


Ys = a RET ET 





2.4.3. For each of the following functions represented paramet- 
rically find the derivative of the first order of y with respect to x: 

(a) x=a(t—sinf), y=a(l—cosf); 

(b) x=ksint—-sinkt, y=kcost-+coskt; 

(c) x=2 Incott, y=tant-+cott; 

(d) x =e, y=e". 

Solution. (a) Find the derivatives of x and y with respect to the 
parameter f: 


x,=a(l—cost); y;=asint. 


Whence 
Oa = cot e (¢ 4 2k) 
dx a(1—cos f) 2 " 
(c) dx —2cosec?t _ ae 4 
dt cot ¢ sin 27’ 
dy 4.cos 2t , 


i 27 a — 
qi = See t—cosec? ¢ Sin? Of? 
dy 4cos 2¢ sin 2t kn 

no aio (t#F). 


2.4.4. The functions are defined parametrically: 
(a) {x=acos'f, (b) (x= #2+3t+1, 

‘abate Ly panty ae 
(c) aetna (d) eae 


y=a/(sin t—tcosf); y=e'sint. 


Find for them the second derivative of y with respect to x. 
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Solution. (a) First find y;.. 
y, =3bsin?tcost; x,=— 3acos*t sing; 
3b sin? ft cost | 


; b qt 


Then we shall find y,, using the formula 


» — (Yt 
Ye. = ’ 
Xt 
where 
pat b 
(Yx)t = —Foost7* 
Whence 
b b 


Yxx = ~Tcos?t (—3a cos? ¢ sin t) 3a? cos‘? sint’ 

(d) x;=e'cost—e' sin t =e! (cos t—sin 2); 

y,;=e'sint+e'cost =e! (cost-+sin 2); 

, _cost+sint | 

x" cos {sin t’ 

cos/+ sin ¢\’ 
—_ (Yx)t a *) 2 
x, = et (cost—sint) et (cos ¢—sin t)? 


2.4.5. Find yyy, 


(a) x=e7'5 y=; (b) x=sect; y=tantl. 
Solution. (a) First find 
Xp=—e yo, =8F, 


” 
Yxx 


whence 
Y, = — 3t?/e—* = — 8e't?. 


Then find the second derivative 


. fli) 2, EE) ayes (t+ 2). 


xx —ert 
Xf 
And finally, find the third derivative 
gfe et NE ee gest (0 Bd 1). 
Xt —er- 


2.4.6. Find the derivative y}, of the following implicit functions: 

(a) x+xy+y?=0; (b) Inx+e-¥#* =¢, 

(c) x?-+ y?—4x— 10y-+ 4 = 0; 

(d) xs 1 y'/s = q’/s, 

Solution. (a) Differentiate with respect to x, considering y as 
a function of x; we get: 


3x? + Qxy + x*y’ +2yy’ =0. 
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Solving this equation with respect to y’ find 
,__—- 3X® + 2xy 
oS Pay 
2.4.7. Find yf}, if: 
(a) arctan y—y-+x=0; (b) e*~—e” =y—x; 
(c) xt+y=erY. 
Solution. (a) Differentiate with respect to x, considering y as a 
function of x and determine y’: 


—y'-+1=0, whence y= thay +1. 





y’ 
1+ y? 
Differentiate once again with respect to x: 


y" = — 2y-*y’. 
Substituting the value of y’ thus found, we finally get 
; 2(1+y? 
xx <=. ( y® 2 ) e 


2.4.8. Find the value of y” at the point x=1 if 
x3 —2x?y? + 5x+y—5 =0 and y|,_,=1. 
Solution. Differentiating with respect to x, we find that 
3x? —Axy? —4x?yy’+5+y' =0. 
Putting x=1 and y=1, obtain the value of y’ at x=1: 
3—4—4y’ +5+y'=0; yy’ =4/3. 
Differentiate once again with respect to x: 
6x— 4y? — 8xyy’ — 8xyy’ —4x?y"* — 4x?yy" + y" =0. 
Putting x =1; y=-1 and y’ =4/3, find the value y” at x=-1: 


64 64 i n 22 
S44 ae =— 85. 


2.4.9. Find yj; for the following implicit functions: 

(a) x+Vxy+ty=a; (b) arctan(y/x) =In V 2+ y?; 

(c) e~siny—e-’ cos x =O; 

(d) e?+xy==e; find y, at the point (0, 1). 

2.4.10. Find y{, of the following implicit functions: 

(a) y=x-+arc tany; 

(b) x? + 5xy+ y2—2x+y—6=0; find y” at the point (1, 1). 
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2.4.11. For each of the following functions represented parame- 
trically find the indicated derivatives: 


asin tft ccos ft 





(a) X=TLb cost? 4=TTbcost? find y,; 
(b) x =In(1+ ??), y==t—arctant; find y;; 
(c) x=0?+2, y=t/3—t; find yyy; 
(d) x=e7*, y=arctan(2¢+1); find y;; 
(e) x =4 tan? (t/2), y=asint+bcostf?; find y;; 
(f) x=arcsin(#??—1),  y=arccos2t; find y;; 
(g) x=-arcsiné, y=V 1—??; find y’,. 


2.4.12. Show that the function y =f (x), defined by the parametric 
equations x =e'sint, y=e'cost, satisfies the relation y" (x+y)? = 
= 2 (xy —Yy). 
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The equation of a line tangent to the curve of a differentiable 
function y=y(x) at a point M(x,, y,), where y,=y/(x,), has the 
form 

Y— Yo= Y" (Xo) (X¥—%)- 


A straight line passing through the point of contact perpendicu- 
larly to the tangent line is called the normal to the curve. The 
equation of the normal at the 
point M will . 


Y— Yor lay! Ey (x— Xo), 


Y’ (Xo) #0. 


The segments AT, AWN are 
called the subtangent and the 
subnormal, respectively; and the 
lengths MT and MN are the 
so-called segment of the tangent 
and the segment of the normal, 
respectively (see Fig. 36). The lengths of the four indicated segments 
are expressed by the following formulas: 


AT =|4,|; AN ==| yy’ |; MT =|4|V1 + (y’)*; 
MN =|y|V1+(y')?. 


2.5.1. Write the equations of the tangent line and the normal: 
(a) to the curve y==x*?—3x+2 at the point. (2, 4); 





Fig. 36 
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(b) to the parabola y=2x?—x+5 at x=— 0.5; 
(c) to the curve y=x'!+3x?—16 at the points of intersection 
with the parabola y = 3x’. 


Solution. (a) Find the derivative at the point x= 2: 
y =3x?—3, y’(2)=9. 
The equation of the tangent line has the following form: 
y—4=9(x—2) or 9x—y—14=0. 


The equation of the normal is of the form: 
y—4=— y (x—2) or x + 9y—38 =0. 


(c) Solving the system of equations 
y=x'+ 3x?— 16, 
y = 3x’, 
we shall find the points of intersection of the curves 
a= 2, SZ Se 12. 
Now we find the derivatives at the points x=-—2 and x =2: 
y’ =4x°+6x, y’(—2)=— 44, y’ (2) = 44. 
Therefore, the equations of the tangent lines have the form 
y—12=— 44(x+2), y—12--44(x—2). 


The equations of the normals have the form 


y—W2=D (x42), y—-12=—f(x—2). 

2.5.2. Find the points on the curve y=x*—3x-+5 at which the 
tangent line: 

(a) is parallel to the straight line y=— 2x; 

(b) is perpendicular to the straight line y=— x/9; 

(c) forms an angle of 45° with the positive direction of the x-axis. 

Solution. To find the required points we take into consideration 
that at the point of tangency the slope of the tangent is equal to 
the derivative y’ =3x?—3 computed at this point. 

(a) By the condition of parallelism 


3x°—3 = — 2, 
wherice x, =—1/V3, x,=1/V3. The required points are: 
M,(—1/V3, 5+8V 3/9), M,C/V 3, 5—8V 3/9). 


§ 2.5. Applications of the Derivative 117 


(b) By the condition of perpendicularity 
O03 = 9. 
whence x, = — 2, x,=2. The required points: M,(— 2, 3), M, (2, 7). 


2.5.3. Find the angles at which the following lines intersect: 
(a) the straight line y=4—wx and the parabola y =4—.x?/2; 
(b) the sinusoid y=sinx and the cosine curve y= cos x. 


Solution. (a) Recall that the angle between two curves at the point 
of their intersection is defined as the angle formed by the lines tan- 
gent to these curves and drawn at this point. Find the points of 
intersection of the curves by solving the system of equations 


y=4—x, 
y=4—77/2. 
Whence 

M,(0, 4); M, (2, 2). 


Determine then the slopes of the lines tangent to the parabola at 
the points M, and M,;: 


y'(0)=0, y' (2)=—2. 


The slope of a straight line is constant for all its points; in our 
case it equals —1. Finally, determine 
the angle between the two straight 
lines: 


tang,=1; 9, = 40°; 


ee 


tan. = 79 =F! 





y= arctan 4 ~ 18.5°. 





2.5.4. Prove that the segment of Fig. 37 
the tangent to the hyperbola y=c/x 
which is contained between the coordinate axes is bisected at the 
point of tangency. 

Solution. We have y’ =—c/x?; hence, the value of the subtangent 
for the tangent at the point M (x,, y,) will be 


Yy 
| [= 1b 


i.e. Ox, =x,T (Fig. 37), which completes the proof. 

Whence follows a simple method of constructing a tangent to the 
hyperbola y=c/x: lay off the x-intercept OT =2x,. Then MT will 
be the desired tangent. 
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2.5.5. Prove that the ordinate of the catenary y=acosh (x/a) is 
the geometric mean of the length of the normal and the quantity a. 
Solution. Compute the length of the normal. Since 


y’ = sinh (x/a), 
the length of the normal will be 
MN =|y|V1+('=yV 1 -+sinh? (x/a) = y cosh (x/a) =y?/a, 
whence y2=a-MN, and y=V a-MN, which completes the proof. 
2.5.6. Find the slope of the tangent to the curve 


{ x=?t?-+ 3t—8, 
\ y= 20? —2t—5 


at the point M (2, —1). 

Solution. First determine the value of ¢ corresponding to the gi- 
ven values of x and y. This value must simultaneously satisfy the 
two equations 

( #43t—8=2 
| 2t27—2t—5=— 1. 


The roots of the first equation are ¢,;=2; ¢,=—5, the roots of the 
second equation ¢,;=2; ¢,=— 1. Hence, to the given point there 
corresponds the value t=2. Now determine the value of the deri- 
vative at the point M: 


| yt =(s45 _ 6 
Y' |x=2 =e xp /tag \2t+3/t=2°0° 7° 


And so, the slope of the tangent at the point M(2, —1) is equal 
to 6/7. 


2.5.7. Prove that the tangent to the lemniscate p =a) cos 20at 
the point corresponding to the value 0, = 1/6 is parallel to the x-axis. 
Solution. Write in the parametric form the equation of the lem- 
niscate: 
x=pcos0=aV cos 260s 0, 


y=0 sin6=aV cos 20 sin 0. 








Whence 
gei cosas —aYV cos 20 sin 0, 
V cos 20 
' od 2 EU SINE ei cos 20. cos 
40 V cos 20 ne 


9 (1/6) =—aV2, — yo (x/6) =0 
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Yo (11/6) 
Xp (11/6) 
the lemniscate at the point with 0,—2/6 and p,—aV cos20, = 
=a/V 2 is parallel to the x-axis. 


Thus, the slope &= 





=0. Consequently, the line tangent to 


2.5.8. Find the equations of the tangent and the normal to the 
following curves: 


(a) 4x3 —3xy? + 6x? — xy — By? + 9x+ 14 =0 at the point (—2, 3); 

(b) x§+ y®—2xy =O at the point (1, 1). 

Solution. (a) Differentiate the implicit function: 

12x? — 3y? — 6xyy’ + 12x — dy —5dxy’ — lOoyy’ +9 =—0. 
Substitute the coordinates of the point M(—2, 3): 
48 — 27 + 36y’ —24— 15+ 10y’ —48y’ + 9 =0; 
whence 
y’ =— 9/2. 
Thus the equation of the tangent line is 
9 
y—3 =— = (x+ 2) 
and the equation of the normal 
2 


2.5.9. Through the point (2, 0), which does not belong to the 
curve y=x‘, draw tangents to the latter. 

Solution. Let (x,, xg) be the point of tangency; then the equation 
of the tangent will be of the form: 


Y— X= Y (Xo) (KX —X)) 


y —x4 = 4x3 (x—x,). 


By hypothesis the desired tangent line passes through the point 
(2, 0), hence, the coordinates of this point satisfy the equation of 
the tangent line: 


—x§ = 4x3 (2—x,); 3xp—8x} =0, 


whence x,=0; x,=8/3. Thus, there are two points of tangency: 
M, (0, 0), M, (8/3, 4096/81). 
Accordingly, the equations of the tangent lines will be 


4096 2048 ( 8 


— Bb OT 


y=9, y 5 
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2.5.10. f (x) = 3x° — 15x? + 5x—7. Find out at which of the points x 
the rate of change of the function is minimal. 

Solution. The rate of change of a function at a certain point is 
equal to the derivative of the function at this point 


fi (x) = 15x*— 45x? +5 = 15 [(x? — 1/2)? + 1/12]. 


The minimum value of f’ (x) is attained at x = +1/V2. Hence the 
minimum rate of change of the function /(x) is at the point 


x=+1/V 2 and equals 5/4. 


2.5.11. A point is in motion along a cubic parabola 1l2y =x’. 
Which of its coordinates changes faster? 

Solution. Differentiating both members of the given equation with 
respect to ¢ we get the relation between the rates of change of the 
coordinates: 

12y; = 3x?- x; 
or 
we 
xO 

Hence, 

(1) at —2<x< 2 the ratio y;:x; is less than unity, i.e. the rate 
of change of the ordinate is less than that of the abscissa; 

(2) at x=+2 the ratio y;:x; is equal to unity, i.e. at these 
points the rates of change of the coordinates are equal; 

(3) at x <—2 or x >2 the ratio y;:x; is greater than unity, i.e. 
the rate of change of the ordinate exceeds that of the abscissa. 


2.5.12. A body of mass 6g is in rectilinear motion according to 
the law s=—1+I1n(¢+1)+(t-+ 1) (s is in centimetres and f¢, in 
seconds). Find the kinetic energy (mv?/2) of the body one second 
after it begins to move. 

Solution. The velocity of motion is equal to the time derivative 
of the distance: 


eae EST. 
Therefore 
v(1)=124 and Fa=3 (2 5) = 468 (erg). 


2.5.13. The velocity of rectilinear motion of a body is proporti- 
onal to the square root of the distance covered (s), (as, for example, 
in free fall of a body). Prove that the body moves under the action 
of a constant force. 

Solution. By hypothesis we have 


v=s,;=aV s (a =const); 
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a 


whence 


Beet ec 
RE Er are Vs Si} a7/2. 
But according to Newton’s law the force 

F =ks;, (k =const). 
Hence, 

F == ka?/2 =const. 


2.5.14. A raft is pulled to the bank by means of a rope which 
is wound on a drum, at a rate of 3 m/min. Determine the speed 
of the raft at the moment when it is 25 m distant from the bank 
if the drum is situated on the bank 4 m above water level. 

Solution. Let s denote the length of the rope between the drum 
and the raft and x the distance from the raft to the bank. By 
hypothesis 

s? = x? + 47, 


Differentiating this relation with respect to ¢, find the relation- 
ship between their speeds: 
2ss; = 2xx;, 
whence 


, So, 
Xi = oe S}e 
Taking into consideration that 


sp == 3; x=25; s=V 252714 w 20.0, 
we obtain 


i a 3 = 3.03 (m/min). 


2.5.15. (a) Find the slope of the tangent to the cubic parabola 
y =x° at the point x=) 3/3. 

(b) Write the equations of the tangents to the curve y=1/(1-+ x?) 
at the points of its intersection with the hyperbola y=1/(x+ 1). 

(c) Write the equation of the normal to the parabola y= x?+4x-+ 1 
perpendicular to the line joining the origin of coordinates with the 
vertex of the parabola. 

(d) At what angle does the curve y=e* intersect the y-axis? 


2.5.16. The velocity of a body in rectilinear motion is determi- 
ned by the formula v=3t-+??. What acceleration will the body 
have 4 seconds after the start? 


2.5.17. The law of rectilinear motion of a body with a mass of 
100 kg is s=2t?-+3t¢+1. Determine the kinetic energy (mv?/2) of 
the body 5 seconds after the start. 
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2.5.18. Show that if the law of motion of a body is s=ae'-+tbe~‘, 
then its acceleration is numerically equal to the distance covered. 


2.5.19. A body is thrown vertically with an initial velocity of 
a m/sec. What altitude will it reach in ¢ seconds? Find the velocity 
of the body. In how many seconds and at what distance from the 
ground will the body reach the highest point? 


2.5.20. Artificial satellites move round the Earth in elliptical 
orbits. The distance r of a satellite from the centre of the Earth 
as a function of time ¢ can be approximately expressed by the fo- 
llowing equation: 


r =a|1—ecosM—S (cos 2M —1)| 


where M = =f (¢—t,) 


¢ =time parameter 

a==semi-major axis of the orbit 

e=eccentricity of the orbit 

P = period of orbiting 

t, = time of passing the perigee! ty the satellite. 
Here a, ¢, P and ¢t, are constants. 

Find the rate of change in the distance r from the satellite to the 

centre of the Earth (i.e. find the so-called radial velocity of the 
satellite). 


§ 2.6. The Differential of a Function. 
Application to Approximate Computations 


If the increment Ay of the function y=/ (x) can be expressed as: 


Ay =f (x-+Ax)—f (x) =A (x) Axa (x, Ax) Ax, 

where 

lim a(x, Ax) =0, 

Ax > 0 
then such a function is called differentiable at the point x. The 
principal linear part of this increment A(x) Ax is called the diffe- 
rential and is denoted df (x) or dy. By definition, dx = Ax. 

For the differential of the function y=f (x) to exist it is nece- 

ssary and sufficient that there exist a finite derivative y’ =A (x). 
The differential of a function can be written in the following way: 


dy =y' dx =f" (x)dx. 


1 The perigee of the satellite orbit is the shortest distance from the sate- 
llite to the centre of the Earth. 
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For a composite function y=f(u), u=q(x) the differential is 
retained in the form 


dy =f’ (u) du 


(the invariance of the form of the differential). 

With an accuracy up to infinitesimals of a higher order than Ax 
the approximate formula Ay ~dy takes place. Only for a linear 
function y=ax-+b do we have Ay =dy. 

Differentials of higher orders of the function y=} (x) are succes- 
sively determined in the following way: 


dy =d (dy); d*y=d(d’y),..., d"y=d(d"~*y). 
If y=f (x) and x is an independent variable, then 
Cy =y (dx; yay" (dxy, 22.9 d’y=y™ (de)". 
But if y=f(u), where u=@ (x), then d?y =f" (u) du? +f’ (u) du, and 
so on. 
2.6.1. Find the differential of the function 
y =\|n(1-+ e!*) + arc tane®*. 


Calculate dy at x=0; dx =0.2. 
Solution. 


dy [bee PY ay OE EU 


| el0x | 4. el0x 1 + el0x 


Substituting «=0 and dx =0.2, we get 
dy (en: a=0.2= 30.2 =0.5. 
2.6.2. Find the increment and the differential of the function 
y= 3x? +x—1 


at the point x=1 at Ax=0.1. 
Find the absolute and relative errors allowed when replacing the 
increment of the function with its differential. 


Solution. 
Ay =[3 (x-+ Ax)* + (x-++ Ax) —1]—(8x° + x—1) = 
= 9x? Ax + 9x Ax? + 3Ax3 + Ax, 
dy = (9x? + 1) Ax. 
Whence 


Ay —dy = 9x Ax? + 3Ax3. 
At x=1 and Ax=0.1 we get 


Ay —dy = 0.09 + 0.003 = 0.093, 
dy=1; Ay =1.093. 


124 Ch. Il, Differentiation of Functions 


The absolute error | Ay—dy | = 0.093, the relative error “| = 
0.093 ) 

= 7993 © 0.085 or 8.5%. 

2.6.3. Calculate approximately the increment of the function 


y= v—7x7°+8 
as x changes from 5 to 5.01. 


2.6.4. Using the concept of the differential, find the approximate 
value of the function 


= 0.15. 








_ 4 fox 
C= Q+x 
Solution. Notice that from Ay =y(x-+ Ax)—y/(x) we get 


| y (x-+ Ax) =y (x) + Ay, 
or, putting Ay ~ dy, 


y (x + Ax) © y (x) + dy. 
In our problem let us put x=0O and Ax=0.15. Then 
, tL 3f (24+x\4 (—4) , 
Y=F5 Ve QE x?? 


y'(0)=—+, dy=—+-0.15 =—0.03, 








Hence, 
y (0.15) » y (0) + dy = 1— 0.03 = 0.97. 
The true value of y(0.15)=0.9702 (accurate to 1074). 
2.6.5. Find the approximate value of: 
(a) cos31°;  (b) log 10.21; (c) 7/33; (d) cot 45°10’, 


Solution. (a) In solving this problem we shall use the formula (*) 
of the preceding problem. Putting x =2/6, Ax =2/180, we compute: 


1 V3. 

Ui OSG a 
; _ 7 ut 1, 
y (x) =— sine =— 5 


o. I ut \ V 3 Ln 
cos 31° =cos (Stig) © a F085. 


(c) Put «=32; Ax=1. By formula . we get 


/ 388 w 9/324 (F/ x)eoa2: 1 =2-++ ae = 24 = 2.0195. 


5 Ve 
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2.6.6. All faces of a copper cube with 5-cm sides were uniformly 
ground down. As a result the weight of the cube was reduced by 
0.96 g. Knowing the specific weight of copper (8) find the reduction 
in the cube size, i.e. the amount by which its side was reduced. 

Solution. The volume of the cube v= x, where x is the length 
of the side. The volume is equal to the weight divided by the den- 
sity: u=p/d; the change in cube’s volume Av=0.96/8 =0.12 (cm%). 
Since Av approximately equals dv and taking into consideration that 
du = 38x? dx we shall have 0.12=3%5?x Ax, whence 


0.12 
Ax = 495 > 0.0016 cm. 


Thus, the side of the cube was reduced by 0.0016 cm. 


2.6.7. Find the expressions for determining the absolute errors in 
the following functions through the absolute errors in their argu- 
ments: 

(a) y=Inx; (b) y= log x; 

(c) y=sinx (0< x < 1/2); (d) y=tanx (0<x< 1/2); 

(e) y= log(sinx) (O< x < 1/2); 

(f) y=log(tanx) (Q< x < 0/2). 

Solution. lf the function f(x) is differentiable at a point x and 
the absolute error of the argument A, is sufficiently small, then 
the absolute error in the function y can be expressed by the number 


Ay =|yx| Ay. 
(a) Ay =|(Inx)'|,A, =", i.e. the absolute error of a natural 
logarithm is equal to the relative error in its argument. 


(b) A, = (log x)’ A, = “ A,, where M = loge = 0.43429; 


(e) A, =| [log (sin x)]’| A, =M | cot x] A,; 
, 2M 
(f) Ay =| [log (tan x)]"| A, = Troy Ax 
From (e) and (f) it follows that the absolute error in log tan x 
is always more than that in logsinx (for the same x and A,). 
2.6.8. Find the differentials dy and d*y of the function 
y = 4x5 —7/x? +4 3, 
assuming that: 
(1) x is an independent variable; 
(2) x is a function of another independent variable. 


Solution. By virtue of the invariance of its form the differential 
of the first order dy is written identically in both cases: 


dy = y' dx = (20x*— 14x) dx. 
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But in the first case dx is understood as the increment of the 
independent variable Ax (dx = Ax), and in the second, as the diffe- 
rential of x as of a function (dx may not be equal to Ax). 

Since differentials of higher orders do not possess the property 
of invariance, to find d?y we have to consider the following two 
cases. 

(1) Let x be an independent variable; then 


d*y = y" dx* = (80x3 — 14) dx’. 
(2) Let x be a function of some other variable. In this case 
d*y = (80x? — 14) dx? + (20x4— 14x) d?x. 
2.6.9. Find differentials of higher orders (x an independent va- 
riable): 
(a) y=4-**; find a2y; 
(b) y=V In? x—4; find d?y; 
(c) y=sin?x; find dy. 


2.6.10. y=In eae find d?y if: (a) x is an independent variable, 


(b) x is a function of another variable. Consider the particular 
case when x = tanf. 





2.6.11. The volume V of a sphere of radius r is equal to 
= ar. Find the increment and differential of the volume and 
explain their geometrical meaning. 


2.6.12. The law of the free fall of a material point is s=gf?/2. 
Find the increment and differential of the distance at a moment ¢ 
and elucidate their mechanical meaning. 


§ 2.7. Additional Problems 


2.7.1. Given the functions: (a) f(x)=|x] and (b) op (x)=|x° I. 
Do derivatives of these functions exist at the point x=0? 


2.7.2. Show that the curve y=el*! cannot have a tangent line 
at the point x=0. What is the angle between the one-sided tan- 
gents to this curve at the indicated point? 


2.7.3. Show that the function 
f (x) =|x—a| (x), 


where (x) is a continuous function and @(a)+0, has no deriva- 
tive at the point x=a. Find the one-sided derivatives f’.(a) and 


iy (a). 
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2.7.4. Given the function 
oe | x? sin(1/x) at x40, 

0 at x=0. 


Use this example to show that the derivative of a continuous 
function is not always a continuous function. 


2.7.5. Let 
F(x _f *#, iixsw, 
\ ax-+b, if x > Xp. 


Find the coefficients @ and b at which the function is continuous 
and has a derivative at the point x. 


2.7.6. By differentiating the formula cos 3x = cos? x—3cos x sin? x 
deduce the formula sin3x=—3 cos? x sin x—sin? x. 


2.7.7. From the formula for the sum of the geometric progression 


1—xntt 


lteter... txt = — (x = 1) 





deduce the formulas for the following sums: 

(a) 14+ 2x4 3x?+-... +nx"7}; 

(b) 1?+ 2274+ 32+... +n?x"7!, 

2.7.8. Prove the identity 
cosx+cos3x+...-+cos(2n—1)x= eee 


: x=kn 
Q9sinx °’ ~~ 





and deduce from it the formula for the sum 
sinx+3sin3x-+...-+(2n—1)sin(2n—1) x. 

2.7.9. Find y’ if: 

(a) y =f (sin? x)+f (cos?x);  (b) y=f (e*) e/™; 

(c) y=loggiy P(x) (P(X) >9; p(x) > 0). 

2.7.10. Is it reasonable to assert that the product F (x) =f (x) g(x) 
has no derivative at the point x= x, if: 

(a) the function /(x) has a derivative at the point x,, and the 
function @(x) has no derivative at this point? 

(b) neither function has a derivative at the point x,? 

Consider the examples: (1) f(x)=x, g(x) =|x|; 

(2) F(x)=|x|, g(x) = |+|. 


Is it reasonable to assert that the sum F (x)=/(x)+ g(x) has no 
derivative at the point x=x, if: 
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(c) the function f(x) has a derivative at the point x,, and the 
function g(x) has no derivative at this point? 
(d) neither function has a derivative at the point x,? 


2.7.11. Prove that the derivative of a differentiable even function 
is an odd function, and the derivative of an odd function is an 
even function. Give a geometric explanation to these facts. 


2.7.12. Prove that the derivative of a periodic function with 
period 7 is a periodic function with period 7. 

2.7.13. Find F’ (x) if 
0a: ae 
1 2x 3x? 
02 6x 


2.7.14. Find the derivative of the function y=x|x|. Sketch the 
graphs of the given function and its derivative. 


P(x) = 








2.7.15. Suppose we have a composite function y=f/(u), where 
u=q(x). Among what points should we look for points at which 
the Comnocite function may have no derivative? 

Does the composite function always have no derivative at these 
points? Consider the function y=u?, u=|x|. 


2.7.16. Find y” for the following functions: 

x* sin (1/x), x40, 

= x3 : b — 
(a) y=|x*|; (b) y epee 
Is there y” (0)? 
2.7.17. (a) pO sei show that 
fee) Oy) 
(b) 7 (yates jo that 
fF (x)}m= (—127 (n= 1, 2, ...). 


x2n 
2.7.18. y=x*e—*/%; show that 
—1)"n(n—1 
jon (0) =) (a >2). 


9.7.19. Show that the function y=arcsin~x satisfies the relation 
(1—x?)y"=xy’. Find y” (0) (2 >2) by applying the Leibniz for- 
mula to both members of this identity. 


2.7.20. Prove that ™ Chebyshev polynomials 


T,, (x)= cos(narccos x) (1=1,2,...) 


— 
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satisfy the equation 
(1 =x) T% (x) — xT (x) + °T,,, (x) =. 


9.7.21. The derivative of the nth order of the function e~* has 
the form . , 
(e>% js) —e~* A, (x), 
where H,(x) is a polynomial of degree n called the Chebyshev- 


Hermite polynomial. 
Prove that the recurrence relation 


A, (x) —2xH,, (x) + 2nH,,.,(%)=0 (n==1, 2, ...) 
is valid. 
2.7.22. Show that there exists a single-valued function y=y (x) 
defined by the equation y®?+ 3y=.x, and find its derivative yy. 


2.7.23. Single out the single-valued continuous branches of the 
inverse function x=x(y) and find their derivatives if y=2x?—x?. 


2.7.24. u== In, check the relation aS l. 


du du 





2.7.25. Inverse trigonometric functions are continuous at all 
points of the domain of definition. Do they have a finite deriva- 
tive at all points of the domain? Indicate the points at which the 
following functions have no finite derivative: 

x-+-1. aha ck 

(a) y=arccos—_—; (b) y =arc sin. 

2.7.26. Show that the function y=y/(x), defined parametrically: 
x=2t—|t|, y=??+1t|t|, is differentiable at t=O but its deriva- 
tive cannot be found by the usual formula. 


2.7.27. Determine the parameters a, b, c in the equation of the 
parabola y=ax’?+bx-+c so that it becomes tangent to the straight 
line y= x at the point x=1 and passes through the point (—1, 0). 


2.7.28. Prove that the curves y,=/(x) (f(x) >0) and y, = 
=f (x)sinax, where [(x) is a differentiable function, are tan- 
gent to each other at the common points. 


2.7.29. Show that for any point M(x, y.) of the equilateral 
hyperbola x?—y?=a® the segment of the normal from the point 
M to the point of intersection with the abscissa is equal to the 
radius vector of the point M. 


2.7.30. Show that for any position of the generating circle the 
tangent line and the normal to the cycloid x=a(t—sin?), 
y=a(l—cost) pass through the highest (at, 2a) and the lowest 
(at, 0) points of the circle, respectively. 


5—3148 
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2.7.31. Show that two cardioids p=a(l+cosq) and p= 
=- a(1—cos@) intersect at right angles. 


2.7.32. Let y=/(u), where u=@(x). Prove the validity of the 
cquality 


d’y =f'" (u) du? + 37" (u) du du f’ (u) d'u. 


2.7.33. Let y=/(x), where x=q/(t); the functions f(x) and 
q(t) are twice differentiable and dx=40. Prove that 


ji d* ydx — dyd?x 
Ixx = dx3 ’ 


where the differentials forming the right member of the relation 
are differentials with respect to the variable f. 


2.7.34. How will the expression 


d*y dy 
(=e) 4a ea 
be transformed (where y is a twice differentiable function of x) if 
we introduce a new independent variable ¢, putting x=cos?? 


2.7.35. In determining an electric current by means of a tangent 
galvanometer use is made of the formula 


/=k tang, 
where / =current 
k=factor of proportionality (depending on the instrument) 
m =angle of pointer deflection. 
Determine the relative error of the result which depends on the 
inaccuracy in reading the angle @. At what position of the pointer 
can one obtain the most reliable results? 


Chapter 3 


APPLICATION OF DIFFERENTIAL 
CALCULUS TO INVESTIGATION 
OF FUNCTIONS 


§ 3.1. Basic Theorems on Differentiable Functions 


Fermat’s Theorem. Let a function y=/ (x) be defined on a cert- 
ain interval and have a maximum or a minimum value at an in- 
terior point x, of the interval. 

If there exists a derivative f’(x,) at the point x,, then f’ (x) =0. 

Rolle’s Theorem. If a function f(x) is continuous in the interval 
[a, b], has a finite derivative at all interior points of this interval, 
and f(a)=/(b), then inside [a, b] there exists a point &€(a, 5) 
such that f’ (§)=0. 

Lagrange’s Theorem. If a function /(x) is continuous in the in- 
terval [a, b] and has a finite derivative at all interior points of 
the interval, then there exists a point €€(a, 6) such that 


f (6) —f (a) = (6—a) f’ &). 


Test for the Constancy of a Function. If at all points of a cer- 
tain interval f’(x)=0, then the function / (x) preserves a constant 
value within this interval. 

Cauchy’s Theorem. Let (x) and w(x) be two functions continu- 
ous in the interval [a, b] and have finite derivatives at all inte- 
rior points of the interval. If these derivatives do not vanish si- 
multaneously and g(a) @q@ (b), then there exists € €(a, 6) such that 


p (0) —"P (a) __ ¥" ©) 
p(oy—@i(a) g’(E) ° 


3.1.1. Does the function f(x) =3x?—1 satisfy the condition of 
the Fermat theorem in the interval [1, 2]? 

Solution. The given function does not satisfy the condition of the 
Fermat theorem, since it increases monotonically on the interval 
[1, 2], and, consequently, takes on the minimum value at x= 1 and 
the maximum one at x=2, i. e. not at interior points of the in- 
terval. Therefore, the Fermat theorem is not applicable; in other 
words, we cannot assert that f’(1)=/’(2)=0. Indeed, f’(1)=6, 
if (2)= 12. 


5* 
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3.1.2. Do the following functions satisfy the conditions of the 
Rolle theorem? 

(a) f(x)=1—)j/ in [—], 1]; 

(b) f(x)=Insinxin [x/6, 57/6]; 

(c) f(x) =1—|x] in [—1, 1]. 

If they do not, explain why. 

Solution. (a) The function is continuous in the interval [—1, 1]; 
furthermore, f(—1)=/(1)=0. Thus, two conditions of the Rolle 
theorem are satisfied. The derivative f’ (x) = —2/(3 / x) exists at 
all points except x=0. Since this point is an interior one, the third 
condition of the theorem is not satisfied. Therefore, the Rolle the- 


orem is not applicable to the given function. Indeed, f’(x)~0 in 
[—1, 1]. 


3.1.3. Prove that the equation 
3x§ + 15x—8=0 


has only one real root. 

Solution. The existence of at least one real root follows from the 
fact that the polynomial f(x) =3x'+ 15x—8 is of an odd _ power. 
Let us prove the uniqueness of such a root by reductio ad absur- 
dum. Suppose there exist two roots x,< x,. Then in the interval 
[x,, X,] the function f(x)=3x°+ 15x—8 satisfies all conditions of 
the Rolle theorem: it is continuous, vanishes at the end-points and 
has a derivative at all points. Consequently, at some point, x, <—< x,, 
/’ (&)=0. But f’ (x)= 15(x4-+- 1) > 0. This contradiction proves that 
the equation in question has only one real root. 


3.1.4. Does the function f (x)= 3x?—5 satisfy the conditions of 
the Lagrange theorem in the interval [—2, 0]? If it does, then 
find the point € which figures in the Lagrange formula f (b)—f (a) = 
=f" (§) (0—a). 

Solution. The function satisfies the conditions of the Lagrange 
theorem, since it is continuous in the interval [—2, 0] and has a 
finite derivative at all interior points of the interval. The point & 
is found from the Lagrange formula: 


pie On ST 
PG) 5p = 5 = —6, 





whence €=—1. 


3.1.5. Apply the Lagrange formula to the function f(x)=In-«x in 
the interval [1, e] and find the corresponding value of &. 


3.1.6. Ascertain that the functions f/ (x)= x?—2x+3 and g(x) = 
= x°— 7x? +20x—5 satisfy the conditions of the Cauchy theorem 
in the interval [1, 4] and find the corresponding value of &. 
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Solution. The given functions f(x) and g(x) are continuous eve- 
rywhere, and hence, in the interval [1, 4] as well; their derivatives 
f’ (x)= 2x—2 and g’ (x) =3x?— 14x+ 20 are finite everywhere; in 
addition, g’(x) does not vanish at any real value of x. 

Consequently, the Cauchy formula is applicable to the given 
functions: 

f(4)—-FW _ FF 
g(4)—g(!) ag’ (B)’ 





2 29 
79 = 3B eo (I< E <4). 


Solving the latter equation, we find two values of €:€,=2 and 


“Of these two values only €, = 2 is an interior point of the interval. 


2 





3.1.7. Do the functions /(x)=e* and g(x)= Te satisfy the con- 
ditions of the Cauchy theorem in the interval [—3, 3]? 


3.1.8. On the curve y= x° find the point at which the tangent 
line is parallel to the chord through the points A(—1, —1) and 
B(2, 8). 

Solution. In the interval [—1, 2], whose end-points are the abs- 
cissas of the points A and B, the function y=.x' is continuous and 
has a finite derivative; therefore the Lagrange theorem is applicable. 
According to this theorem there will be, on the arc AB, at least 
one point M, at which the tangent is parallel to the chord AB. 
Let us write the Lagrange formula for the given function: 


f(2)—f(—-) =F &) (2—(—-))], 
or 
8 -- 1 = 32.3; 
whence 
Geel, 6.4, 


The obtained values of € are the abscissas of the desired points 
(as we see, there exist two such points). Substituting &, and & in 
the equation of the curve, we find the corresponding ordinates: 


y=F=1, ~=B=—l. 


Thus, the required points are: M,(1, 1) and M,(—1, —1), of which 
only the former is an interior point on the arc AB. 

Note. This problem can be solved without using the Lagrange the- 
orem; write the equation of the chord as a straight line passing 
through two given points, and then find the point on the curve at 
which the tangent is parallel to the chord. 


134 Ch. I11. Differential Calculus: Investigation of Funct’s 


3.1.9. Taking advantage of the test for the constancy of a func- 
tion, deduce the following formulas known from elementary math- 
ematics: 

(a) arc sinx-+-arc cos x = n/2; 

(b) sin? x = (1—cos2x)/2; 

[— x? 


oe 2arctanx at O< x <o; 


(c) arc cos 


; m—2arctanx at x >> 1, 
(d) arc sin ite 2 arc tan x at Lay = ts 
—n—2arctanx at xx —l. 


Solution. (a) Let us consider the function 


f (x) = arc sin x-+-arccos x, 


defined in the interval [—1, 1]. The derivative of the indicated 
function inside this interval equals zero: 





i) —>S -—- SS = (—l<x< l). 


According to the test for the constancy of a function f(x) =const, 
i. e. arcsinx-+arccosx=C (—l<x< 1). 

To determine the constant C let us put, for instance, x= 0; then 
we have n/2—=C, whence 


arcsinx-+arccosx=an/2 (—Il<x< 1). 


The validity of this equality at the points x= +1 is verified 
directly. 
(b) Let us take the function 


f (x) =sin® x-++-5 cos 2x 
defined throughout the number scale: —oo < x < oo. The derivative 
of this function is everywhere equal to zero: 
f’ (x) =2 sin xcos x—sin 2x =0. 


According to the test for the constancy of a function 
sin? x+ > cos2x=C. 


To determine C put, for instance, x=0; then we get 1/2=C. 
Wherefrom 
I 


s | 
2 nals ee ieg 
sin? x + 5 COs2x x? 
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or 
ai __ l—cos 2x 
Le 
(c) Let us introduce the function 
/ (x) = arc cos i —~, —2 arc tan x, 


— x2 


als I. 
Ls x?) = 
The derivative of the function f(x) is zero for all x > 0: 


Viaeee Pte Ox(1+x2) Tp 
“re 


According to the test for the constancy of a function 


determined along the entire number scale, since 








_ 2 
arccos ;—~,—2 arc tanx=C at x > 0. 


To determine C let us put, say, x=1, which gives C = arccos0— 
— 2arctan!l=0O. 
The validity of the proved formula at «=O is verified directly. 


Note. At x=0O the function arc es 


x | 1 e ti Af 





x2\! 2 
5) — —~ Tx? 
which enables us to oe the formula 


(arc COS 





|— 
arccos = a 5 


The latter formula can be obtained on the strength of the fact 


=—2 arctanx (x <0). 





2 
3 is an even function, and 2 arc tanx is an odd one. 
3.1.10. As is known, (e*)’=e* for all x. Are there any more 
functions that coincide with their derivatives everywhere? 
Solution. Let the function f(x) be such that /’ (x) =f (x) every- 
where. 
Let us introduce the function 


g(x) =O =F (Ke 


that arc cos 


The derivative of this function equals zero everywhere: 
p’ (x) =f" (x) e-* —e-* f (x) = 0. 
By the test for the constancy of a function /(x)/e*=C, whence 


jfile. 
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And so, we have proved that the eat of functions for which 
fy SiG) is covered by the formula f (x) =Ce*. 


3.1.11. Prove the inequality 


arc tanx,—arc tanx, << *,—%,, 
where x, > X,. 
Solution. To the function f (x) = arc tanx on the interval [x,, x,] 
apply the Lagrange formula: 





arc tan x, —arc tan x, == oe (x, —X,), 
where x, <6 < X,. 
Since 
O< a8 <1 and x,—¥x,>0, 
then 


arc tan x,—arc tan x, < X, — x). 
In particular, putting x,=0 and x,=—x, we get 
arctanx< x (x >O). 


3.1.12. Show that the square roots of two successive natural 
numbers greater than N? differ by less than 1/(2N). 
Solution. To the function f(x)=V x on the interval [n, n+1] 
apply the Lagrange formula: 
f(n+1)—f(n)=Vn+1—Va =F 
where n << E< n+l. 
If n>N?, then & > N2, hence 1/(2 V —) < 1/(2N), whence 


Vn+1—Vn < 1/(2N). 


3.1.13. Using the Rolle theorem prove that the derivative f’ (x) 
of the function 


[ xsin 4 at x >0, 
[| 0 at x=0 


vanishes on an infinite set of points of the interval (0, 1). 
Solution. The function f(x) vanishes at points where 


sin (st/x)==0, mn/x-=-kn, x= I1/k, 
R2= 1). 2, 3, 


[ (x) = 


Since the function f(x) has a derivative at any interior point 
of the interval [0, 1], the Rolle theorem is applicable to anyone 
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of the intervals [1/2, 1], [1/3, 1/2], ..., [1/(k+1), I/A], 
Consequently, inside each of the intervals of the sequence, there is 
a point &,, l/(k+1)< & < 1/k, at which the derivative f’ (&,) = 
And so we have shown that the derivative vanishes on an infinite 
set of points (see Fig. 38). 

3.1.14. The Legendre polynomial is 
a polynomial defined by the following 
formula (Rodrigues’ formula): 


I d" 
Pa(™) = 55 ga (OP 1)" (n= 9, 
LD. asi eds 


Using the Rolle theorem, prove 
that the Legendre polynomial P, (x) 
has n different real roots, all of them 
found between —1 and +1. 

Solution. Consider the function 

f (x) = (x?— 1)" = (x— 1)" (x + 1)". 
This function and its n—1 successi- 
ve derivatives vanish at the points Fig. 38 
x=-+1 (use the Leibniz formula for 
higher derivatives of the product of two functions). 

It follows from /(1)=/(—1)=0 that inside the interval [—1, 1] 
a point €, can be found at which /’ (&,)=0, i.e. x=, will be the 
root of the first derivative. Now apply the Rolle theorem once again 
to the function f’(x) on the intervals [—1, &], [&,, 1]. We find 
that besides -+-1 and —1 the function 7” (x) has two more roots 
on the interval [—1, 1]. Reasoning as before, we will show that, 
apart from +1 and —1, the (n—1)th derivative has (n—1) more 
roots on the interval [—1, 1], i.e. the function f'"~» (x) has all in 
all n-+-1 roots on the interval [—1, 1], which divide this interval 
into n parts. Applying the Rolle theorem once again, we ascertain 


that the function /‘ (x), and hence, the function P,, (x)= p(x), 
has n different roots on the interval [—1, 1]. 








3.1.15. Check whether the Lagrange formula is applicable to the 
following functions: 


(a) f(x)=x? on [3, 4]; 


: ) f(x)=Inx on [1], 3]; 
(c) f(x) = 4x3—5x?4 x—2 on [0, 1]; 
(d) f(~)= y/ x4 (x—1) on [—1/2, 1/2]. 


If it is, find the values of € appearing in this formula. 


3.1.16. Using the Lagrange theorem estimate the value In(1-e) 
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3.1.17. Using the Lagrange formula prove the inequality 


Xx 


l+x 





<In(lt+tx)<x atx>0O. 


§ 3.2. Evaluation of Indeterminate Forms. 
L’Hospital’s Rule 
I. Indeterminate forms of the type —, =. If the functions f(x) 
and g(x) are differentiable in a certain neighbourhood of the point a, 
except, may be, at the point a itself, and g’ (x) 0, and if 
lim f (x)= lim g(x)=0 or lim f (x)= lim g(x)= 00, 
then 
~ f(x) 4; Fi (x) 
[ge 1 ew 
provided the limit lim ia exists (L’Hospital’s rule). The point a 
may be either finite or improper -+ oo or —ov. 
Il. Indeterminate forms of the type 0-co or co —oo are reduced 








to forms of the type > OF = by algebraic transformations. 


Ill. Indeterminate forms of the type 1%, oo® or 0° are reduced 
to forms of the type 0-oco by taking logarithms or by the transfor- 
mation [f (x)]9@) = ee Inf), 


3.2.1. Applying the L’Hospital rule, find the limits of the follo- 
wing functions: 


ay: tim etx —e-2ax- by V/V Ox 
roo INn(l+x) ° 2) an Voix+x’ 
x>-!l 2+x+x 
. eX —e~%—-Qx : In (1+ x?) 
ec) lim —————; se 
(c) en LL (d) a 
ts sin 3x? el/x?__y 
(e) IT Treos (x= ¥)’ MO oar tan oa 


Solution. (a) Here both functions f(x) =e**—e-*** and g(x)= 
=In(1+x) are infinitesimals in the neighbourhood of zero, since 


lim f(x) =1—1=0; lim g(x)=In1=0. 
x - 0 x > 0 


Furthermore /[’ (x) and g’(x) exist in any neighbourhood of the 
point x=0 that does not contain the point x- —1, and 


g(x) =F HO (x >—1). 
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Finally, there exists a limit of the ratio of the derivatives: 


lj f’ (x) aah oct cae 24% oc Dias 
way a ED oa 


Therefore the L’Hospital rule is applicable: 





ie CO Ser eee fin neve a= oe 
roo IN(l_+x) ~~, 9 1/( +x) 


= 30: (*) 

Note. When the limit of the ratio is computed according to the 
L’ Hospital rule the result is usually written directly as shown in (*). 
Whether the desired derivatives and limits exist is ascertained in 
f* (*) 





the course of calculation. In case the ratio of the derivatives 


again represents an indeterminate form, the L’Hospital rule should 
be applied for a second time, and so on until the indeterminacy is 
removed or until it becomes clear that the required limits do not 
exist. Therefore, henceforward we write only the necessary transfor- 
mations, leaving to the reader the task of checking whether the 
conditions of their applicability are fulfilled. 


V/ 12x41 lim 2/(3 V/ (+ 2x)?) 4 


b) lim —— = ee AE SE a 
" xo-1 V2+x+x x51 W(2V2+4x)+1 9 
(e) li im sin 3x2 lim W8*£0s 3x? cos (2x2?—x) __ 
o Incos (2x?—x) yg) (4x — 1) sin (2x? — x) 
_ __g qi, COS 3x? cos (2x — x) x 
_ o lm 0 4x — | dum aM gin (2x2 —x) ° 


The limit of the first factor is computed directly, the limit of the 
second one, which represents an indeterminate form of the type > is 
found with the aid of the L’Hospital rule: 


2 2 
Gini we fim 


x 
x0 —! ~ g sin (2x2 — x) 


= —6.- — lim = 


, 9 (4x—1) cos (2x? — x) “cee hel 


= —6. 


3.2.2. It is known that, as x +--+ 00, the functions x*(k > 0); 
log, x; a*(a > 1) are infinitely large quantities. Applying the L’Hos- 
pital rule, compare these quantities. 





1 
— log,e 
h - logy x : ee l 
Solution. 1. lim Ba = lim —-y=7 =log,e lin — =0; 
X¥>~+@ x X> +0 x x ++ Rxk 
: xm 7 mx) E m! 
2. lim —= lim ia ee lim ——= 
+o. 4 recite eG x +o 0% (Ina) 
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Hence, the power function x*(k > 0) increases more rapidly than 
the logarithmic function log, x(a> 1), and the exponential function 


a* with the base exceeding unity increases more rapidly than the 
power function x”. 


3.2.3. Find the limits: 
; l ] : l 
(a) lim (aes) (b) fim [cot x=) 


x2 1 
(©) lim (3—g=i). 
Solution. (a) We have an indeterminate form of the type oo —oo. 
Let us reduce it to an indeterminate form of the type 5 and then 
apply the L’Hospital rule: 


| te, 4¥—-1—Inx_ ,; |—1/x 
Jt (azz) = Him (x—1) In x ao Inx+1—I/x — 
— | l 1 
= lim Teo Sree ee 
eo ein X+X— fim Inx+2 ae 


3.2.4. Find the limits: 
(a) lim x"Inx(n > 0); 
x- 0 


(b) lim [In (1+ sin? x) cot In? (1+ x)]. 
x7 0 


Solution. (a) We have an indeterminate form of the type 0-oo. 
00 


Let us transform it to —, and then apply the L’Hospital rule: 


In x : 1/x [42 ; 
lim x"Inx = Hs 7 = a em x0, since n SO, 
xo 0 x—-> x > 0 x 0 





(b) We have an indeterminate form of the type 0- oo: 
lim ind + sin? x) cot In? (1+ x)] = lim In (1+ sin? x) __ 





gtanin2(1+ x) — 
l 
= Tesi x y Sin 2x - 
+0 
x 2 {1+ tan? [In? (1-++-x)]} In (14 x)- mS 
sinx 1. cos x 
= lim stripy Hin, SE = 
1+-x 
3.2.5. Find the limits: 
(a) lim (1/x)s!9 %; (b) lim xt/in tera), 
x>+0 x++0 
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Solution. (a) We have an indeterminate form of the type oo®. 
Let y-==(l/x)s" +; then 
Iny =sinx In(1/x), 
lim Iny= lim sinxIn(1/x) (indeterminate form of the type 0Q- oo). 
0 


x-+40 X>+ 
Let us transform it to — and apply the L’Hospital rule: 


—Inx . —1/x ; sin? x 
9 I/sin x 


9 —(cos x)/sin?x ~~, gxcosx 





lim Iny= lim 
x ++0 kt 


Hence, lim y=—e’=1. 
Xx—>+4 


x- 


3.2.6. Find the limits: 


(a) lin (sin x) fan¥; (b) lim x*. 


xX > 1/2 x—-0 


3.2.7. Compute 


lim (tanx) cot, 
x>+7/2-0 


Solution. Let us take advantage of the identity 


(tan x) cot x —. pcot x In tan x 





but 
’ ‘ In tan x 5 In 
lim cotxintanx— lim ; 2 lim ao): 
x>+7/2-0 x>+n/j2—9 tan y=tanx >+a 
Whence 


lim. .(anxy<e!* = e0 = 1. 
x>+7/2-0 


3.2.8. Ascertain the existence of the following limits: 


x? sin (1/x) . 


(a) lim 
xr>-o. sinx 
(b) fia 2-+- 2x - sin 2x 


x» w (2x-+ sin 2x) eS!" *’ 
tan x 





(c) lim 


xo m/z S&e x " 

Can the L’Hospital rule be applied in computing them? 
Does its formal application lead to the correct answer? 
Solution. (a) The limit exists and equals zero. Indeed, 
lim £220) — tim 

sin x x20 sinx 





lim xsin + = L-0=. 0, 
x0 x +0 x 
But the limit of the ratio of the derivatives does not exist. Indeed, 
i 2x sin (1/x)— cos (1/x) a2 liaeas Le 
COS X x 


x0 x+0 
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but limcos(l/x) does not exist, hence the L’Hospital rule is not 
x + 0 
applicable here. 
(b) The limit of the ratio of the functions does not exist: 


. =+=SI z 9 . 
Cite Pid fi eanss gala 
r>oa(Qx+sin2xye"* x 2X=|5S1 24; 


> ZK 


but lim e-s"* does not exist, since the function e~~"* traverses the 
x> @& 


values from l/e to e infinitely many times. 
Now we will show that the limit of the ratio of derivatives exists: 


fia 2-+2 cos 2x 
1 | 
xs> a [2+2 cos 2x-+ (2x-+ sin 2x) cos x] eo"? 
abit 4 cos* x Se 
vo x 4 COS? X-+ (2x-+ sin 2x) cos x 
4cos x , 
=- lim : —sin x _ () 
von 2X + 4 COS X+- Sin 2x : 


. : Me : 4 cos x 
since the function e-‘"™* is bounded, and ea oe ee QO. 
Here cosx, which vanishes for an infinite set of values of x, has 
been cancelled out. It is the presence of this multiplier that makes 
the L’Hospital rule inapplicable in this case, since it simultaneously 
nullifies the derivatives of the functions being compared. 
tan x . sec? x : sec x - tan x 


(c) lim = lim ———— = lim = liin eee 


rong SOX pqs Secxtanx yy nyo faMx yyy SEC X 











Here application of the L’Hospital rule gives no useful result, though 
there exists a limit: 


tan x F sin x COS Xx li : 
oo im —— = lim sinx= 1. 
2 


X->m1/2 COS x x—> 71/2 





lim 

X—>It/ 

3.2.9. Using the L’Hospital rule find the limits of the following 
functions: 


(2) fim sao ) Hn 

(c) lim a (4) tim FSi (ait) 

(e) Itm arc Sin ~—* cot (x—a); (1) ae arc tan x) In x; 
(g) tim (=) °°" (h) lim (a*—1)x (a> 0); 


(i) lim (cos mx)"/**; (j) lim (2—=)" da 
x7>0 


x~> a 


§ 3.3. Taylor’s Formula: Approximate Calculations 


(Ct) Thar gei/oete? =); 
x- 0 


(n) lim pee In(1 +>) ; 
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x +0 x7 @ 

(O) fim x | cosh —— 1 ; (p) lim (eae T= 3 | . 
: an X- gl 

(q) fim (in cot x)tan*; (r) iim ere aan 


§ 3.3. Taylor’s Formula. Application to Approximate 
Calculations 


If the function f(x) is continuous and has continuous derivatives 
through order n—1 on the interval [a, b], and has a finite derivative 
of the nth order at every interior point of the interval then at 
x€[a, 6] the following formula holds true: 


Fo=f@+f @e—at+P@Ss 


ve a. 


te pee (a) 7 Job se 1) ( 





ja o =" 


a) ar the ee 





where 
—E—-a+60(x—a) and 0O<6< l. 


It is called Taylor’s formula of the function f (x). 
If in this formula we put a=0, we obtain Maclaurin’s formula: 


F(x) =f (0) +P (O)x+P (OE +...4 fo O gamit 
+ f(s , where £=O0x, 0< 0 < 1. 


The last term in the Taylor formula is called the remainder in 
Lagrange’s form and is denoted R, (x): 


(n — 
R(x) = / ler’ (x N(x — a)"; 
accordingly, the remainder in the Maclaurin formula has the form 
R, (x = Gn 


1 





3.3.1. Expand the polynomial P (x) =x'—2x*+ x%*—x?-+ 2x— 1 
in powers of the binomial x—1 using the Taylor formula. 

Solution. To solve the problem it is necessary to find the value 
of the polynomial and its derivatives at the point x=1. The 
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relevant calculations are given below. 


P (1) +0, P’)= 
Phys: Peay = 
PO (Sy2e 72, P1200, 
PON) = 0 (in. 6) 
at any x. 
Substituting the values thus found into the Taylor formula, we get 


P (x) = (x—1)9 +S (x— 1) + (ae 1; 
P (x) =3 (x — 1)? + 3 (x— 1)4+ (x— 1)5. 


3.3.2. Applying the Maclaurin formula, expand in powers of x 
(up to x®, inclusive) the function 


f(x) =In(1+x), 
defined on the interval [0, 1]. Estimate the error due to deleting 
the remainder. 
Solution. 
/ (0) =In1l=0. 
The derivatives of any order of the given function (see § 2.3): 
nu __ (_.])\n- (n—1)! 
f° (x) = ( I) ae ya 
i? (0) =(—1)?-!(n— 1)! (n=1, 2, 3,...). 


Substituting the derivatives into the Maclaurin formula, we get 
In(L+x)=x—S 45... 4 24Ry (0, 


where the remainder R,,(x) in the Lagrange form will be written 
as follows: 
(10) E 9! 10 
Rw) = oe =— pra pEe =— TR (O<E <4). 
Let us estimate the absolute value of the remainder R,, (x); keeping 
in mind that O<- x<0 1 and €>0, we have 


Ruy (x) | =| 


ey ® 
10 (1+ §)?° 


3.3.3. How many terms in the Maclaurin formula should be taken 
for the function f(x)=e* so as to get a polynomial representing 
this function on the interval [—1, 1], accurate to three decimal 
place: ? 

Solution. The function /(x)=e* has a derivative of any order 


? (x) — e*, 


l 
<5: 
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Therefore, the Maclaurin formula is applicable to this function. Let 
us compute the values of the function e* and its first n—1 deriva- 
tives at the point x0, and the value of the nth derivative at the 
point §=0*(0<0< 1). We will have 


FO) =F =P O) =... =f" O) =I; 
fi? (€) =e =e". 
Whence 
fx)=14 + Rt +t Ra, 
where 
xn se 
R, (x LS ae Z 
Since, by hypothesis, |x|<1 and 0<0< 1, then 
Ry(x) |= ef < ec 
Hence, if the inequality 
0,001 (1) 
n| 


is fulfilled, then the inequality 
|R, (x) |< 0.001 


will be fulfilled apriori. To this end it is sufficient to take n>7 
(7! = 5040). Hence, 7 terms in the Maclaurin formula will suffice. 


3.3.4. At what values of x will the approximate formula 


COS xX & j—2 4 7 
have an error less than 0.Q0000? 
Solution. The right member of the approximate equation repre- 
sents the first six terms in the Maclaurin formula for the function 
cos x (the second, fourth and sixth terms are equal to zero; check it!). 





Let us estimate R,(x). Since (cos x) =—cosx, then 
© 8 6 
Ro(x) [=| =SB= wo 





For the error to be less than eee choose the values of x that 
satisfy the inequality 





xT < 0.00005. 
Solving this inequality, we get |x| < 0.575. 


3.3.5. Compute the approximate values of: 
(a) cos O°; (b) sin 20°, 
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accurate to five decimal places. 
Solution. (a) Into the Maclaurin formula 


2 x4 27 
COSxX = |—-+-+——. ee Le aay ST olN fie 
substitute x= 1/36; since 


x? qt x4 Lf x \2 Lee 
5 = = aay = 0.003808, ==3(4) = 4s 10-8. 


we confine ourselves to the following terms: 
cosx ~ 1—x?/2, 
the error being estimated at 


| Ry (x) |= 


| x | 
Al 


4 





cos 0x 
Al 








ee SOG AOre 


And so, within the required accuracy 
cos 5° = cos = = 1 —0.00381 = 0.99619. 


3.3.6. Compute the approximate value of / 83 accurate to six 
decimal places. 


3.3.7. Prove the inequalities: 


(a) x—1x?/2 < In(1+x)< x at x >0; 
(b) tanx > x-+ «8/3 at O< x < 4/2; 


(c) Lote <Vife<lteye at O< x < ow. 


Solution. (a) According to the Maclaurin formula with the rema- 
inder R,(x) we have 
x2 
In (1 +x) =*—s7q 7H 
where 0O< E< x. 
According to the same formula with the remainder R, (x) we have 


In(l+x%)=x— where 


x2 x3 
DF ores: 
O0O<§&, <x. 


Since > 0 and > 0 at x > 0, it follows that 


x3 
3 (1+ §1)8 
x—xX7/2 << In(l+.4x%) <x. 
3.3.8. Show that sin(a-+h) differs from sina+hcosa by not 


tore than h?/2. 
Solution. By Taylor’s formula 


x2 
2(1+6&)° 


; : a 
sin (@ +A) = sina -+-hcosa——- sin &; 
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whence 
| sin (a + h)—(sina-+Acosa@) | = 





§ 3.4. Application of Taylor’s Formula to Evaluation 
of Limits 


The expression 
Oat 2 Gat a 


+0(\x—a") 





ee (x— a)” =o 


is the Taylor formula with the remainder in Peano’s form where 
x) =o0[p(x)] means that, as x — a, the function @ (x) has a high- 











er order of smallness than the function w(x), i.e. oy =O: 
In particular, at a=0 we have 
‘(0 “10 (2) (0 
i (x) =f (0) EU) ey rt MP oe x" -+ 0 (|x |"). 


Peano’s form of the remainder for Taylor’s formula shows that, 
when substituting the Taylor polynomial of degree n for f (x) in the 
neighbourhood of the point a, we introduce an error which is an 
infinitesimal of a higher order than (x—a)" as x —a. 

The following five expansions are of greatest importance in sol- 
ving practical problems: 


ema ltetot... —— ~ +0(x"); 
sinx=x— + ... +(—1 yer a eT 
4 
oe he HOI 2 ofamn 
(l-+-x)*= Itaxr4+28—) 


In(I+xax—-S 4 Fy. e + (=I! = $0 (x"). 


+ 0 (x?"); 


) 2 +, go es ee +4) x" 0 (x"); 


n! 


3.4.1. Expand the function f(x) =sin?x—.x?e-* in positive inte- 
gral powers of x up to the terms of the fourth order of smallness 
with respect to x. 

Solution. We have 


f(x) = x +o(x4)] — E —x4++ +0(x*)| = 
=~ 46 (x) — x2 4 8 — 4 0 (x4) = x82 xt + o(x4), 
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3.4.2. Expand the following functions: 
(a) f(x) =xV 1—x?—cos x In(1 +x); 
(b) 7 (x) =In(1+sin x) 


in positive integral powers of x up to the terms of the fifth order 
of smallness with respect to x. 


3.4.3. Applying the Taylor formula with the remainder in Peano’s 
form, compute the limits: 


. 1—V 1+ x2 cos x. 
(a) fim ante 
3 amas ss 
(b) lim V 143x— Vito | 
x > 0 x? 
- cosx—e*/? | 
ss a 
; * sin x—x (1+) 
(ine 
( x70 x 
.  exte-x—?2 
(oe) is 


x + 0 


Solution. (a) Retaining the terms up to the fourth order with 
respect to x in the denominator and the numerator, we get 


[—Vi+x%cosx _ a 1—(1+x2)!" cosx _ 





jim, tan4 x ag x4 
anne 2 4 
send tn tems EU) aay Uf ee eres) 
‘ 2 2 2 24 
= lim ; = 
x > 0 x 
Jad i ott) 
ae pie eg ee 
eo x4 bap 3 x4 eae 


3.4.4. Expand the following functions in positive integral powers 
of the variable x up to the terms of the indicated order, inclusive: 

(a) f (x)=e*7* up to the term containing x; 

(b) Incosx up to the term containing x°; 





(c) 5 up to the term containing x’. 


§ 3.5. Testing a Function for Monotonicity 


Let a continuous function f(x) be defined on the interval [a, 5] 
and have a finite derivative inside this segment. Then: 

(1) For f(x) to be non-decreasing (non-increasing) on [a, 6] it is 
necessary and sufficient that f’ (x) =0(7' (x) <0) for all x in (a, 6). 
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(2) For f[(x) to be increasing (decreasing) on [a, b] it is suffi- 
cient to fulfil the condition f’(x) > 0 (f’ (x) < 0) for all x in (a, bd). 


3.5.1. Determine the intervals of monotonicity for the following 
functions: 


(a) f (x)= 2x? — In x; 
(x) = 2x? — 9x? — 24x 4-7; 
(x) en 


ee The eoliition of this problem is reduced to finding the 
intervals in which the derivative preserves its sign. If the function 
f(x) has a continuous derivative in the interval (a, b) and has in 
it a finite number of stationary points x,, x,,..., x, (@a<%,< 
<p <6 e CX_ <6), where f’ (x,)=0 (k=1, 2,..., 2), then 7’ (x) 
preserves its sign in each of the intervals (a, x,), (x), x,), .. 
(Xn—11 Xn)s (Xn 9). 

(a) The function is defined at x >0. 

Let us find the derivative 


f’ (x) = 4«—1/x. 
The function increases if 4x—1/x >0, i.e. x > 1/2. 
The function decreases if 4x—1/x <0, i.e. x < 1/2. 
And so, the function decreases in the interval 0< x < 1/2 and 


increases in the interval 1/2 <x <-+-oo. 
(b) Evaluate the derivative 


f’ (x) = 6x? — 18x —24 = 6 (x? —3x—A4). 


It vanishes at the points x=—1 and x—4. Since f’(x) is a 
quadratic trinomial with a coefficient at its highest-power term 6 > 0, 
then f’ (x) >0 in the intervals 
(— oo, —1), (4, oo), and f’ (x) <0 Y 
in the interval (a 4). Con- 
sequently, / (x) increases in the 
first two intervals, whereas in 
(—1l, 4) it decreases. 

(c) In this case the derivative 


f’ (x) = (2x— x") e-* vanishes at 0 2 L 
the points x=0O and x=2. In 
the intervals (— oo, 0) and (2, oo) Fig. 39 


the derivative /’ (x) <0 and the 
function decreases; in (0, 2) the derivative f’(x) > 0 and the func- 
tion increases (see Fig. 39). 


3.5.2. Find the intervals of decrease and increase for the follo- 
wing functions: 
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(a) f (x) = cos (1/x), 

(b) f(x)=sinx+cosx on [0, 2x]. 

Solution. (a) The function y= cos (/x) is defined and differentiable 
throughout the number scale, except at the point x=0; 


V2 ein = 
Ya x 


As is obvious, the sign of y’ coincides with that of the multi- 
plier sin (st/x). 
(1) sin(a/x) > 0 if 
Qkan< n/x< (2kR+1)n (k=O, +1, +2, ...); 
(2) sin(a/x) <0 if 
(QkR--l)an<n/x<2(k+1)n. 


Hence, the function increases in the intervals 


l l 
(serT x 
and decreases in the intervals 


l l 
oe pei): 
3.5.3. Investigate the behaviour of the function f(x)=2sinx + 
+ tanx—38x in the interval (—x/2, 2/2). 
Solution. The derivative 
j - | = he (1 —cos x) (1 + cos x—2 cos* x) = 
[' (x) = 2cos x + —5— Sa a ee — 
__ 4 sin? (x/2) sin (3x/2) 
= cos2 x 


is positive in the intervals (—zx/2, 0) and (0, 2/2) and vanishes 
only at x=0. Hence, in (—n/2, m/2) the function f(x) increases. 


3.5.4. Prove that at 0<x<1 the inequalities 


x—x3/3 << arctanx << x«—x°/6 
are fulfilled. 
Solution. We will prove only the right inequality (the left one 
is proved analogously). 
The derivative of the function 


f (x) =arctanx—x+ . 
is equal to 


x2 x2 (x2 — 1) 


on ne xe 
PO= ta! + y= TR: 
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The function f(x) is continuous throughout the entire number 
scale, in particular, it is continuous in the interval [0, 1], and in- 
side this segment [’ (x) << 0. Therefore, f (x) decreases on the interval 
(0, 1] and, consequently, for any point x, 0<x<l, the inequality 
i (x) < f(0)=9 or 


arc tanx—x4+= <0 
is fulfilled, whence 


x3 
arc tanx < x— =. 


3.5.5. Prove the inequalities 
x—x/6< sinx<x at x>Q0. 
3.9.6. Prove that for O<(p<1 and for any positive a and b 
the inequality (a-+b)?< aP-+bP is valid. 
Solution. By dividing both sides of the inequality by b? we get 
a \P a\P 
Ery<(sl4 
or 
(l-+ x)? < 14-x?, (*) 


a 
where x= er: 


Let us show that the inequality (#) holds true at any positive x. 
Introduce the function 
f(x) =1--+-xP—(1+x)?; xD. 
The derivative of this function 
’ é = ] l 
f(x) = pxP-*— p(1+x)? ‘=p laa—ap ges 


is positive everywhere, since, by hypothesis, 1—p>>0 and x> 0. 
Hence, the function increases in the half-open interval [0, 00), i.e. 
f(x) = 1+x«P—(1+x)? > fF (0)=0, whence 14 x? > (1+ .x)?, which 
completes the prcof. If we put p=1/n, then we obtain 


Yatb<Yat+yb (n>)). 
3.5.7. Prove that the function y = x°-++ 2x? + x increases everywhere, 
and the function y=1—.* decreases everywhere. 
3.5.8. Determine the intervals of increase and decrease for the 
following functions: 
(a) f (x) = x? 4 2x—5; (b) f (x) =In(l— x’); 


(c) [ (x) =cos x —x; (d) F=_P—s; 
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2x ee 
(e) F(x)=75; (1) FO) = Te: 
3.5.9. Prove the following inequalities: 
(a) tanx > x-+x3/3, if (O< x < 1/2); 
(b) e~ >1-+-% for all values of x; 
(c) eX >ex at x > 1. 


3.5.10. At what values of the coefficient a@ does the function 
[ (x) =x*®—ax increase along the entire number scale? 


2.5.11. At what value of 6 does the function 
f(x) = sin x—bx +c 


decrease along the entire number scale? 





§ 3.6. Maxima and Minima of a Function 


If a function y=f (x) is defined on the interval X, then an in- 
terior point x, of this interval is called the point of maximum of 
the function f/(x) [the point of minimum of the function f (x)] if 
there exists a neighbourhood U€X of the point x,, such that the 
inequality f (x)<<f(x,) [f (x) =f (x,)] holds true within it. 

The generic terms for points of maximum and minimum of a fun- 
ction are the points of extremum. 

A Necessary Condition for the Existence of an Extremum. At 
points of extremum the derivative f’ (x) is equal to zero or does 
not exist. 

The points at which the derivative /’ (x)= 0 or does not exist are 
called critical points. 

Sufficient Conditions for the Existence of an Extremum. 

I. Let the function f(x) be continuous in some neighbourhood of 
the point xp. 

1. If f’(*%) >0 at x< x, and f’ (x) <0 at x >-x, (i.e. if in mo- 
ving from left to right through the point x, the derivative changes 
sign from plus to minus), then at the point x, the function reaches 
a maximum. 

2. If fi’ (x) <0 at x< x, and f’ (x) >0 at x >, (i.e. if in mo- 
ving through the point x, from left to right the derivative changes 
sign from minus to plus), then at the point x, the function reaches 
a minimum. 

3. If the derivative does not change sign in moving through the 
point x,, then there is no extremum. 

Il. Let the function f(x) be twice differentiable (that is f’ (x,) = 0) 
at a critical point x,. If f’ (x,) <0, then at x, the function has a 
maximum; if /" (x,) > 0, then at x, the function has a minimum; 
but if 7” (x,)=0, then the question of the existence of an extremum 
at this point remains open. 
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III. Let f’ (x,)=/" (x)=... =f") (x) =0, but f(x) 40. It 
n is a then at f'” (x,) z 0 there is a maximum at - and at 
POO) = 0), a minimum. 


i n is odd, then there is no extremum at the point x,. 
IV. Let a function y =f (x) be represented parametrically: 


x=@(t), y= (t), 


where the functions q(t) and w(t) have derivatives both of the first 
and second orders within a certain interval of change of the argu- 
ment ¢, and @’ (t)=40. Further, let, at =f, 


p’ (ft) =0. 
Then: 


(a) G wy (t,) << 0, the function y=f(x) has a maximum at x = 
=xX,= : 

(b ) if. b(t ») > O, the function y=f (x) has a minimum at x« = 
= X= p(t as 

(c) if p(t ») =0, the question of the existence of an extremum 
remains open. 

The points at which q’(¢t) vanishes require a special study. 


3.6.1. Using the first derivative, find the extrema of the follo- 
wing functions: 
(a) f(x) == t— 98 +7, 
(b) f (x) = x4 —8x3 + 22x? — 24x + 12; 
(c) f(x) =x (x-+ 1)? (x—3)*, 
(d) x2*—3x+2 


Pes eee oy 
Solution. (a) The function is defined and differentiable over the 
entire number scale. Therefore, only the real roots of the derivative 


P(x) = 3x8 — 3x? — 18x = 3x (x + 2) (x —3) 


are critical points. Equating this expression to zero, we find the 
critical points: x,=—2, x,=0, *,=—3 (they should always be ar- 
ranged in an increasing order). Let us now investigate the sign of 
the derivative in the neighbourhood of each of these points. Since 
there are no critical points to the left of the point «=—2, the 
derivative at all the points x <—2 has one and the same sign: it 
is negative. Analogously, in the interval (—2, 0) the derivative is 
positive, in the interval (0, 3) it is negative, at x > 3 it is posi- 
tive. Hence, at the points x,=—2 and x,=3 we have minima 


f(—2):=—9 and f (3) = 402, and at the point x,=0, maxi- 
mum / (0) = 7. 
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(c) Just as in item (a), the critical points are the roots of the 
derivative /’(x), since the function is defined and differentiable 
throughout the number scale. Find f’ (x) 


ft (x) = (x +: 1)8 (x — 3)? + 3x (x + 1) (xn — 3)? + 2x (x + 1)? x 
x (x — 3) = 3 (x + 1)? (xn —3) (2x? — 3x — 1). 
Equating this expression to zero, we find the critical points: 
t= =k, x, =(3—V 17)/4, X,= (3+ \17)/4, Xp S33: 


Let us tabulate the signs of the derivative in the intervals be- 
tween the critical points: 


Intervals X< XY Xp << X<SXy |X SX <KXg]X, KX < Xy Ry SX 




















ee 


Sign of }’ (x) 


As is seen from the table, there is no extremum at the point 
x,=—l, there is a minimum at the point x,, a maximum at the 
point x,, and a minimum at the point x,. 


3.6.2. Using the first derivative, find the extrema of the follo- 
wing functions: 


f (x)= 3 j/ P—&; 
f(x)= 7 @— TP + 7 («+ 1. 
ae (a) The function is defined and continuous throughout 


the number scale. 
Let us find the derivative: 


F(x) = 2 (y= x). 


From the equation f’(x)=0 we find the roots of the derivative: 
c= I. 
Furthermore, the derivative goes to infinity at the point x=0. 
Thus, the critical points are x,=—1, x,=0, x,=1. The results 
‘of investigating the sign 
+ of the derivative in the 
7 ; ~ & neighbourhood of these 
points are given in Fig. 
40. The investigation 
shows that the function 
has two maxima: f(—l)=2; f(1)=2 and a minimum f (0)=0. 


Fig. 40 


3.6.3. Using the second derivative, find out the character of the 
extrema of the following functions: 
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(a) y=2 sinx+cos 2x; 

(b) f (x) = 2x3 — 15x2— 84x + 8. 

Solution. (a) Since the function is a periodic one we may confine 
ourselves to the interval [0, 2m]. Find the first and second deri- 
vatives: 

y' =2cosx—2 sin 2x == 2 cos x(1—2 sin x); 

y” = —2sinx—4cos 2x. 

From the equation 2cosx(1—2sinx)=0O determine the critical 
points on the interval [0, 2x]: 


LO. Aye a2; eee onyG;:. Kyees/2. 


Now find the sign of the second derivative at each critical point: 

y’ (1/6) =—3<0; hence, we have a maximum y (x/6)= 3/2 at 
the point x, = 1/6; 

y” (n/2)==2 >0; hence, we have a minimum y(xn/2)=1 at the 
point x, = 7/2; 

y” (51/6) = — 3 <0; hence, we have a maximum y (5/6) = 3/2 
at the point x, =o1/6; 

y" (31/2) =6 > 0; hence, we have a minimum y(3n/2)=— 3 at 
the point v,= 3/2 (see Fig. 41). 





Fig. 41 
3.6.4. Investigate the following functions for extrema: 
oy fonmt 2 So 
2 
(b) HQ { ir Teer 
Solution. (a) Though the derivative 
peam{ ESS 


exists at all points, except the point «=0, and changes sign from 
minus to plus when passing through the point =O, there is no 
minimum here: 


[(0)=5>f(x) at -l<x <0. 
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This is explained by the fact that the function is discontinuous 
at the point x«=0. 

(b) Here the derivative 7’ (x)= 4x (x #0) also exists at all points, 
except at x=0, and it changes sign from minus to plus when pass- 
ing through the point x =0. Nevertheless, we have here a maximum 
but not a minimum, which can readily be checked. 

It is explained by the fact that the function is discontinuous at 
the point x=0. 


3.6.5. Find the extrema of the following functions: 
a) f() =sa7g5 ae Te 
3x4 +. 8x3 — 18x? + 60’ 


(b) f(xy —Vew*—1, 


Solution. (a) Here it is simpler to find the extrema of the func- 
tion f, (x) = 3x4 -+ 8x? — 18x? + 60. Since 


f(x) = 12x3 + 24x? — 36x = 12x (x? + 2x — 3), 
fy (x) = 12 (38x? + 4x— 3), 


the critical points are: 
%,=— 3, x,=0, x=], 


and the character of the extrema is readily determined from the 
sign of the second derivative /;(—3) > 0; hence, at the point x, =—3 
the function f,(x) has a minimum, and the given function f(x) 
obviously has a maximum f(—3)=— 2/3, [; (0) <0; hence, at 
the point x,==0 the function f,(x) has a maximum, and f(x) a 
minimum /(0)=5/6; f;(1)>0; hence, at the point x,=-1 the 
function f,(x) has a minimum, and f(x) a maximum f (1) = 50/53. 

(b) In this case it is easier to find the points of extremum oi 
the radicand : 


i, (x) =er —1, 


which coincide with the points of extremum of the function f[ (x). 
Let us find the critical points of /, (x): 

F, (x) =2xe*"; fi (x) =0 at the point x=0. Determine the sign of 
the second derivative at the point x=0: 


fi (x) = 2e* (1 + 2x?), Fi (0) =2 > 0. 
Therefore the point «=O is a minimum of the function f, (x); it 
will also be a minimum of the given function f(x): 7 (0) =0. 


3.6.6. Investigate the character of the extremum of the function 
y=coshx-+cosx at the point x=0. 

Solution. The function y is an even one and apparently has an 
extremum at the point «=0. To determine the character of the 
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extremum let us evaluate the derivatives of this function at the 
point «= 0: 
y’ == sinhx—sinx, y’ (0)=0; 
y”" =coshx—cosx, y” (0)=0; 
y’’’ =sinhx-+sinx, y’’’ (0) =0; 
y =coshx--cosx; y (0) =2 > 0. 
Since the first non-zero derivative at the point x =O is a derivative 
of an even order, which takes on a positive value, we have a mi- 
nimum y(0)=2 at this point. 


3.6.7. Investigate the following functions for an extremum at 
the point «=0: 
x? x3 x 

(a) y=cosx—l+5—7; (b) y=cosx—I|+-. 
Solution. (a) y' =—sinx+x—4; y’ (0) = 0; 

y” =—cosx+1l—x; y" (0) =0; 

yo =sinx— I; yi" (0) =— | (0), 
And so, the first non-zero derivative at the point «=O is a deri- 


vative of the third order, i.e. of an odd order; this means that 
there is no extremum at the point x«=0. 


3.6.8. Investigate the following functions for extrema: 

(a) f(x) =x4e-*";  (b) f(x) =sin 3x—3 sin x. 

Solution. (a) The function f(x)=x«*e-* is continuously differen- 
tiable everywhere. Equating the derivative 


f(x) = 4x8e—*° — Qxbe-** == x8e-** (4 — 2x") 


to zero, find the critical points: 


ae el, 2 0 a VY 2. 
Compute the values of the second derivative at the critical points: 
f" (x) = 12x%e-*" — 8xte-*" — 10xte-* + Axse-*” = 
= 2xe-** (6 — 9x? —- 2x4): 


f"(0)=0; Pf’ (—-V2)<0; f°'V2) <0. 


Consequently, at the points x, =—V2 and x,= +2 the function 
reaches a maximum f (+ V2) =4e7 = 5. As far as the critical 
point x,=0 is concerned, nothing definite can be said as yet, we 
have to find derivatives of /(x) of higher orders (up to the fourth 


order!). But this process is cumbersome, therefore we will turn to 
the first sufficient condition of an extremum: let us find the sigis 
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of the first derivative in the neighbourhood of the critical point 


Ke); 
Ph(—-1)<0, fd) > 0. 


Hence, at the point x=0O the function has a minimum f (0) =O. 
3.6.9. The function y=/ (x) is represented parametrically: 
(x= (t) =P —9P—20t +7, 
\ y= (t) = 4t?— 3f?— 18t 4-3) (—2 <t < 2). 
Find the extrema of this function. 


Solution. We have 
cp’ (t) = 5t? — 15t? — 20. 


In the interval (—2, 2) q’ (t) 40. 
Find wy’ (tf) and equate it to zero: 


y’ (t) = 12/27 —6t — 18 =0. 


Whence t,=—1 and ¢, =3/2. 
These roots are interior points of the considered interval of va- 


riation of the parameter f¢. 
Furthermore: 
yp" (t) =24t—6; wp" (—l)=— 30 <0, yy" (3/2)=30>0. 
Consequently, the function y=/(x) has a maximum y=14 at 
t=—1 (i.e. at x=31) and a minimum y=—17.25 at t=3/2 
(i.e. at x=— 1033/32). 


3.6.10. Find the maxima and minima of the following functions: 


(a) f (x) = ten (b) Fix)= a3 


(©) f®i=—#¥ YE—B WD) FO) =agazs} 
(e) f (x) = j/ 2° +3? — 36x; 
(f) f(x) = x? In x; (g) f(x) =x In? x. 





3.6.11. Investigate the following functions for an extremum at 
the point x=0: 
(a) f(x) =sinx—x; (b) f(x) =sinx—x + x°/3; 
. 3 4 
(c) f(x) =sinx—x4+5—F; 


MA AL ee, 
MIW=1o, "treo. 
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§ 3.7. Finding the Greatest and the Least 
Values of a Function 


The greatest (least) value of a continuous function f(x) on an 
interval [a, b] is attained either at the critical points, or at the 
end-points of the interval. To find the greatest (least) value of the 
function we have to compute its values at all the critical points 
on the interval [a, 6], the values f(a), / (6) of the function at the 
end-points of the interval and choose the greatest (least) one out 
of the numbers obtained. 

If a function is defined and continuous in some interval, and if 
this interval is not a closed one, then it can have neither the 
greatest nor the least value. 


3.7.1. Find the greatest and the least values of the following 
functions on the indicated intervals: 


(a) f (x) =2x8—3x?— 12x+1 on [—2, 5/2]; 
(b) f(x) =x? Inx on [1, e]; 
(c) f (x)= xe~* on [0, +00]; 
(d) f(x) =V 0 —2?) (1+ 2x?) on [—1. 1]. 
Solution. (a) Find the derivative /’ (x): 
j’ (x) = 6x? —6x — 12. 
It vanishes at two points: x,=— 1 and x,—2. They both lie in- 


side the indicated interval | —2, 3 ; consequently both of them 
must be taken into consideration. To find the extreme values of 
the function it is necessary to compute its values at the points 


x, and x,, and also at the end-points of the segment: 
5D I 
f(—)=—3, F(-I)=8; F()=—19, f(F)=— 16g. 


Hence, the greatest value is f/(—1!)=8 and the least f(2)=— 19. 

(b) Find the critical points: f’ (x)=x(1+2Inx). The derivative 
f’(x) does not vanish inside the given interval [1, e]. Therefore 
there are no critical points inside the indicated interval. It now 
remains to compute the values of the function at the end-points of 
the interval [1, e] 


f(1)=0; f(e)=e?. 


Thus, f(1)=0 is the least value of the function and / (e)=e? the 
greatest. 


3.7.2. Find the greatest and the least values of the following 
functions on the indicated intervals: 


(a) y=sinxsin2x on (— oo, 00); 
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(b) y=arccos x? on [—V 2/2, V 2/2]; 
(c) y=x+V <x on [0, 4]. 
Solution. (a) Represent the function y=sinxsin2x in the form 
__ cos x—cos 3x 
=, 
whence it is seen that the function is an even one and has a pe- 
riod 2m. Hence, it is sufficient to seek the greatest and the least 
values among the extrema on the interval [0, a]. Find the deri- 
vative y’: 
y' = (3 Sin 3x—sin x). 


In [0, =] the derivative vanishes at the points 
| 
x,=0, x,=arccos—=, x, = arc cos So Kees 


V3" 


Compute the values of the function at these points: 
y(0)=y(m)=0, y fare cos (<5) | =+55 


Hence, the least value of the function in the interval (— oo, oo) 
is equal to —4/(3 V3), and the greatest to 4/(3 V3). 


3.7.3. The function 
f (x) =ax4+— (a, b, x >0) 


consists of two summands: one summand is proportional to the 
independent variable x, the other inversely proportional to it. 
Prove that this function takes on the least value at x=Vod/a. 
Solution. Find the roots of the derivative f’(x«) in the interval 
(Q, oo): 
b 
x? 
at x=V b/a(x >0). Since f" (x) =2b/x® >0 for any x > 0, the func- 
tion /(x) reaches a minimum at this critical point. This is the 
only extremum (minimum) in the interval (0, 00). Hence, at 
x=V b/a the function f(x) attains the least value. 


=Q 





f’ (x) =a— 


3.7.4, As a result of nm measurements of an unknown quantity 
x the numbers x,, x,, ..., x, are obtained. 

It is required fo find at what value of x the sum of the squares 
of the errors 


f (x) = (x —x,)? + (x—%,)? +... +(4—X,)? 
will be the least. 
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Soliition. Compute the derivative 

f! (x) =2 (x—x,) +2 (x—x,) +... +2 (xX—x,). 
The only root of the derivative is 
Mee Mewes oh xy 


n 


Then, for all x we have ["(x)=2n >0. Therefore, the function 
f(x) has its minimum at the point 


Se Ky Xe eX, 
ee 


Xs 


Being the only minimum, it coincides with the least value of 
the function (cf. Problem 1.3.8). 

And so, the best (in the sense of “the principle of the minimum 
squares”) approximate value of an unknown quantity x is the arith- 
metic mean of the values x,, %,, ..., X,- 
3.7.5. Find the largest term in the sequence 

ae n* 
On = AI 200 * 
Solution. Consider the function f (x) 


[1, oo). Since the derivative 


ST in the interval 
; __ x (400 — x?) 
() = Gap p00 


is positive at 0<x< 1/400 and negative at x > v/ 400, the 
function f (x) increases at 0 <x < j/400 and decreases at x >j/ 400. 
From the inequality 7<j}/400 <8 it follows that the largest term 


in the sequence can be either a, or a,. Since a, = 49/543 > a, = 8/89, 
the largest term in the given sequence is 


_ 49 
a, = 545 * 

3.7.6. Find the greatest and the least values of the following 
functions on the indicated intervals: 


(a) [(jate—f vs e+e on [—2, 4]; 
(b) f(x) =V 4—2* on [—2, 2]; 
(c) F(x) =are tan x—z Inx on |=, V3; 


(d) f (x)=2sin x + sin 2x on 0, < x); 


6 —3148 
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(e) f(x) =x—2Inx on []1, e]; 


(f) ies) 2 4+5 for 2 4 <0; 0: x= 2, 
l for x =0. 


§ 3.8. Solving Problems in Geometry and Physics 


3.8.1. The force of a circular electric current acting on a small 
magnet with the axis perpendicular to the plane of the circle and 
passing through its centre is expressed by the formula 

Cx 
~ (att x2) 2 ’ 
where a=radius of the circle 
x= distance from the centre of the circle to the magnet 
(O< x < ow) 
C =constant. 
At what x will the value of F be the greatest? 
Solution. The derivative 
F’ aie a2 — 2x2 
(x) (a2 + x2)°/2 
has a single positive root x=a/V 2. This solves the problem. 

Note. It often happens that reasons of purely physical or geo- 
metric character make it unnecessary to resort to the differential 
methods in investigating a function for the greatest or the least 
value at the point under consideration. 


3.8.2. Determine the most economical dimensions of an open-air 
swimming pool of volume 32 m® with a square bottom so that the 
facing of its walls and bottom require the least quantity of ma- 
terial. 

Solution. Let us denote the side of the bottom by x and the 
height by y. Then the volume V of the pool will be 


V =x*’y = 32, (*) 
and the surface S to be faced 
S = x? -+ 4xy. 


Expressing y through x from the relation (*), we get 
V 128 
S=x+ 4x =xX+——. 
Investigate the function thus obtained for a minimum in the 
interval (0, oo): 


, 8 128 
Sa Dic 0: x =A, 
x x 
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The single point thus found will obviously yield the least value 
of the function S, since it has no greatest value (it increases un- 
boundedly as x +0 and x — > oo). 

And so, the required dimensions of the pool are: x==-4m, y=2m. 


3.8.3. Inscribe into a given sphere a cylinder with the greatest 
lateral surface. 


3.8.4. 20 m of wire is available for fencing off a flower-bed 
which should have the form of a circular sector. What must the 
radius of the circle be if we wish to have 
a flower-bed of the greatest possible surface Y 
area? 

Solution. Let us denote the radius of the 
circle by x, and the length of the arc by y 
(see Fig. 42). Then 2 t 


20 =2x-+y, 0 
whence 


y= 2(10—x). Fig. 42 
The area of the circular sector S25 xy = x(10—x) (O<x<10). 


The derivative S’ (x) = 10—2x has a root «+5. 
Since the least value S=0O is reached at the end-points of the 
d interval [0, 10], the obtained value 
; x=5 yields the greatest surface area S. 


3.8.5. It is required to construct 
an open cylindrical reservoir of capa- 
city V,. The thickness of the material 
is d. What dimensions (the base radius 
and height) should the reservoir have 
so as to ensure the least possible 
expenditure of the material? 

Solution. Figure 43 represents a lon- 
gitudinal section of the reservoir, 
where the radius of the base of the 
inner cylinder is denoted by x and 
the height of the inner cylinder, 
by h. The volume of the bottom 
and the wall of the reservoir 


V=n(x+d)d+anl[(x+dy?—x]h=ad(x+d)?+ah(2xd+d*). (*) 
On the other hand, by hypothesis we must have 
Vern 






MN 


Fig. 43 


whence 
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Substituting into (*), we get 


2Vod , V»d? 
= ; 


) 
aay 


x 


V = nd (x+d)+ =f (Qxd-+ d*) = nd (x +d) + 


Now we have to investigate the obtained function V(x) for an 
extremum at x > 0. 


We have 
; 2V,>d 2V,d? 2d (x-+d) (nx®—V,) 
V (x) = Ind (x-+ dy— o_o _ EO 
The only positive root of the derivative is the point x= )/V,/n. 
This solves the problem: 


lee St Gy 
n V/ ve a 
3.8.6. A factory D is to be connected by a highway with a 
straight railway on which a town A is situated. The distance DB 
from the factory to the railway is 
J equal to a, the segment AB of the 
a railway equals /. Freight charges on 
| the highway are m times higher than 
ig on the railway (m > 1). 
How should the highway DP be 
connected with the railway so as to 
of  eensure the least freight charges from 
A & P B factory to town? 
Fig. 44 Solution. First, let us make a draw- 
ing (see Fig. 44). It is absolutely 
clear that the highway must also be 
straight (a straight line is shorter than any curve connecting two 
given points!). Furthermore, the point P cannot lie either to the 
left of the point A or to the right of the point B. If we denote 
the distance AP by x, it will mean that O<x<l. 
Let the freight charges on the railway (per ton-kilometre) be &, 
then the freight charges on the highway will be km. The total 
freight charge N for transporting loads from D to A amounts to 


N=kx-+kmV a+ ({—x)?. 
Hence, we have to find the least value of the function 
f(x)axtmVat+(x—1?, OSx<1. 
Take the derivative 


f(x) =14+ 


m (x—l) 


Veta 
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It vanishes only at one point: 


x= ee : 

V m—1 

If this point lies in the interval [0, /], i.e. if 
a a Svan oe EE, 

a Or ~<Vner—l, 


then it yields the least freight charge (which is easy to check). 
If the indicated inequality is not observed, then f(x) increases on 
[0, /] and therefore the least freight charge is obtained at x=0. 


> 





3.8.7. In constructing an a-c transformer it is important to insert 
into the coil a cross-shaped iron core of greatest possible surface 
area. Fig. 45 shows the cross-section 
of the core with appropriate dimen- 
sions. Find the most suitable x and 
y if the radius of the coil is equal 
to a. 


3.8.8. If the source of current is an 
electric cell, then the effect P (watts) 
obtained by cutting a resistance R 
(ohms) in the circuit is expressed by 
the formula 

E?R 
(R-> Ri)?” Fig. 45 
where E is electromotive force in volts and R; the internal resis- 


tance in ohms. 
Find the greatest effect which can be obtained at given E and R,. 





P= 


3.8.9. A tin of a given volume V has the form of a cylinder. 
What must be the ratio of its height A to diameter 2R so as to 
use the least amount of material for its manufacture? 


3.8.10. In a given cone inscribe a cylinder having the greatest 
lateral surface so that the planes and centres of the base circles 
of the cylinder and cone coincide. 


3.8.11. Given a point (1, 2) in the orthographic coordinates. 
Through this point draw a straight line so that it forms, together 
with the positive semi-axes, a triangle of the least area. 


3.8.12. Given a point M on the axis of the parabola y? = 2px 
at a distance a from its vertex. Find the abscissa of the point 
on the curve nearest to the given point. 
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3.8.13. The expenses sustained in one hour’s sailing of a ship 
are expressed in roubles by an empirical formula of the form 
a-+ bv’, where a and 6 are constants for a given ship, and v is the 
ship’s speed in knots (one knot is equal to 1.85 km/hr). In this 
formula the constant part of the expenses a refers to depreciation 
and crew’s upkeep, and the second term (bv*) to the fuel cost. 
At what speed will the ship cover any required distance at the 
lowest cost? 


3.8.14. A trough is built from three boards of equal width. At 
what slope should the lateral boards be placed to ensure the largest 
cross-sectional area of the trough? 


3.8.15. A tank with a vertical wall of height A is installed on 
a horizontal plane. Determine the position of an orifice, at which 
the range of a liquid jet will be the greatest if the velocity of 
flow (according to Torricelli’s law) is equal to YW 2gx, where x is 
the depth of the orifice. 


3.8.16. Two aircraft are flying in a straight line and in the 
same plane at an angle of 120° to each other and with an equal 
speed of v km/hr. At a certain moment one aircraft reaches the 
point of intersection of their routes, while the second is at a dis- 
tance of a km from it. When will the distance between the 
aircraft be the least and what is that distance? 


§ 3.9. Convexity and Concavity of a Curve. Points of 
Inflection 


If f’ (x) <0 (> 0) on an interval (a, b), then the curve y =f (x) 
on this interval is convex (concave), i.e. it is situated below (above) 
any of its tangent lines. 

If f” (x,) =0 or does not exist but /’ (x,) does exist and the second 
derivative /” (x) changes sign when passing through the point x,, 
then the point (x), /(x*,)) is the point of inflection of the curve 
y =| (x). 

3.9.1. Find the intervals in which the graphs of the following 
functions are concave or convex and locate the points of inflection: 


(a) y= xt4+- x > — 18x? + 24x— 12; 
y= ao 8x3 + 6x? + 12; 


(b) 

(C) Y=7r RB oa 
(d) y=x$x"ls; 
(e) y= 4V (x— 18 +20V (x—1)? (x > 1); 


In? x 
0); 


(i) y= (x > 
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(g) y=xsin(Inx) (x > 0); 
(h) y= 2—| x — 1]. 
Solution. (a) Find the derivatives: 


y’ = 4x3 + 3x? — 36x + 24, 
y” = 12x? + 6x— 36 = 12 (e453) ; 


whence y”=0 at x, =—2, x, =3/2. 

Hence, y” >0O on the intervals (—oco, —2) and (3/2, co); y" <0 
on the interval (—2, 3/2). The sign of the second derivative deter- 
mines the convexity or concavity of the curve in a given interval. 

This enables us to compile the following table: 














3 3 
aD ieee ae baa 
x x< 2< X< a | * > 5 
Sign of y’” oe | — ao 
Conclusion | Concavity | Convexity | Concavity 














Since the second derivative changes its sign when passing through 
the points x,=—2 and x,=3/2, the points (—2, —124) and 
? —8-—} are points of inflection. 


z 
(d) Find the derivatives: 

' D2 

Yo = I Tax Is ’ Y 


»_ 10 
os 

The second derivative is non-zero everywhere and loses its meaning 

at the point x=0. At x <0 we have y” <0 and the curve is con- 

vex, at x >0 we have y” >0O and the curve is concave. 

At the point x=O the first derivative y’=1, the second deriva- 
tive changes sign when passing through the point x=0. Therefore 
the point (0, 0) is a point of inflection. 

(g) Find the derivatives: 


y’ = sin (In x)-+ cos (In x), 

y= — [cos (In x) — sin (In x)] aye sin (F—In «| 

The second derivative vanishes at the points 
KpeSeureset, sha 0,- se le a 2. vex s 


The function sin(a/4—Inx), and together with it y”, changes sign 
when passing through each point x,. Consequently, the points x, 
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are the abscissas of the points of inflection. In the intervals 
(e2kn—3n/a erkn+n/4) 

the curve is concave, and in the intervals 
(e2kn+m/a g2htt 5n/4) 


it is convex. 
(h) The given function can be written in the following way: 


2—(x*— 1), x>1l, 
v= | P+(x%e—1), x<l. 
Therefore 
of ROMs el, 
J ~ \ ox. w= I. 
At the point x= 1 there is no derivative. Further, 
: | —20x*, x«x>1, 
4 =\ 90x83, xl: 
y"=0 at the point x=0. Hence, we have to investigate three in- 


tervals: (—oo, 0), (0, 1), (1, ow). 
Compile a table of signs of y": 






x x <0 o<x<t| x> 1 





Sign of y” = | Ey aod 


Conclusion 





Convexity | Concavity | Convexity 














The point (0, 1) is a point of inflection, the point (1, 2) being 
a corner point. 


3.9.2. What conditions must the coefficients a, 6, c satisfy for 
the curve y=ax'-+ bx*-+cx?+dx-+e to have points of inflection? 
Solution. Find the second derivative: 


y” = 12ax?+ 66x -+ 2c. 
The curve has points of inflection if and only if the equation 
bax? + 35x+c=0 
has different real roots, i.e. when the discriminant 96? — 24ac > 0, or 
3b? — 8ac > 0. 
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———__ 


3.9.3. At what values of a will the curve 
y= xt tax +5 2+ I 
be concave along the entire number scale? 
Solution. Find y": 
y’ == 12x? 4+-6ax-+ 3. 


The curve will be concave along the entire number scale if y” >0 
for all values of x, i.e. when 


4x?-++ 2ax+-1>0 for all x. 
For this it is necessary and sufficient that the inequality 4a? — 16< 0 
be fulfilled; whence 
Gi) Se2: 


3.9.4. Show that the curve y= has three points of inflec- 
tion lying in a straight line. 
Solution. Find the derivatives: 
ft cons, eel 
yY- (x2 -b 1)2 ’ 
i. 2A OX ON 
. (x*-F 1)8 
The second derivative becomes zero at three points, which are the 
roots of the equation 
x® -+ 3x? — 3x —1=0, 
whence 
X,72—-2—V3, x,=—2+ V3, x,==1. 


Let us compile the table of signs of y': 








HOO: ee NG —2-- V3<r< —2+ V3< re 
x — peter : Xx < © 
eae) 3 |-eaoe V3 Saeed 
Sign of y" zt. bee its 
Conclusion Convexity Concavity Convexity Concavity | 





— 





Hence, (--2— V3, a (—24+V3, a l) 


4 
are points of inflection. It is easy to ascertain that all of them 
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lie in a straight line. Indeed, the coordinates of these points satisfy 
supe 38-1 (U~YV 3)/4—! 
—2+V3—-1 (14+ V3)/44+1- 

3.9.5. Investigate the curves represented by the following equa- 
tions for convexity (concavity) and locate the points of inflection: 

(a) y=x— 7/ (x — 3), 

(b) y= ee" *(—n/2 <x < 1/2). 

3.9.6. Show that the points of inflection of the curve y=xsinx 
lie on the curve y? (4+ x?) = 4x. 


the relation 


§ 3.10. Asymptotes 


A straight line is called an asymptote to the curve y=f (x) if 
the distance from the variable point M of the curve to the straight 
line approaches zero as the point M recedes to infinity along some 
branch of the curve. 

We will distinguish three kinds of asymptotes: vertical, horizon- 
tal and inclined. 

Vertical asymptotes. If at least one of the limits of the function 
f (x) (at the point a on the right or on the left) is equal to infi- 
nity, then the straight line x=a is a vertical asymptote. 

Horizontal asymptotes. If lim f(x)=A, then the straight line 


x-7- to 
y=A is a horizontal asymptote (the right one as x—+-+ 00 and 
the left one as x — — oo). 
Inclined asymptotes. If the limits 


lim (Mp, lim [f()—ak,x] =, 
X>+ @ - X ++ @ 
exist, then the straight line y=,x+6, is an inclined (right) 


asymptote. 
If the limits 


lim (2k, and — lim [f(x)— kx] =6, 
exist, then the straight line y=,x-+b, is an inclined (left) asymp- 
tote. A horizontal asymptote may be considered as a_ particular 
case of an inclined asymptote at k=O. 


3.10.1. Find the asymptotes of the following curves: 


5 3 
(a) y= a; (b) y= +35 ©) Y= oT 





1 
x 


I 3 . | 
(d) y==+ 4x", (e) y= xe*; (f) y=Fln(e—s); 
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(2) y=VIF2 42x; (h) y= VIF asin —; 
(i) y=2V +4. 
Solution. (a) The curve has a vertical asymptote x=3, since 
lim y= fim ss eis 
£2550 r>3¢0%—3 


(the point x=3 is a point of discontinuity of the second kind). 
Find the horizontal asymptote: 


eh. 


x—3 





lim y= lim 
X> + @ x>~+t@ 
And so, the curve has a vertical asymptote x=3 and a horizon- 
tal one y=6. 
(b) The curve has a vertical asymptote x= 1, since 


a 





; : 3x 
lim y= lim (5 + ax) = — 093 


a 
~—S 








x>- 1-0 1-0 
lim y= lim ( ss +3x)= + oo. ; 
x>1+4+0 x>1+4+0 x—I / 
Find the inclined asymp totes: / 


k= lim 4= lim (a+ 3)=3 


xXx>+o0 Xx7>~+o@ 


—— ee 


b= lim (y—kx)= 


Xr +t @D 


= lim (4 +3e— 3x) =3, 


X> + @w 


Thus, the straight line y=3x+3 is an 
inclined asymptote (see Fig. 46). 


Fig. 46 
(e) The curve has a vertical asymptote x =0, since 


lim y= lim xe’/*= lim —=-+00 
x>+0 x>+0 1 t 


(see Problem 3.2.2.). 
Find the inclined asymptotes: 


k= lin += lim e1/x — @9 =m |; 
x27>-+o X7 tow 
° . oMe | “ e* — | 
b= lim (xe/*— x)= lim = lim =|, 








Xx>+oa X>+ om 1/* l/x=2z70 é 


172 Ch. [11. Differential Calculus: Investigation of Funct’s 


Thus, the straight line y=x-+1 will be an inclined asymptote 
o} the curve (see Fig. 47). Note that 


lin y= lim xe'/*=0. 


x+-0 x~-0O0 


(1) The function is defined and continuous at e— x > 0, i.e. at 
x< 0 and x> na 


Since the function is continuous at 
every point of the domain of definition, 
vertical asymptotes can exist only on 
finite boundaries of the domain of defini- 
tion. 

As x — —O we have 





lim y= lim 2 5 In(e —z)= 
x>-0 x>-0 3 
oe liin » er?) === () (z= —;) 
2 z>+@ 





(see Problem 3.2.2.), i. e. the straight 
line x=O is not a vertical asymptote. 


Fig 47 


As x-+ a +0 we have 


, 3 . | 
lim y== lim xinje—~)=—o, 
2 Ox 
x+1/(3e)+0 x+>1/(3e)+0 


i.e. the line x =1/(3e) is a vertical asymptote. 
Now let us find the inclined asymptotes: 


on HS Yo —s)=53 
k= lim ZS lim In (¢ aE) DD 


X>~+ 0 X¥>+@ 2 


b= lim y—ex] => ae x [in (e— =)— 1 = 


x>+ 0 
| 


— > fim AH =5(-g)=-3 
we gs i 2 Se} 2e ” 
x 


Hence, the straight line y=. is an inclined asymptote 
(see Fig. 48). 

(g) The curve has no vertical asymptotes, since the function is 
continuous everywhere. Let us look for inclined asymptotes. The 
limits will be different as x — -+ oo and x —- — on, therefore we have 
to consider two cases separately. 
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Find the right asymptote (as x -~ + oo): 





l 
TS ee 
ig i ee 
X>+@ X>+@ 
b, = lin (V 1+ x2 + 2x—3x) = 
X>+@ 
aa i ne er (eT ee 
fim {I ce *| oe Vix Lxetx 


Thus, as x —>-+ oo the curve has an asymptote y=38vx. 





Fig. 48 


Find the left asymptote (as x —+ —oo): 


a ae 
ee: | x | —-+ 1+2x 
2 
ky = lim aS: + 2x li V = 


x7 — Xx7>—-@® 





as 4 Ta sesh oh: 1 
Os iim V1 oe a x| Eis Vi-xe—x Y 

since both summands (V1+ x? and (—«x)) in the denominator are 
positive at x < 0. 

And so, the curve has an asymptote y=x as x —- — oo. 

(h) The curve has no vertical asymptotes, since it is continuous 
at x=40, and in the neighbourhood of the point x =0 the function 
is bounded. 


Let us find the inclined asymptotes. We have 
| x | V nny 
k= lim == lim = ——_—_———_- = + 1.:0=0. 
X>+@0 X>+0 
Then 


fa ec Ey 
De SE AEN NN V \+qsine=] 


l as x ++ 00, 
— las x + —oo. 
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Thus, the curve has two horizontal asymptotes: y =+ land y-=-— 1 
(see Fig. 49). The same result can be obtained proceeding from 
symmetry about the origin and keeping in mind that the function 
y is odd. 

3.10.2. Find the inclined asymptote of the graph of the function 
y= I — 
function may be replaced by the linear function y=x—1 with an 
error not exceeding 0.01. 

Solution. Find the inclined asymptote: 


aS x—»oo and show that in the interval (100, 00) this 





; x? ; 
= ieee 
; xe 
b= lim (7F—*)=—1. 


And so, the equation of the asymptote is y=x—l. 
Form the difference: 


x2 
§ = raga aa fas 


| 
I+x° 








Hence, assuming 
x2 


4Y=T1x 





~x—l, 


for all x > 100, we introduce an error of not more than 0.01. 


3.10.3. Find the asymptotes of the following curves: 


(a) y= St (6) y=xarc tan x; 


(c) y=x+(sinx)/x; (d) y=In(4—x?); 
(e) y=2x—arc cos— . 


§ 3.11. General Plan for Investigating Functions and 
Sketching Graphs 


The analysis and graphing of functions by elementary methods 
were considered in Chapter I (§§ 1.3 and 1.5). Using the methods 
of differential calculus, we can now carry out a more profound and 
comprehensive study of various properties of a function, and explain 
the shape of its graph (rise, fall, convexity, concavity, etc.). 

It is convenient to investigate a function and construct its graph 
according to the following plan: 

1. Find the domain of definition of the function. 

2. Find out whether the function is even, odd or periodic. 
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3. Test the function for continuity, find out the discontinuities 
and their character. 

4. Find the asymptotes of the graph of the function. 

5. Find the points of extremum of the function and compute the 
values of the function at these points. 

6. Find the points of inflection on the graph of the function, 
compute the values of the function and of its derivative at these 
points. Find the intervals of convexity of the graph of the function. 

7. Graph the function using the results of this investigation. If 
it is necessary to specify certain regions of the curve, calculate the 
coordinates of several additional points (in particular, the x- and 
y-intercepts). 

This is a very tentative plan, and various alternatives are pos- 
sible. For instance, we recommend the student to begin sketching 
the graph as soon as he finds the asymptotes (if any), but in any 
case before the points of inflection are found. It should be remem- 
bered that in sketching the graph of a function the principal refe- 
rence points are the points of the curve corresponding to the extremal 
values of the function, points of inflection, asymptotes. 


3.11.1. Investigate and graph the following functions: 
(a) y= x8 —3xt+3x?—5; (bd) y==j/ x—V/x+l: 





2x3 | — x3 
() y=z} (d) y=—$ ; 
(e) y=x-+ In (x? — 1); (f) y = sin 2x-+ cos x; 
(g) y= x?el/*; (h) y=arc Sif 


1-+ x? 

Solution. (a) The function is defined and continuous throughout 
the number scale, therefore the curve has no vertical asymptote. 
The function is even, since f(—x)=f (x). Consequently, its graph 
is symmetrical about the y-axis, and therefore it is sufficient to 
investigate the function only on the interval [0, 00). 

There are no inclined asymptotes, since as x oo the quantity 
y turns out to be an infinitely large quantity of the sixth order 
with respect to x. 

Investigate the first derivative: 


y’ = 6x® — 12x3 + Ox = 6x (x4 — 2x? + 1) = 6x (x? — 1)?; 
the critical points are: 
GS 1, = 0, x= 1, 


Since in the interval [0, co) the derivative y’ >0, the function 
increases. 


176 Ch. 111. Differential Calculus: Investigation of Funct’s 


Investigate the second derivative: 
y” = 30x41 — 36x? + 6 = 6 (5x4 — 6x? + 1). 
The positive roots of the second derivative: 
x,=1/V5, x, =1. 


For convenience and pictorialness let us compile the following 
table, where all the points of interest are arranged in an ascending 
order: 





On the right one more additional value of the function is com- 
puted to improve the graph after the point of inflection. 

Using the results of the investigation and the above table and 
taking into consideration the symmetry principle, we construct the 
graph of the function (see Fig. 50). As is seen from the graph, the 
function has roots x =-+La, where aw 1.6. 

(b) The function is defined and continuous over the entire number 
scale and is negative everywhere, since j/ x < j/x-+ 1. 

The graph has neither vertical, nor inclined asymptotes, since the 
order of magnitude of y is less than unity as x —» oo. Determine 
the horizontal asymptote: 


lin y= lim (/ x—j/x+1l)= 
x-4+0 X>+0 
: — | 
oer V/ x? Vx (x 1) + U(x 1) 


Hence, the straight line y=0 is the horizontal asymptote of the 
graph. 
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The first derivative 


Nee a 
1378 37erp 3 eari 
becomes zero at the point = —> and infinity at the points 


Ky 1 X= 0: 





“9 





Fig. 50 Fig. 51 
The second derivative 


, .( 2) a 4 1 YF IF 8 | 






































SB Ye 8 Su OF Te FU 

does not vanish and is infinite at the same points x,=— 1, x, =0. 

Compile a table: 

| ! ea 

x | —I (—1. 5) = (—z.0) 0 | (0, 0) | 

v{[--{| - | oe t+ Jel + | 

: | 16 | 

a ee ce 

fet \ VG / “4 —0.26 


With the aid of this table, and of the asymptote y=0 construct 
the graph of the function (see Fig. 51). 
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(c) The function is defined and continuous over the entire axis 
except at the points x=-+2. The function is odd, its graph is 
symmetrical about the origin, therefore it is sufficient to investigate 
the function on the interval [0, oo). 

The straight line x2 is a vertical asymptote: 

; Oe ; ae 
2 je=4° oy oe 
Determine the inclined asymptote: 


k= lim 42= lim 


X+>+@ x>~+0 





2x? 
a 2, 
8x 


~~ -=0. 





b= lim (y—2x)= lim a 


Xx>+0 x>+@0 


‘The curve has an inclined asymptote y= 2x, and 
y—2x = 8x i at Lo. 





Men \ ee OF ak x 
The first derivative 
, 6x? (x2—4)— 4x4 2x? (x? — 12) 
Y= aay ea 
in the interval [0, oo) vanishes at the points 
x-—0, x=2V 323.46 


and becomes infinite at the point x= 2. 
The second derivative 
n 16x (x? + 12) 
‘becomes zero at the point x=0O and infinite at x=2. 
Compile a table: 





x 0 (0, 2) 2 |@,2V3)| 2V3s {QV 3, ) 
y' — 0 — 00 — 0 — 
| 
y +0 = 00 = = is 
IL 
y >—<_ _ pt NOS 
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Using the results of the investigation, sketch the graph of the 
function (see Fig. 52). 

(e) The function is defined and continuous at all values of x for 
which x?—1>0 or |x|>1, i.e. on two intervals: (—o, —1) 
and (1, +0). 





Fig. 52 


We seek the vertical asymptotes: 


lim y= lim orn) =e 00} 
x>-1-0 x>-1 

lim y= lim reins —1)]}=— o. 
x>714+0 x>1+0 


Thus, the curve has two vertical asymptotes: 
x=—Il and x=-+1. 
Find inclined asymptotes: 
b= lim £= tim SPO OY tim [1-222] <1, 


X¥> -—- @ X> +0 x>+o 


= lim [y—x]= lim In(?—1)= +o. 
X¥>7 +0 


x7 +m 


Hence, the curve has neither inclined, nor horizontal asymptotes. 
Since the derivative 


' 2 
es 


exists and is finite at all points of the domain of definition of the 
function, only the zeros of the derivative 


Wee see eo 
can be critical points. At the point x, = —1+)2 the function is 
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not defined; hence, there is one critical point x,=— 1—y’2 belon- 
ging to the interval (—oo, —1). In the interval (1, oo) both the 
derivative y’ >0 and the function increase. 

The second derivative 


” 2 (x? + 1) 
a (x?— 1)? <0, 





hence, the curve is convex everywhere, and at the point x= 
= —1—/2~—2.41 the function has a maximum 


y(—1—V 2)~— 1—V 2+ In(2 + 2V 2) ~ —0.84. 


To plot the graph in the interval (1,co), where there are no characte- 
ristic points, we choose the following additional points: 


x= 2; y=24+1n3 23.10 and x=1.2; y= 1.2+1n0.44 ~ 0.38. 


The graph of the function is shown in Fig. 53. 

(f) The function is defined and continuous throughout the num- 
ber scale and has a period 2m. Therefore in investigating we may 
confine ourselves to the interval [0, 2x]. The graph of the function 
has no asymptote by virtue of continuity and periodicity. 

Find the first derivative: 


y’ = cos 2x— sin x. 
On the interval [0, 2m] it has three roots: 


__ on 3m 
pkg Es Mao ge 


x, = 5 


| a 


Evaluate the second derivative: 
y" = — 2 sin 2x—cos x. 
On the interval [0, 2x] it has four roots: 


=H, = m-+aresin (1/4), x, =, x= 2n—are sin (1/4). 

Let us draw up a table of the results of investigation of all cri- 
tical points of the first and second derivatives (the table also in- 
cludes the end-points of the interval [0, 2z]). 

Since in the interval (0, = the roots of the first and second 
derivatives alternate, the signs of the second derivative in the in- 
tervals between its critical points are indicated only for the last 
three intervals. 

The results of the investigation enable us to construct the graph 
of the function (see Fig. 54). 

(g) The function is defined, positive and continuous on each of 
the intervals (—oo, 0) and (0, o). The point x=0O is a disconti- 
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a 7 i ' 
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nuity. Since (see Problem 3.2.2.) 
t 
lim y= lim #e"*= lim = 0 (t=), 
x>»+0 x> +0 t++o0 
the straight line «=O is a vertical asymptote. But 
limy = lim x?e!/*=0, 


xr» -—-0 x>-0 


There are no inclined asymptotes, since the function y= xe!/* 
has the second order of smallness with respect to x as x—+ + oo. 





Fig. 54 


Let us find the extrema of the function, for which purpose we 
evaluate the derivative: 


y’ = 2xe!/*—el/* = Del/x (x— 1/2), 
whence we find the only critical point cea. 


Since for x«=40 
y" (x)= Qev2— = elie agel/t = 5 el/ (2x? 2x4 1) > 0, 


x2 
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on each of the intervals of the domain of definition the graph of 
the function is concave, and at the point x=1!/, the function has 


a minimum 


y(-s)=ze ~ 1.87. 


From the information obtained we can sketch the graph as in Fig. 55. 
To specify the graph in the intervals (—oo, 0) and (1/,, oo) the 
following additional points are used: 





Yy 
=| He" 2] Ua - XS 1, 
Y=ey 2.12. 
(h) The function is defined and continuous 
: throughout the number scale, since at any x 
1F | ee 
eae Segre 
-1 OV 1/27 Since the function is even, we may confine 
Pig. 55 ourselves to the investigation of the function 


at x >0. 
As the function is continuous, the graph has no vertical asymp- 
totes, but it has a horizontal asymptote: 








lim y = are sin (—1) = —5. 
X¥>+-@ 
The first derivative 
j | —2x (1+ x?)—2x (1—x?) __ | 4x 
- Vi (i — x)? ‘. (1 + x")? ~~ Fyx, * (peep 
—~F 


is negative for x > 0, therefore the function decreases. 

The derivative is non-existent 
at the point x=0. By virtue of 
the symmetry of the graph about 
the y-axis there will be a maxi- 


mum at the point y (0) =F. No- 


tice that at the point xO the 
right derivative is equal to —l, 
and the left one to +1. 

The second derivative is posi- 
tive: Fig. 56 
2(1-+ x?) 2x 8x 
Tey Apa > 9 for all x >. 0. 

Hence, in the interval (0, oo) the graph of the function is concave. 

Also note that the curve intersects with the x-axis at the points 
x=. 





y (x) =2 


§ 3.12. Algebr. and Transcendent. Equations 183 


———_ 


Taking into consideration the results of the investigation, con- 
struct the graph of the function (see Fig. 56). 


3.11.2. Investigate and graph the following functions: 
4 
(a) y See (b) y= ico 
x3 
(c) y=—t4x% (d) y=a53 
(e:) y= PY 4, 
(f) y= x? In(x+ 2), (8) y= xPe7™, 
( x are tan — at x0, 
\o at x=0. 





(h) y= 


§ 3.12, Approximate Solution of Algebraic 
and Transcendental Equations 


Approximate determination of isolated real roots of the equation 
ee is usually carried out in two stages: 

Separating roots, i.e. determining the intervals [a, B] which 
Son one and only one root of the equation. 

2. Specifying the roots, i.e. computing them with the required 
degree of accuracy. 

The process of separation of roots begins with determining the 
signs of the function f(x) at a number of points x=a,, a, 
whose choice takes into account the peculiarities of the function F (x). 

If it turns out that f(@,)/(e,4,) <0, then, by virtue of the 
property of a continuous function, there is a root of the equation 
/ (x) =0 in the interval (a,, a,,,). 

Real roots of an equation can also be determined graphically as 
x-intercepts of the graph of the function y=f (x). If the equation 
has no roots close to each other, then its roots are easily separated 
by this method. In practice, it is often advantageous to replace 
a given equation by an equivalent one 


Y (x) os Ye (x), 

where the functions w, (x) and ,(x) are simpler than the function 
ij (x). Sketch the graph of the functions y=, (x) and y=y, (x) 
and find the desired roots as the abscissas of the points of inter- 
section of these graphs. 

The Methods of Approximating a Root. 1. Method of Chords. Ii 
the interval [a, 6b] contains the only real root € of the equation 
j (x) =0 and f(x) is continuous on the interval, then the first ap- 


proximation x, is found by the formula 
_ f(a) 
= 8 — Hay O — 9). 
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To obtain the second approximation x, a similar formula is ap- 
plied to that of the intervals [a, x,] or [x,, b], at the end-points 
of which the function f(x) attains values having opposite signs. The 
process is continued until the required accuracy is obtained, which 
is judged of by the length of the last obtained segment. 

2. Method of Tangents (Newton’s method). If f(a) f(b) <0, and 
[’ (x) and f” (x) are non-zero and retain definite signs forax<x<b, 
then, proceeding from the initial approximation x, (x,€[a, 6]) for 
which f(x.) f" (%)) > 0, we obtain all successive approximations of 
the root € by the formulas: 

= f (Xo) i f (%1) _ f (Xn-1) 
i i 0 a 000 1a 

To estimate the absolute error in the nth approximation we can 

apply the general formula 





| f (Xp) | 
[E—%n IS ’ 


where 
m,= min |f"(x)|. 
a<x<b 

Under the above conditions the method of chords and the method 
of tangents approximate the sought-for root from different sides. 
Therefore, it is usual practice to take advantage of their combination, 
i.e. to apply both methods simultaneously. In this case one can obtain 
the most precise approximation of a root more rapidly and the cal- 
culations can be checked. Generally speaking, the calculation of the 
approximations x,, %,, ...,%, Should be continued until the decimal 
digits to be retained in the answer cease to change (in accordance 
with the predetermined degree of accuracy!). For intermediate trans- 
formations we have to take one or two spare digits. 

3. Iteration Method. The equation f (x)=0 is first reduced to the 
form x =q@ (x) where | gy’ (x)| <q < 1 (g=const) fora<x<b. Star- 
ting from any initial value x,€[a, b], successive approximations of 
the root € are computed by the formulas x, = @ (x,), x, =@ (X,),---,X,= 
<= ~(xX,-,). The absolute error in the nth approximation can be 
estimated by the following formulas: 


|B 1< PG tn , 


if the approximations x 
and 


and x, lie on the same side of the root, 


n-1 


jae 
|E—x, | ams Tag | Xn-1 —Xy, , 


if the approximations x,_, and x, lie on different sides of the root. 
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3.12.1. Locate the roots of the equation 
i (x) =x*—6x+2=0. 


Solution. Compile a table of signs of f(x) at some chosen points 





From this table we draw the conclusion that the equation has 
three real roots lying in the intervals (—3, —1), (0, 1) and (1, 3). 


3.12.2. Determine the number of real roots of the equation 
j (x) =x+e*=0. 


Solution. Since f’ (x) = 1-+e* > 0; f (— co) = — 00; f (+ c0)=+00, 
the given equation has only one real root. 


3.12.3. An approximate value of the root of the equation f (x) = 
==x'—x—1=0 is x=1.22. Estimate the absolute error in this 
root. 

Solution. We have f (x) = 2.2153 — 1.22 — 1 =— 0.0047. Since at 
yee 23 

f (x) = 2.2888 — 1.23 — 1 = 0.0588, 


the root € lies in the interval (1.22, 1.23). The derivative f’ (x) = 
= 4x3— 1 increases monotonically, therefore its least value in the 
given interval is 


m,=4x1.225—1=4x1.8l6—1 =6.264, 
wherefrom we get an estimate of the error 


| 7 (x) | _ 0.0047 
m, 6.264 





eee ~ 0.00075 < 0.001. 


3.12.4. Solve graphically the equation 
xlogx—1=0. 


Solution. Let us rewrite the equation in the form 


log x=: —. 
2 x 
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Here 1, (x) =logx, wp, (x) =. There are tables for the values of 
these functions, and this simplifies the construction of their graphs. 
Constructing the graphs y=logx and y=— (see Fig. 57), we find 


the approximate value of the only 
root & ~ 2.5. 


3.12.5. Find the real root of the 
equation 


f (x) = x8 — 2x? + 8x—5 =0 


with an accuracy up to 1074: 
(a) by applying the method of 





chords, 
(b) by applying the method of 
tangents. 
Fig. 57 Solution. Let us first make sure 


that the given equation has only 
one real root. This follows from the fact that the derivative 


i’ (x) =38x?—4x+3> 0. 


Then, from /(1)=—3<0, f(2)=1>0 it follows that the given 
polynomial has a single positive root, which lies in the interval (1, 2). 
(a) Using the method of chords, we obtain the first approximation: 


y= 1-52-11 = 1.75. 


Since 
f (1.75) = — 0.5156 < 0, 


and /(2)=1>0, then 1.75<§&< 2. 
The second approximation: 


xq = 1.75 49:30 . 0.25 = 1.75 -+ 0.0850 = 1.8350. 


Since f (1.835) = — 0.05059 < 0, then 1.835 << § < 2. 

The sequence of the approximations converges very slowly. Let 
us try to narrow down the interval, taking into account that the 
value of the function f(x) at the point x,= 1.835 is considerably 
less in absolute value than f (2). We have 


i (1.9) =0.339 > 0. 
Hence, 1.885 << &€ < 1.9. 
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Applying the method of chords to the interval (1.835, 1.9), we 


will get a new approximation: 
— 0.05059 


Further calculations by the method of chords yield 
x,= 1.8437, x, = 1.8438, 


and since [ (1.8437) < 0, ie Jd. 8438) > 0, then § ~ 1.8438 with 
the required accuracy of | 

(b) For the method of ae we choose x,=2 as the initial 
approximation, since f(2)=1>0 and ["(x)=6x—4> 0 in the in- 
terval (1, 2). The first derivative /’ (x) = 3x*?—4x -+ 3 also retains its 
sign in the interval (1, 2), therefore the method of tangents is ap- 
plicable. 

The first approximation: 


pS OT 1857. 


The second approximation: 





% = 1.857 — rn aEh = = 1.857 — 2-022 = 1.8439. 
The third approximation: 
x, = 1.8439 — a — 1.8438, 


already gives the required accuracy. Here the sequence of the ap- 
proximations converges much more rapidly than in the method of 
chords, and in the third approximation we could obtain an accuracy 
up to 1078. 


3.12.6. Find the least positive root of the equation tan x =x with 
an accuracy up to 0.0001 applying Newton’s method. 


3.12.7. Find the real root of the equation 2—x—logx=0 by 
combining the method of chords with the method of tangents. 

Solution. Rewrite the left member of the equation in the follo- 
wing way: 


f (x) = (2 —x) + (— log x), 


whence it is seen that the function f(x) is a sum of two monoto- 
nically decreasing functions, and therefore it decreases itself. Con- 
sequently, the given equation has a single root &. 

Direct verification shows that this root lies in the interval (1, 2). 
This interval can be narrowed still further: 


Oe 1.8; 
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since 
} (1.6) =0.1959 > 0; f (1.8) =— 0.0553 < 0. 
Then 
’ I ; ! 
f' (x)=—1—-— loge, f(x) == loge 
and 


f' (x) <0; f’ (x) > 0 over the whole interval [1.6; 1 8]. 
Applying to this interval both the method of chords and the 
method of tangents with the initial point x,=1.6 we obtain the 
first approximations: 
(1.8— 1.6) f (1.6) __ 


x = 1.6 F409 — 1.6 + 0.1540 = 1.7540, 

Applying the same methods to the interval [1.7540, 1.7559], we 
get the second approximations: 
(1.7540 — 1.7559) f (1.7559) 





y= 1.7559 EO = 1.75858, 
_ j (1.7540) 


Since x,—x,;= 0.00001, the root € is computed with an accuracy 
up to 0.00001. 


3.12.8. Using the combined method find all roots of the equation 
f (x) = x8—dx-+1=0 accurate to three decimal places. 


3.12.9. Applying the iteration method find the real roots of the 
equation x—sinx=0.25 accurate to three decimal places. 

Solution. Represent the given equation in the form x —0.25 = sin x. 

Using the graphical method, we find that the equation has one 
real root €, which is approximately equal 
to x, = 1.2 (see Fig. 58). 

Since 


sin 1.1 =0.8912 > 1.1—0.25, 
sin 1.3= 0.9636 < 1.3—0.25, 


the root € lies in the interval (1.1, 1 3). 
Let us rewrite the equation in the 
form 


Fig. 58 x= (x)=sinx+0.25. 





Since the derivative g’(x)=cosx in the interval (1.1, 1.3) does 
not exceed cos 1.1 < 0.46 < 1 in absolute value, the iteration method 
is applicable. Let us write successive approximations 


AS Siete O.25. (nse, 2, ane), 
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taking x,= 1.2 for the initial approximation: 


x,=sin 1.2 +0.25=0.932 + 0.25 = 1.182, 
X,=sin 1.182 +0.25=0.925 +0.25 = 1.175; 
x,= sin 1.175 +0.25=0.923 + 0.25 = 1.173; 
x,=sin 1.173 + 0.25=0.9219+ 0.25 = 1.1719; 
x, = sin 1.1719+ 0.25 = 0.92154 0.25 = 1.1715; 
x,=$in 1.17154 0.25=0.9211 + 0.25 = 1.1711. 


q 


Since g= 0.46 and hence, a 1, we have €=1.171 within the 


required accuracy. 


3.12.10. Applying the iteration method, find the greatest positive 
root of the equation 


x8 +x = 1000 


accurate to four decimal places. 

Solution. Rough estimation gives us the approximate value of the 
root x, = 10 

We can rewrite the given equation in the torm 





x= 1000 — x, 

or in the form 
_— 1000 1 
i <2 x? 


or in the form 
x= }/ 1000—x and so on. 


The most advantageous of the indicated methods is the preceding 
one, since taking [9, 10] for the main interval and putting 


(p(x) = 7/ 1000 — x, 


we find that the derivative 
= 
3 )/ (1000 — x)? 


/ 


p (x) 
does not exceed 1/300 in absolute value: 
l 


Agee Ne cece 
l@ SUNS eee ~ 39 = 9: 
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Compute successive approximations of x, with one spare digit by 
the formula 


Xnap=py 1000—x, (n=0, l, 2, ...), 
Koa). 
x, = j/ 1000 — 10 = 9.96655, 
x, = j/ 1000— 9.96655 = 9.96666, 
x, = j/ 1000 — 9.96666 = 9.96667. 
We may put §=9.9667 with an accuracy of 107%. 
Note. Here, the relatively rapid convergence of the process of ite- 


ration is due to the smallness of the quantity g. In general, the 
smaller the g, the faster the process of iteration converges. 


3.12.11. Applying the method of chords, find the positive root of 
the equation 


f (x) = x8 + 1.1x?+0.9x—1.4=0 
with an accuracy of 0.0005. 


3.12.12. Using the method of chords, find approximate values of 
the real roots of the following equations with an accuracy up to 0.01: 

(a) (x—1)?—2sinx=0; (b) e*~—2(1—x)?=0. 

3.12.13. Applying Newton’s method, find with an accuracy up 


to 0.01 the positive roots of the following equations: 
(a) x°+50x—60=0; (b) x*+x—32=0. 


3.12.14. Using the combined method find the values of the root 
of the equation 
x —x—1=0 


on the interval [1, 2] with an accuracy up to 0.005. 

3.12.15. Applying the iteration method, find all roots of the equa- 
tion 4x—5Inx=5 accurate to four decimal places. 
§ 3.13. Additional Problems 


3.13.1. Does the function 
x if x<l 
fo=| ie if xl 
satisfy the conditions of the Lagrange theorem on the interval [0, 2]? 
3.13.2. Prove that for the function y=ax?+Bx-+y the number & 


in the Lagrange formula, used on an arbitrary interval [a, 5], is the 
arithmetic mean of the numbers a and b: §€S(a-+))/2. 
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3.13.3. Prove that if the equation 
AyX” +ax"t+...+a,_x«=0 
has a positive root x,, then the equation 
na x"-1-+-(n— l)a,x"-* +... +a,_,=0 
has a positive root less than x,. 


3.13.4. Prove that the equation xt—4x—1-=0 has two different 
real roots. 


3.13.5. Prove that the function f(x)=x"+px+q cannot have 
more than two real roots for n even and more than three for n odd. 


3.13.6. Prove that all roots of the derivative of the given poly- 
nomial f (x) = (x+ 1) (x— 1) (x—2) (x —3) are real. 


3.13.7. Find a mistake in the followinz reasoning. 
The function 
jx’ sin(l/x) for x0, 


(x) = ) 0 forx =0 


is differentiable for any x. By Lagrange’s theorem 


dey sas: it een 
sin[ =x (2 sing cos =), 


whence 
cos eae sin z—* sin + O<E< x). 
As x tends to zero € will also tend to zero. Passing to the limit, 
we obtain lim cos (lie) = 0, whereas it is known that limcous(1/x) is 
E> 


x0 


non-existent. 


3.13.8. Find a mistake in the following deduction of Cauchy’s 
formula. Let the functions f(x) and @ (x) satisfy all the conditions 
of the Cauchy theorem on the interval [a, 6]. Then each of them 
will satisfy the conditions of Lagrange’s theorem as well. Consequ- 
ently, for each function we can write the Lagrange formula: 

f (6)—f(ay=/' (&) (6—a), a5 <0, 
p(b)—@(a)=' (E)(6—a), ac&<b. 
Dividing the first expression by the second, we obtain: 
f(6)—F(a) _ Fe) (6-2) _ 
p(o)—G (a) (E)(O—a) —’ (E) 
3. es 9, gre oe inequalities: 


(a) = ~<a 5 o if0O<b<a, 
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(b) py?! (x—y) [xP yu? < px?) (x—y) if O<y <x and p>. 
3.13.10. Prove that all roots of the Chebyshev-Laguerre polynomial 


d 
L, (x) = *a 





- x) 





are positive. 


3.13.11. Prove that if the function / (x) satisfies the following 
conditions: 

(1) it is defined and has a continuous derivative of the (n—1)th 
order f'"-» (x) on the interval [x,, ~x,]; 

(2) it has a derivative of the nth order f(x) in the interval 
(Xo, Xn)s 

(3) f(g) =F) = 0. =F a) (Xo << oe <y, 
then ne the interval [x,, x,] there is at least one point € such 
that /' (&) =0. 


3.13.12. a limit of the ratio of the functions 


: e-2% (cos x +2 sin x) _ 1+ 2tanx 
in = ————_——_ lim e~* ———_—_ 
row @ * (cos X-+ sin x) Pare [+ tan x 

[I+2tanx . 


is non-existent, since the expression emag discontinuous at 


the points x,=nn-+7/2 (n=O, 1, ...), but at the same time the 
limit of the “ratio of the derivatives does exist: 


[e-?* (cos x +2 sin x)]’ 
[e-* (cos x-+ sin x)]’ 


; —5e-** sinx DB. ax 
u —2e-*sinx 2 ne 0 


x > ® x> QD 


lim 
x > @ 


Explain this seeming contradiction. 


3.13.13. Prove that the number 0 in the remainder of the Taylor 
formula of the first order 


7 h? ” 
f (a+h) =f (a) -+Af’ (a) +5 F (a+ 8h) 
tends to 1/3 as h—0 if f’’’ (x) is continuous at x =a and ['” (a)0. 
3.13.14. Prove that the number e is an irrational number. 


3.13.15. Prove that for 0<x«<a/2 the function f(x) =(sin x)/x 
decreases. From this obtain the inequality ee for 
0<x< m/2 and give its geometric meaning. 


3.13.16. Show that the function / (x) =x-+-cosx—a_ increases; 
whence deduce that the equation «+ cosx=a has no positive roots 
for a< 1 and has one positive root for a> l. 


3.13.17. Show that the equation xe*=2 has only one positive 
root found in the interval (0, 1). 


§ 3.13. Additional Problems 193 


3.13.18. Prove that the function 


fay fete sin = for x0, 
| 0 


for x=0 
is not monotonic in any interval containing the origin. Sketch the 
graph f (x). 

3.13.19. Prove the theorem if: (1) f(x) and q(x) are continuous 
in the interval [{a, b] and differentiable inside it; (2) f(a)= 9 (a); 
and (3) f’ (x) > 9’ (x) (a<x<6), then f(x) >@(x) (a<x< 6). 


ax +b 


aa has neither maxima, 


3.13.20. Show that the function f (x)= 
nor minima at ad—bc+0. 





3.13.21. In the trinomial x?-+ px-++q choose the coefficients p and q 
so that the trinomial has a minimum at x=3 and that the mini- 
mum equals 5. 


3.13.22. Test the function f (x) =(x—x,)” »(x) for extremum at 
the point x==x,, where n is a natural number; the function @ (x) is 
continuous at x =x, and @ (x,) 0. 


3.13.23. Given a continuous function 
)— { (2—sin = ) lI at x40, 
0 at x=0. 


f (x 


Show that f(x) has a minimum at the point x=0, but is not 
monotonic either on the left or on the right of x=0. 


3.13.24. Find the greatest and the least values of the following 
functions on the indicated intervals: 


(a) y=|x| for —lx<x<l, 

(b) y=E(x) for —2<a*¥<1. 

3.13.25. Do the following functions have the greatest and the 
least values on the indicated intervals? 

(a) f (x) =cos x for —n/2<ax< 4, 

(b) f (x) =arcsinx for —l <x <1. 

3.13.26. Prove that between two maxima (minirna) of a continuous 
function there is a minimum (maximum) of this function. 


3.13.27. Prove that the function 


x*? sin? (1/x) for x0, 
ho=14 for x =0 
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has a minimum at the point x,=0O (not a strict minimum). 


3.13.28. Prove that if at the point of a minimum there exists a 
right-side derivative, then it is non-negative, and if there exists a 
left-side derivative, then it is non-positive. 


3.13.29. Show that the function 
pe 1/x? (x > 0), 
3x7 (x<0) 


has a minimum at the point x=0, though its first derivative does 
not change sign when passing through this point. 


3.13.30. Let x, be the abscissa of the point of i flection on the 
curve y=/ (x). Will the point x, be a point of extremum for the 
function y=f’ (x)? 


3.13.31. Sketch the graph of the function y=f (x) in the neigh- 
bourhood of the point x= —1 if 


f(—1) =2, P(—N=—1, P(—N =), F(x) > 0. 


3.13.32. For what choice of the parameter A does the “curve of 
probabilities” 


if al et (h > 0) 
have points of inflection x=+ 0? 


3.13.33. Show that any twice centinuously differentiable function 
has at least one abscissa of the point of inflection on the graph of 
the function between two points of extremum. 


3.13.34. Taking the function y= x*4- 8x? -+ 18x?-+8 as an example, 
ascertain that there may be no points of extremum between the 
abscissas of the points of inflection on the graph of a function. 


3.13.35. Prove that any polynomial with positive coefficients, 
which is an even function, is concave everywhere and has only one 
point of minimum. 


3.13.36. Prove that any polynomial of an odd degree n >3 has 
at least one point of inflection. 


3.13.37. Proceeding directly from the definition, ascertain that 
the straight line y=2x-+I1 is an asymptote of the curve y= 
Oxted 
ee 


Chapter A 


INDEFINITE INTEGRALS. 
BASIC METHODS OF INTEGRATION 


§ 4.1. Direct Integration and the Method of Expansion 
Direct ene consists in using the following table of integrals: 
(1) |" du=*_+.0 (n#—1); 
(2) 8 scintatate 
(3) \a"du= pea" +C; e*du=e"+C; 

(4) | cosudu =sinu+C; sinudu = —cosu+C; 

D) 


\ 
( | cosh w du = sinhu+C; eae em 











(6) veer =tanu+C, — = —cot u--C; 
(7) Vat 3 =- arctan “4 4C=—-—arecot 4 ZoeG, (a > 0); 
(8) ft mare 4 Cm — areca 46 (a> 0); 
Bee ter rneee 

du u—a 
(10) (545 =p In| 42] +. 








In all these formulas the variable u is either an independent 
variable or a differentiable function of some variable. If 


\ f (u) du =F (u)-+C, 
then 
(Fax +b) dx=1 F (ax+b) +0. 


The method of expansion consists in expanding the integrand into 
a linear combination of simpler functions and using the linearity 
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property of the integral: 


| Sate r=Qa 4 fi (x) dx (3 lai> 0), 


x?+ 5x—1 


4.1.1. Find the integral p=|=4E— 5 dx. 


Solution. 
I -( — aor It) dx = 
= \ xe ls a? } x'/2 dx — ( xohdx= 


*/e 
=A 1¢, 4 ht C,—2x'+C,= 


=2V4(S4+F—-1)4C. 


Note. There is no need to introduce an arbitrary constant after 
calculating each integral (as is done in the above example). By com- 
bining all arbitrary constants we get a single arbitrary constant, 
denoted by letter C, which is added to the final answer. 


at.2, p= (OBB R PEt gy, 


dx 
4.1.3. I = \ sae . 
Solution. Transform the integrand in the following way: 
l __sin?x+cos?x | i l 
sin?xcos?x  sin?xcos?x  cos?x | sin2x 
Hence, 





=| +\ = tanx—cotx+C. 


4.1.4. J/= \ tan? x dx. 
Solution. Since tan? x =sec?x—1, then 


— | tan? xdx = | cat 


cos? x 


—| dx =tanx—x+C. 


4.1.5. 7 = \ (x?45)*dx. 

Solution. Expanding the integrand by the binomial formula, 
we find 

T= | (x8 + 15x! + 7529+ 125) dx = 7 Spats 


4.1.6. / = \ (3x +5)! dx. 





4+ 125x-+C. 
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Solution. Here it is not expedient to raise the binomial to the 
17th power, since w=3x-+5 is a linear function. 
Proceeding from the tabular integral 


{ue du=4~ +0, 
we get 


ae Choa) 
[=q° EC. 





dx 
4.1.7. — Y——_————”—S Gj 
Lt. t= \ 


4.1.8. J/= ( cos (mx + 1) dx. 
Solution. Proceeding from the tabular integral (4) 


| cos udu = sin u+cC, 
we obtain 
I = sin (mx + 1)+C. 


4.1.9. /= \cos4xcos 7x dx. 


Solution. When calculating such integrals it is advisable to use 
the trigonometric product formulas. Here 


cos 4x cos 7x = > (cos 3x + cos 11x) 


and therefore 


[=z | cos3xdx +5 \ cos Ix dx = 5 sin 3x+ 55 5 Sin LIx+C. 


Note. When solving such problems it is expedient to use the 
following trigonometric identities: 


sin mx cos nx =~ [sin(m—n) x+ sin(m-+n) x]; 


3 
: ; l 
sin mx sin nx =7 [¢ cos (m—n) x—cos(m-+n) x]; 
l 
COS MX COSNX = > [cos (m—n) x-+cos(m-+n) x]. 


4.1.10. J/= \ cos x cos 2x cos Ox dx. 
Solution. We have 


l 
(cos x cos 2x) COS OX = > 


x (COS X ++ COS 3x) COS OX = 


= z [cos 4x + cos 6x] + = (cos 2x + cos 8x). 
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Thus, 
l=> | | cos 2xdx+ | cos 4xdx+ | cos6xdx+ | cos8xdx| = 
1. 15 ee I. 
=F sin 2x + 7, sin 4x + 57 sin 6x + 35 sin 8x--C. 
4.1.11. J/= | sin? 3xdx. 


Solution. Since sin? 3x == Ss 


2 
1=5 cl — cos 6x) dx =5x—5 sin 6x-+C. 


, then 


4.1.12. 7 = cosh? (8x-+5) dx. 


__ cosh 2u+ 1 
a 


Solution. Since cosh? u , then 


(1 —s 10)] dx => x45, sinh (16x-+ 10) +C 


dx 
Solution. [= —., \ pop = ate tan (x 42)+4€. 
41.14. 7=\ pote. 
d 
4.1.15. I=\a55- 
4.1.16. “li 


d l ; 
——__—— ieee ore sin ore 
aa V 4/9— x 3 2 


4.1.17. Winall 
: dx dx 
‘ l= ——_—_— FS) ————==_=___— => 
Solution === —- arc sin — eee 


.1.18. ana ———————— 
Tee \ 7S 


Solution. | = =| = 


ax 
4.1.19. a 
Solution. 
dx] 2V 24x42 | | 
[= be — —— — 4V 9 In| Septet? | z 


4.1.20. 1=\ ge . 
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4.1.21. Evaluate the following integrals: 


: dx x—1 
(a) \ @—6x+13° (b) Wee 
(c) ese (d) lS 2+ 3x? 


cos? x Pape? 


4.1.22. Integrate: 


V i— x? + ue cos 2x ; 
(a | V l—x4 dx; (b) \= x— sinx 2% 
(c) pate ge (d) { (sin ox — sin da) dx. 


§ 4.2. Integration by Substitution 


The method of substitution (or change of variable) consists in sub- 
stituting @(¢t) for x where q(t) is a continuously differentiable 
function. On substituting we have: 


VF (x) dx = \ FL (t)] 9’ (f) de, 


and after integration we return to the old variable by inverse sub- 
stitution f= @7! (x). 
The indicated formula is also used in the reverse direction: 


| Fle @)] o (dt =§ f (x) dx, where x =@ (2). 


4.24. [=\ xVx—5ade. 
Solution. Make the substitution 


Vx—5=t. 


—5=f?, x=t?+5, dx=2t dt. 
Substituting into the integral we get 


Whence 


J =\ (+5) t-2t dt = =2 | (450) dt = 24S +C. 


Now return to the initial variable x: 


2 (x—5)°/ = 5) /2 


f= + 


ax 
4.2.2. /= Ter" 


Solution. Let us make the substitution 1-+-e*—t. Whence 
e*=t{—1, x=In(t—1), dx =dt/(t—1). 


+C. 
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Substituting into the integral, we get 
j= ax dt 

=\ 142" Sr—0' 


| l l 


— wee ee oe 


t(¢{—1l) ¢f—I1 ¢? 


But 


therefore 
dt dt 
f=\-)--\F=in[t—1|—Injt|+c. 


Coming back to the variable x, we obtain 


[=In at C= x—In(1+-e*)+C. 


Note. This integral can be calculated in a simpler way by mul- 
tiplying both the numerator and denominator by e7*: 


\ Si ae = — | Se =— Ine* + lIj)+C= 


=—In =x—In(e*+1)+C. 





4. +3 
en = 


424.1 = ear aes 
(x4 + 3x? + 1) arc tan ——— 
Solution. Transform the sii 
pz (1 — 1/x?) dx 
- \ [(x+ 1/x)?-+ 1] arc tan (x+ 1/x) ° 


Make the substitution x+o=t; differentiating, we get 


(1—<y) de =a. 
Whence 


'=\axnGe tan?’ 
Make one more substitution: arctant=—u. Then 


at 


Bay oe 





and 


d 
p=\F=in|ul+c. 
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Returning first to ¢, and then to x, we have 
[ =I1n |arc tant] +-C =In| arc tan (x+5 ~)|+e¢. 
4.2.5. 1] =| VP—P gy 
a 


Solution. Make the substitution: 


l dt 
x= 7; dx=—-. 
Hence, 
_ V a®— 1/02 \ age 
f=— THB aE = t V at?— 1 dt. 


Now make one more substitution: Va?#?—1—=2z. Then 2a%tdt = 
= 2zdz and 


/=— a | tde=— sat. 
Returning to ¢ and then to x, we obtain 


_ 2)"/s 
fa 


3a2x3 
dx 
4.2.6. l=\5 sin? x-+ b? cos? x’ 
Solution. 
j= dx dx 
2 2 2 2 Bo ae ee gee 
a® sin? x-+ 6% cos . : & tan? x41 cos? x 
Make the substitution “tanx =t; fe Then 
b 6 Se 
lL f° al l 
L=> Te =p atc tant +C. 


Returning to x, we obtain 


l a 
| == are tan (+ tan x +C. 


4.2.7. | = \ /1+-3 sin x cos x dx. 
Solution. Make the substitution 1+3sinx =t, 3cosxdx=dt. Then 


i! (14-3 sin x)‘/s 
l=5\Vta=z \ teat = x: {e+ C=Ctsne +C. 


4.9.8 j=(oe 


cos x" 
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4.2.9. | 

Solution. Make the substitution: arc cos x =t; — Tr == = dt. Then 
f=—(G=—lredtapet4+C=p2 ae tC 

4.2.10. ‘= ere 

4.2.11. 1 =| AE dx. 


Solution. Make the substitution: 
ltsin?x=t; 2sinxcosxdx =sin 2x dx --dt. 





Then 
[= * =Int-+C=In(1+sin?x)+C. 
i ]-+-In x 
4.2.12. /= hie” 


Solution. Substitute 
3+xInx=t, (1 -+-Inx)dx=dt 
and get 
p=\F=in|t|+C=In[3+xInx|4+C 


4.2.13. Evaluate the following integrals: 


S nx 
(a) ae dx; (b) ( 


xinx’ 
Xdx xe 

(c) \w () | Spats 

sin fe 
(e) (nan (f) \ (ine +755) $. 
4.2.14. Find the following integrals: 

gO Aes Hiwae .. 
(a) \ y/ 1—xdx; (b) ae 
(c) | cos xVsinxdx; (d ) |e z 











§ 4.3. Integration by Parts 
The formula 
\ udv=uv— \ uv du 


is known as the formula for integration by parts, where u and v 
are differentiable functions of x. 
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To use this formula the integrand should be reduced to the pro- 
duct of two factors: one function and the differential of another 
function. If the integrand is the product of a logarithmic or an 
inverse trigonometric function and a polynomial, then wu is usually 
taken to be either the logarithmie or the inverse trigonometric func- 
tion. But if the integrand is the product of a trigonometric or an 
exponential function and an algebraic one, then u usually denotes 
the algebraic function. 


4.3.1. /= \ arc tan x.dx. 
Solution. Let us put here 


u=arc tan x, du = dx, 
whence 
dx 
du = T+ x’ VU=X; 


xdx 


I 
[pg are tan x — = In(1 +x?) +C, 





I = |are tan xdx =x arc tan x—| 


4.3.2. [= | arc sin x dx. 


4.3.3. [= | x cos x dx. 
Solution. Let us put 
Sx: dv=cos x dx, 
whence 
du = dx; v= sin x, 
= ( xcosxdx = xsinx—| sinxdx-=xsinx-+cosx-+C. 
We will show now what would result from an unsuitable choice 
of the multipliers u and dv. 


In the integral \ x cos x dx let us put 


== COS x; du=x dx, 
whence 
: ] 
du =- — sinx dx; v=>%. 


In this case 


ks x cosx+ 5 | xsinxdz, 


As is obvious, the integral has become tnore complicated. 
4.3.4. [= \ x* In x dx. 
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Solution. Let us put 


u=Inx; dvu=x'dx, 
whence 


jie. C= 


+ 
Xx whi 


l 
a 
f= Zxtins— Z| tas xt Ine q \ Pde =F etinx— ye +C, 


4.3.5. 1 =\ (x*—2x45)e7* dx. 
Solution. Let us put 
u=x?—2x+5; du=e*dx, 
whence 
du = (2x—2)dx; vu=—e7*; 
1=\ (x?— 2x + 5) e7* dx = — e~* (x? —2x4+5)42 ( (x— l)e~* dx. 


We again integrate the last integral by parts. Put 
x—l=uU; dvu=e-* dx, 
whence 
du=dx; v=—e-*. 
= 2 ( (x— 1) e~* dx = —2e7* (x —1)+2 \ e~* dx = —-2xe-* +C, 
Finally we get 
[= —e-* (x*—2x + 5)—2xe7* + C = — 0 * (7+ 5)4-C. 


Note. As a result of calculation of integrals of the form \ P (x) e%* dx 


we obtain a function of the form Q(x) e**, where Q(x) is a poly- 
nomial of the same degree as the polynomial P (x). 

This circumstance allows us to calculate the integrals of the in- 
dicated type using the method of indefinite coefficients, the essence 
of which is explained by the following example. 


4.3.6. Applying the method of indefinite coefficients, evaluate 
= | (8x°— 17) e dx. 
Solution. \ (3x3 — 17) e?* dx = (Ax§-+ Bx? + Dx+ E)e*+C. 
Differentiating the right and the left sides, we obtain 
(3x8 — 17) e?* = 2 (Ax' + Bx? + Dx + E) e?* + e* (3Ax? + 2Bx-+ D). 
Cancelling e?*, we have 
Ox8— 17 = 2Ax' + (2B4+ 3A) x? +(2D+ 2B) x+(2E+D). 
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Equating the coefficients at the equal powers of x in the left and 


right sides of this identity, we get 
3= 2A; 0=2B+43A; 
0=2D+ 2B; —17=2E+D. 


Solving the system, we obtain 
3 = 9. sa DE a _ 77 
A=3; B=—7, D=73, E=— 9. 
Hence, 
\ axe liye dx = (sO FP tz F) e2* 1, 


4.3.7. Integrate: 
[=\ (x? + 1) cos x dx. 


Solution. Let us put 
u=x'+1; dyu=cosxdx, 


whence 
du=3x?dx, vu=sinx. 


]=(x8+ 1)sinx—3 \ x? sin x dx = (x?+ 1) sinx—3/,, 


where j= x? sin x dx. 
Integrating by parts again, we get 
[,=—x' cosx+2/,, 


where /, = | x cos xdx. 

Integrating by parts again, we obtain 

»=xsinx+cosx+C. 

Finally, we have: 

I =\ (x8+- 1) cos x dx=(x3-+ 1)sinx+3x?cosx— 6x sinx—6cosx+C= 
= (x3 —6x-+ 1) sin x + (38x? —6)cosx+C. 

Note. The method of indefinite coefficients may also be applied 

to integrals of the form 
\ P (x) sin ax dx, ( P (x) cos ax dx. 


4.3.8. 1 = | (x? +.3x +5) cos 2x dx. 
Solution. Let us put 


( (x? + 3x-+ 5) cos 2x dx = 
= (Ax? + A,x-+ A,) cos 2x-+ (B,x* + Bx + B,)sin2x+C. 
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Differentiate both sides of the identity: 
(x? + 3x -+ 5) cos 2x = —2 (A,x? + A,x-+ A,) sin 2x + 
+ (2A,x-+ A,)cos2x-+ 2 (Box? + B,x-+ B,) cos 2x+ (2B,x+B,)sin2x= 
= [2B)x*? + (2B, +2A,)x+ (A, + 2B,)] cos 2x + 
+ [—2A),x? + (2B,—2A,) x + (B,—2A,)] sin 2x. 


Equating the coefficients at equal powers of x in the multipliers 
cos2x and sin2x, we get a system of equations: 


2B, = 1, 2(B,+ Ay) =3; A, + 2B, =5; 
—2A,=0; 2(B,— A,) =9; B,—2A,=0. 


Solving the system, we find 


3 3 9 


2 


Thus, 
( (x? + 3x + innesileed : +) cos2x+( x? -}- Sx 45 +) sin?x+C. 
4.3.9. [= ( (3x? + 6x + 5) arc tan x dx. 


Solution. Let us put 


u= arctan x; du = (3x? + 6x +- 5) dx, 
whence 
dx 


du = 7a} 


v= x? + 3x?-+ Ox. 
Hence, 


[ = (x8 + 3x? + 5x) arc tan x—| a dx. 


Single out the integral part under the last integral by dividing 
the numerator by the denominator: 


n=) "Tra tm Jeraart as 


=F +3x4+2/ S85 —3(_" 


Substituting the value of /,, we finally get 
[ = (x8 + 8x?-+ 5x-+ 3) arc tan x—x?/2—3x—2 In (x°?-+1)+C. 
4.3.10. Find the integral 


[= { e’* cos 4x dx. 





x id 
= 5 ope 3x+2In(x?+ 1)—3arctanx+C. 








xe 


Solution. Let us put 
e'=—y; cos4xdx =du, 
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whence 
be®* dx =du; v = oi 4x. 
Hence, 


] : Sag 
[= we sin 4x a \ e’* sin 4x dx. 


Integrating by parts again, we obtain 


r n 
i e’* sin 4x dx = — zerrcos4x+ > | e’* cos 4x dx. 
Thus, 
ee 5 ee 5 
l= @* sin te>— = 7 e* cos 4x e’* cos 4x dx }, 

i. e@. 

eh aeen as 5 25 

f=—e (sin 4x+3 cos 4x )—2/. 
Whence 

/= 


ae (sin 4x +t 2 cos 4x) +C, 


4.3.11. 1 = cos(In x) dx. 


Solution. Let us put 


u=cos(Inx); du=dx, 
whence 


. d 
du =—sin(Inx)=; Ux. 
Hence, 


i= \ cos (In x) dx = x cos (In x) -+ \ sin (In x) dy. 


Integrate by parts once again 


4 =sin (In x); dv =dx, 
whence 
du = cos (In ee Ux. 
Hence, 
fa \ sin (In x)dx = x sin (In x) — \ cos (In x) dx. 
Thus 
i= \ cos (In x) dx =x cos(Inx)+ x sin(Inx)—/. 
Hence 


l => [cos (In x) ++ sin (In x)] +C. 
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4.3.12. 1=|xIn 1+— dx. 


Solution. Let us transform the integrand 


In (1 +) =n = Inet 1)—In x. 





Hence 
P= \xln(x+1)dx—{ xInxdx=1,—/,. 
Let us integrate /, and /, by parts. Put 


u=In(x-++1); dvu=xdx, 
whence 


dip Os v= 4 (x*—1). 





Hence 





I= (xn (x + I) dx => (x 1) In (x-E )p—-7 |" - 
== ing t+ y—z fe Nar= net N-G reget 
ae +1)—4 == Lee: 
Analogously, 








[=| xin xdx="Inx— TPC. 
Finally we have 


J=\xin (1 +=] dx => (x*— 1) In(x+ 1)—* In C+ 54+. 
4.3.13. I= | ee sy, 


Xx 


Solution. First apply the substitution 


1 
lj+4=t. 
Then 
2dx dx ] 
dt = — —; or a= yt. 
Hence, 





t={ V 14+ 5m22). 8-3 V7 ined, 


x3 
The obtained integral is easily evaluated by parts. Let us put 
u=Int; du=Vidt. 
Then 


dt 2 os 
du=—; v=_ztVe. 


§ 4.3. Integration by Parts 209 
Whence 
—5|\Viintdt=— 3 preety? 
l 4 is 
Returning to x, we obtain 
| 2 1 \3/2 ] 4 | \3/2 
I=—9[z(1t+g)" m(l+a)—g(lta) "| +e- 
2 1 l 
=GtyFttlo—3in(1+)| He 
4.3.14. /= \ sin x In tan x dx. 


4.3.15. 1 =\In(V1—x+V1 +x) dx. 
Solution. Let us put 
u=In(Vi-x+V1+x); dv=dx, 
whence 
Vv ix V +x 2 V1—% 2V1+x 
—t Vie=x—VI+x dk 1 eee, 


re ree —_ @ 


2 yi—x+VI+x Vi-xz 2 xVI—-x# , 





U=X. 
Hence, 
A ride 
f=xin(VI—x+V14a)—3 | # dx = 
x VIl—-e 


axnVTH+VTTD—4 fart d ( tt 
=xIn(VI—x+V1+x)—5 x4 are sin CAL. 


Note. In calculating a number of integrals we had to use the 
method of integration by parts several times in succession. The 
result could be obtained more rapidly and in a more concise form 
by using the so-called generalized formula for integration by parts 
(or the formula for multiple integration by parts): 


\ w(x) 0 (x) dx =u (x) 0, (x)—u" (x) 0, (x) +H" (x) 05 (x) — 
Je (11 (2) 0, (2) — (1) | u(x) 0, (x) de, 
where 
U, (x) = \ 0 (x) dx; v, (x) = ( U(X) OK5 axe? U(X) = ( U,—1 (x) dx. 


Here, of course, we assume that all derivatives and integrals appea- 
ring in this formula exist. 
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The use of the generalized formula for integration by parts is 
especially advantageous when calculating the integral { P(x) (x) dx, 


where P,,(x) is a polynomial of degree n, and the factor @ (x) is 
such that it can be integrated successively n-++ 1 times. For example, 


k ekx : ekx 
| Pa (x) eh dx = P, (x) ~ Pala) ge +... + 
ekx 


+ (—1)” Pe (X) caxi +C= 
P i —1)n 
= ets [Pn Pat... + GP Prin] $C. 











4.3.16. Applying the generalized formula for integration by parts, 
find the following integrals: 


(a) ( (x3 — 2x? + 3x— 1) cos 2x dx, 
(b) | (2x24 3x*—8x-+ 1) V 2x4 6adx. 











Solution. 
(a) | (9 2x8 + 3x— 1) cos 2x de = (x° 22? + 3x-- 1) SA — 
2 in 2x \ 2 
— (3x? — 4x + 3) (— — =) +(6x—4)(—5 = \— 6 rt 
= SP (x8 — 4x2 + 38x) + 5 (68x +3) +; 


(b) | (2x? + 3x*—8x + 1) V 2x46 de = 





/2 / 
= (2x + 3xt— 8x4 1) OEE _ (62 4 Gx—g) EO 
9x-1+-6 7/2 9 6)9/2 
+ (12x-+ 6) oe — 12 + C= 
— VFS (oy + 6) (70x°—45x*— 396x +897) -+C. 


Evaluate the following integrals: 
4.3.17. | in(x+-V1-x) de. 
4.3.18. \ i/ x (In x)? dx. 

$45, =. 

= \ Vi+% 

4.3.20. (SS 





sin? x 


4.3.21. ( 3* cos x dx. 
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4.3.22. \ (x3 —2x? + 5) e%* dx. 


4.3.23. ] +- x*)* cos x dx. 


4.3.25. 


\ 

4.3.24. \ (4? + 2x — 1) sin 3x dx. 
\ x®—2x + 3) In x dx. 
\ x9 


4.3.26. arc tan x dx. 
4.3.27. ( x? arccos x dx. 


4.3.28. Applying the formula for multiple integration by parts, 
calculate the following integrals: 


(a) (' (3x? + x—2) sin? (8x-+ 1)dx;  (b) \ a de 
2x+ 1 





§ 4.4. Reduction Formulas 


Reduction formulas make it possible to reduce an integral depend- 
ing on the index n>0O, called the order of the integral, to an 
integral of the same type with a smaller index. 


4.4.1. Integrating by parts, derive reduction formulas for calcu- 
lating the following integrals: 


sin *d 


dx . oe 
(a) In=\ Gaye? (0) Pam =\ Sa 
(Cy f= \ (a? — x?)" dx. 
Solution. (a) We integrate by parts. Let us put 


1 
u= (tan? du=dx, 
whence 
A 2n x dx 
U =~ Ge paynrl ? U=X. 
Ilence, 
x x? 
I= arpan +0 | Garp gayrat a = 
ee: (x? a*)—a* 
= pap 1M) Gap anper = Gray tly nana 
whence 
] x 2n—1 1 


n+!" Ong? (x? -+- a)" on a2 
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The obtained formula reduces the calculation of the integral /,,, 
to the calculation of the integral /, and, consequently, allows us 
to calculate completely an integral with a natural index, since 


| ae =—arctan=+C. 


x24 q2 
For instance, putting n=1, we obtain 
dx I x | 1 x l x 
= \ papa wpe toe papa tgs arctan +¢, 
putting n=2, we get 


fe dx _ | x 3 / 

= \ ati at 4q2 “2 
1 x 3 x 3 x 

Ta pap t gal wpa t ge arctanT +C. 


——— 
— 


(b) Let us apply the method of integration by parts, putting 





sin x 
u=sin"-1x; dvu=——dx, 
cos” x 
whence 
l 
du =(n—1)sin"~* xcosxdx; v= 


(m— 1) cos®-! x 


(m # 1), 


Hence, 
/ -_ sin? -1! x _ n—l sin?—-2xdx 
ny ~m~~(m—l)cos®-lx m—!1 cost@—2 yx 
sin? -1! x n—| 
~ (m—1) cos@-ly  m—] Uo 2—-mM (m= 1). 


(c) Integrate by parts, putting 
u=(a®?—x*)", du=dx, 

whence 

du = — 2nx (a®—x*)""1 dx; v=x. 
Hence 
|, =X (a2 — x*)" + 2n \ x? (a? — x?)"-"ldx = 

= x (a®—x?)" + 2n \ (x? — a? +- a?) (a? — x?)"-1dx = 
= x (a? — x)" —2n],,+ 2na?l,_.. 

Wherefrom, reducing the similar terms, we obtain 

(1+ 2n) 1, =x (a? —x?)" + 2na?l,_,. 
Hence, 


I __ x (a? — x?)n 2na? ] 
an 2n+1 onal ae 
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For instance, noting that 
le aye =| erate sin—+C, 
we can find successively 
Lij2= \ Vae—x? dx == (a?—x*)/ 24 © [iye2= 


= 5Ve— x 24 aresin= +¢, 





er ee and so on. 

4.4.2. Applying integration by parts, derive the following reduc- 
tion formulas: 

(a) /,= \ (In x)" dx = x (In x)"—nal,,_33 

(b) 1, =) x (Inxytdx = I,-, (a@#—1); 

(Cc) /,= \ x"e* dx = x"e* —nI 33 


(d) /,= \ e%* sin” x dx == 





n(n—1) 
=o 2 a2 + n? 
4.4.3. Derive the reduction formula for the integration of /,= 


=| a and use it for calculating the integral /, = es, 
sin? x sin? x 


[,- 





—;sin”~! x (a sinx—ncos x) + 





4.4.4. Derive the reduction formulas for the following integrals: 
(a) /,= \ tan" xdx; (b)/,= \ cot” x dx; 


n dx 
Leah Se 
©) In=\ 7S 





Chapter 5 


BASIC CLASSES 
OF INTEGRABLE FUNCTIONS 


§ 5.1. Integration of Rational Functions 


P (x) 


If the denominator Q(x) of the proper rational fraction O (x) 





can 
be represented in the following way: 
Q (x) = (x—a)* (x—b)! ... (xX? Fax BY (+ xp) ..., 


where the binomials and trinomials are different and, furthermore, 
the trinomials have no real roots, then 


P(x) A A Ar 
Q (x) ea =a) nae ae (x—a)* iF 





B B B 
Teap Gane ee Ga 


Myx+ M4 Mex+N-2 M,x+N, 


Te paxt pT ax pp tt Ge poxrpy f 
Rix+Ly R.x+L, Rsx+Ls 
Tepper (x? + yx pb)? Tee Tp pep ae to 
where 
A Bish iop Bye Bix sxe Mop Nap Mey. Na, alex Lye Ray Dek 


are some real constants to be determined. They are determined by 
reducing both sides of the above identity to integral form and 
then equating the coefficients at equal powers of x, which gives 
a system of linear equations with respect to the coefficients. (This 
method is called the method of comparison of coefficients.) A system 
of equations for the coefficients can also be obtained by substitu- 
ting suitably chosen numerical values of x into both sides of the 
identity. (This method is called the method of particular values.) 
A successful combination of the indicated methods, prompted by 
experience, often allows us to simplify the process of finding the 
coefficients. 

If the rational fraction —” 
Q (x) 


first be singled out. 





is improper, the integral part should 
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D.1.1. 
l= __lox?—4x—81 
(x —3) (x-+ 4) (x— 1) 
Solution. The integrand is a proper rational fraction. Since all 


roots of the denominator are real and simple, the integral will 
appear in the form of the sum of three simple fractions of the form 


15x2—4x—8] A B D 
(x—3) (x-+4) (x—1) Seg | goed Teo 


dx. 


where A, B, D are the coefficients to be determined. Reducing the 
fractions to a common denominator and then rejecting it, we obtain 
the identity 


15x? — 4x—81 =A (x + 4) (x—1)4 B (x—3) (x—1)+ 
+ D(x—38)(x+4).  (*) 


Comparing the coefficients at equal powers of x in both sides of 
the identity, we get a system of equations for determining the 
coefficients 


A+B+D=+=15; 38A—4B+D=—4; —4A+8B—12D=—8l. 


Solving the system of equations we find A=3, B=5, D=7. 
Hence, 
dx dx dx 
1=3) 45) 47) = 
= 3In|x—3/+5In|x4+-4|+7In]x—1|4+C= 
= In| (x— 3)? (x--+ 4)* (v—- i)? |-4+-C. 


Note. Let us use the same example to demonstrate the applica- 
tion of the method of particular values. 

The identity (*) is true for any value of x. Therefore, setting 
three arbitrary particular values, we obtain three equations for 
determining the three undetermined coefficients. It is most conve- 
nient to choose the roots of the denominator as the values of x, 
since they nullify some factors. Putting x=3 in the identity (*), 
we get A=3; putting «=—4, we obtain B=5; and putting x —1, 
we get D=7. 


5.1.2. 1=\ 








x4 dx 
(2+ x) (x*— I) ° 
x4 — 3x*—3x—2 
5.1.3. [=| ae, 
Solution. Since the power of the numerator is higher than that 
of the denominator, i.e. the fraction is improper, we have to single 
out the integral part. Dividing the numerator by the denominator, 
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216 
we obtain 
— 3x2 — oe 2 x+2 
x3 — x2 — = Acts x (x2? —x—2)° 
Hence, 
x! — 3x2 —3x— (x-+ 2) dx 
E siclididhinteita \ Ee 
Expand the remaining proper fraction into simple ones 
x+2 _A B D 
= Veet pl 


x (x— 2) (x+- 1) x 
Hence 
x+2=A (x—2)(x+ 1) + Bx (x + 1)+ Dx (x—2). 


Substituting in turn the values x,=0, x,=2, x,=-—I (the roots 
of the denominator) into both sides of the equality, we obtain 


A Poe e B ~——em e l Pi cas l 
L; 3 , 3 


P=\ (xt Idx | S— a s\i- 
Bo aden 


oo 
——— 


__ ( 2x2?— 3x43 
5.1.4. 1 =\ Sa a. 
Solution. Here the integrand is a proper rational fraction, whose 
denominator roots are real but some of them are multiple: 
x3 — 2x? +x =x (x—-1)?. 
Hence, the expansion into partial fractions has the form 
2x2—3x4+3 A D 
aoa (x— 1)? +7? 
whence we get the identity: 
2x°?— 3x +3 = A (x—1)?+ Bx - Dx (x —1) = 
=(A+ D)x*+(—2A—D+B)x+A. (x) 
Equating the coefficients at equal powers of x we get a system 
of equations for determining the coefficients A, B, D: 
A+ D=2; —2A—D+B=—3; A=s3. 
Whence A=3; B=2; D=—1. 
Thus, 
dx dx ( ax 2 
1=3\ S42 (S| S38 in| x|— In| x—1/+-€ 
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Note. The coefficients can be determined in a somewhat simpler 
way if in the identity (*) we put x,=0; x,=1 (the denominator 
roots), and x, equal to any arbitrary value. 

At x=0 we get 3=A; at x=1 we will have 2=—B; at x=2 
we obtain 5=A+2B+2D; 5=3+4+2D; whence D-=—1. 

5.1.5. [=| dx, 


x (x— 1) 
x dx 

5.1.6. [= \ —. 

Solution. Since x?+ 1l=(x-+ 1)(x?—x-+1) (the second factor is 
not expanded into real multipliers of the first power), the expan- 
sion of the given fraction will have the form 

x A Bx+ D 
xt} x+l hig 





Hence, 
x= A(x®—x4-1)+ (Bx + D)(x4+-1)= 
=(A+ B)x®+(—A+B+D)x+(A+D). 
Equating the coefficients at equal powers of x, we get 
I 


Thus, 
= l x+1 ot l 
lee s\onts jan ~ gz injxtl[+z/ 


To calculate the integral 
I, =\ 5 ae 


x+1 
let us take the perfect square out of the ———- 


@—xt1=(x—3) ee i 


and make the substitution asa Then 








5 
l 3 
Palsy are F tdi. 3 dt 
ar a t= 3 19 o 
eps poo Je+5 


I 3 a 
=zin(e +7 )+V3 arc tan ete. 
Returning to x, we obtain 


2x— 1 
va 





I, =sln(@@—x41)4V3 arctan 
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=—-yln|xt1|+> In (x? — +1) +42 arctan * a ae 





517. 1=\ ay ere - 
Solution. The denominator has two pairs of different conjugate 
complex roots, therefore 
I — Ax+B , Dx+E 
waa ee ela? 








hence 

1 = (Ax + B) (x? + 4)+ (Dx + E) (x? + 1). 
Here it is convenient to apply the method of particular values for 
determining the coefficients, since the complex roots of the deno- 


minator (x=-+-i and x =+ 21) are sufficiently simple. 
Putting x =i, we obtain 


3B + 3Ai =1, 
whence A=0, B=. Putting «=2i, we obtain —3E—6Di=1, 
whence D=0O, E=— 5. Thus, 


\ aa (2-4) 3 ae et 3 \eqge 


l l 
= sare tan x—= are tan +C, 


_ (x + 1) dx - 
oa l= \ aD (x? + 4x-++ 5) © 
(e848? + 11x? + 12x-4-8 
519. 1=\aparareri 4 
Solution. Here we already have multiple complex roots. Expand 
the fraction into partial fractions: 
x44+4x34-11x?4+12x+8 | Ax+B Dx+E 
(x? + 2x-+ 3)? (x+- 1) =@perp tapes teas: 
Find the coefficients: 
A=1; B=—1; D=0; E=0; F=1. 
Hence, 
f= xa 4x8 + xt + 12n78 eae 
J (x8 ++ 2x + 3)? (x+ 1) 


x—l1 d 
=) peepee t | Fy inlet ith, 
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Calculate /,= \ es, dx. 


Since x?+2x+3=(x-+ 1)?+2, let us make the substitution 
x-|-l1=t. Then we obtain 


Ce fio t | 
= \ pore = \ appt —2 | ep — rey 
The integral 


520). 


dl 
= (72 + 2)2 
is calculated by the reduction formula (see Problem 4.4. oe 





1 1 ¢ dt 1 ¢ l 
Thus 





I t 
2(427+2) 2(f24+2) 
Returning to x, we obtain 


= VWF a ear tana 


73 


_ tag ee ne 
=a pats F(P+Ix+3) 2Va tan va 4+, 
We finally obtain 
iz aA Aah Ux? + lex +8 = 
= (x? + 2x-+ 3)? (x-+ 1) 7 
_ __ x+2 x+1 
=In|x+1] TT 2n 43) 9 VE arc tan —— Va +C, 
Find the following integrals: 
5x3 +. 9x? —22x—8 
5.1.10. Bl Ay dx. 
dx 
ne inert 


5.1.12. Va ESICES 
dx 
118. | CoyT eye 


x3 +.3 
Bild. | Trea pdx. 


§ 5.2. Integration of Certain Irrational Expressions 


Certain types of integrals of algebraic irrational expressions can 
be reduced to integrals of rational functions by an appropriate change 
of the variable. Such transformation of an integral is called its ra- 
tionalization. 
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I. If the integrand is a rational function of fractional powers of 


Py Di 
an independent variable x, i.e. the function R @ WOR hae a . 
then the integral can be rationalized by the substitution x= ¢”, 
where m is the least common multiple of the numbers q,, q,, ..., ,. 
II. If the integrand is a rational function of x and fractional 


powers of a linear fractional function of the form ea 


tionalization of the integral is effected by the substitution 
ax-+-b 
cx +d 
5.2.1. j= (EE a 
(14/7 x) 
Solution. The least common multiple of the numbers 3 and 6 is 6, 
therefore we make the substitution: 


x=t8, dx=6f?' dt, 


then ra- 





= {> where m has the same sense as above. 





whence 
(164-144 t) 18 (8+ #341 
[6 |e) at = =6\ mdi = 
=6\ed+6\ =5 > 4+ Gare tant-+C. 


Returning to x, we obtain 


2 
[=5x? 4 6arctan V x+c. 


5.2.2. r=\, VE+V «ay 
Vex 
1 

(2x—3) 2 dx 
———— , 
(y= 3) 21 

Solution. The integrand is a rational function of ;/2x—3, the- 
refore we put 2x—3= f°, whence 


5.2.3, /= 


1 ] 
dx=3t' dt; (2x—3)? =f; (2x—3)3 =#. 
Hence, 
318 ' 
f= \arjdt=3\ 6794 72 1)dft +8) reno 
=34-—3 = £435 _3¢43arctant+C. 
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Returning to x, we get 
7 l 


/ 3| 7 e__! Jig 3) 2 
= = (2x— 3) — = (2x—3) =z (2x— 3) — 
i i 
— (2x—3)® + arctan ex—3)> | +C. 
dx 
5.2.4. It oe 
C+ VS) 


h 
5.9.5; 1=\ 57 V/ ax, 


Solution. = ee is a rational function of x and the ex- 


3 
pression a therefore let us introduce the substitution 


V2 =. 2—* _ 4s 
Qt ¢° Qty * 


whence 
2—213 | 48 — = 128 
vr ae 2— X= Tas dx = ays at. 
Hence 
Q(1-+ ¢8)2¢-1277 », BC dt 3 
[=—\ Gea t= — alam etC. 


3 ——— 


<c 1)? (x +2)5 


Solution. Since 


V (x= 1) («+ 2)? =(x—1) (x +2) yo. 


x-— 1 





0.2.6. / = 





the integrand is a rational function of x and yo ete, 
us introduce the substitution: 


) = t: tee 
x— 1 x—1 
(44.2 


3 
qe fey See 


— 121° 
dx = qa ett 


: therefore let 








whence 


3f4 
see? 


x= 
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Hence, 
as 4__ 3 
(¢4— 1) (t4— 1) 1203 de 4 a ae C. 


(t* 
= — roa 3.3/7 (f4—1)2? = 3 


Returning to x, we obtain 
4 4/ x—1 
ay VY Sie. 
. dx 


a aye 
rn dx 
8. | ——————_. 
\ Terma os 


5.2 
5.2.9. | @—2) V te ax 


§ 5.3. Euler’s Substitutions 


Integrals of the form | R(x, V ax?+bx-+c)dxare calculated with 
the aid of one of the three Euler substitutions: 





(1) V ax?+bx+co=t+xVa if a>0; 
(2) Vax®*tboxto=tx+Ve if c>0; 
3) Vaxt+bx+teo=(x—a)t if 
ax®? + bx-+c=a(x—a) (x—B), 
i.e. if a is a real root of the trinomial ax?+bx-+c. 


dx 
5.3.1. / =| TSE ; 
Solution. Here a=1>0, therefore we make the substitution 


V x?+2x4+-2=t—x. 
Squaring both sides of this equality and reducing the similar terms 





we get 
2x + 2tx =f? —2, 
whence 
i #2191419 
~ 2(1+2)’ oe 2 (1+)? at 
2-2 ft +44t+4 


14+Vxet+2x+2=141-— a a 


Substituting into the integral, we obtain 
pox ( SUPA) yy ee 
(024 4t4+-4) 2 (14-4)? (I+-2) (¢ +2)?" 
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Now let us expand the obtained proper rational fraction into par- 
tial fractions: 
#2+2t+2 A _D 
CF) CHR THI TT pat PR 

Applying the method of undetermined coefficients we find: A= 1, 
B=0, D=—2. 

Hence, 

124+21-+2 2 
Gh @-Fae! =\i- —2 | pa a ree 


Returning to x, we get 


I =In(e+14+Vx?+ 2x +2) + 
ax 
xt V exe 1 | 


Solution. Since here c=1>0, we can apply the second Euler 
substitution 





2 
pe eens C 
x+2-+ Pi! 


5.3.2. 1 =| 


Vxe—x+ l=tx—l, 
whence 
2t — | 
ae {2—} ) 


lam illic x 


dx=— 2 ay dt; r4+-Vxee—x+l=— > 
Substituting into a we obtain an integral of a rational fraction: 
dx _ — 2/2 ++. 2¢-—2 dt 
ra rein | eon 


—20749t—2 A B E 
MWe = et ped Gee Pee 


By the method of undetermined coefficients we find 


£2 aah ___ 2. sly et ee 
A= 2; B=— >; D=—3;, E= as 
Hence 
dt dt 
1=2\F— {1 ca > Jrn= 
=2in |e} int 1 4723 in| 4 1}46 
where 2 
ax 
5. “oe — Se eee ee 
eee a V I+ x— x? 
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x dx 
(V 7x— 10 — x?)3 
Solution. In this case a< 0 and c <0 therefore neither the first, 
nor the second Euler substitution is applicable. But the quadratic 
trinomial 7x—10—x? has real roots a=2, B=5, therefore we 
use the third Euler substitution: 


V 7x—10—x? = V (x —2) (5— x) = (x—2) 0. 


9.3.4, [= 








Whence 
5 —xX = (x —2) ??; 
542, , = td 
.=T Ep) = — Tp ap 
__ (5+20 34 
(e—2)t=(Tp—2) = 1 
Hence 
_ oe ee > = 2. 5 
— dt = 5 \(a+2)ae=-F(—F+24) +0, 
where Vi 


x—2 
Calculate the following integrals with the aid of one of the Euler 
substitutions: 





dx 
5, Oe ee 
: Ve V 22x +4 
0.3.6. 
a = ae 


5: Mt 5 pe eee ee 8 

: y= 

5.3.8, (ot VTEa y 
e V i++? : 


§ 5.4. Other Methods of Integrating Irrational Expressions 


The Euler substitutions often lead to rather cumbersome calcu- 
lations, therefore they should be applied only when it is difficult 
to find another method for calculating a given integral. For calcu- 
lating many integrals of the form 


\ R(x, V ax? + bx +c) dx, 


simpler methods are used. 
I. Integrals of the form 


I= | Mx--+-N ” 
V ax?-+bx+c 
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are reduced by the substitution cto to the form 


t dt dt 
=m, |\ aR TEKS ‘| V at®+K’ 
where M,, N,, K are new coefficients. 

The first integral is reduced to the integral of a power function, 
while the second, being a tabular one, is reduced to a logarithm 
(for a > 0) or to an arc sine (for a<.0, K > 0). 

II. Integrals of the form 

| Pm (x) 

Z V ax®+bx+ce 
where P,,(x) is a polynomial of degree m, are calculated by the 
reduction formula: 





, 


P in (X) dx _ zp \ dx 
Pareto OY PECK \ ee tl) 


where P,,_,(x) iS a polynomial of degree m—1, and K is some 
constant number. 

The coefficients of the polynomial P,-_,(x) and the constant 
number K are determined by the method of undetermined coeffici- 


ents. 
III. Integrals of the form 
ax 
(x—a,)” V ax? + bx-+c 
are reduced to the preceding type by the substitution 
xa, =. 


IV. For trigonometric and hyperbolic substitutions see § 5.7. 





5.4.1. Ja ( Aes ee 
= V 402 + 4x—3 
Solution. Make the substitution 2x+-1—t, whence 
ra, dys dt. 
Hence, 
(t+5) dt _ a 0 = 
l=4\ 74> aVP—444 int +VP—4|+C. 


Returning to x, we get 


[= VG $4 —3 43 In] 2x4 14 V 48 $4e—3/+C. 
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5.4.2. [= ge ie 
V 2+ 2x+5 
$__y—] 
5.4.3. [= See ere et 
V x2 42x42 . 


Solution. Here P,, agers Hence, 
Pi (*%) = Ax? + Bx+ D. 


We seek the integral in the form 
[= (Axe + Bat DIVER TEL EK | 








dx 
V 2+2x+2- 
Differentiating this equality, we obtain 


r x8—x—1 
Ve+%x+2 
= (2Ax-+ B)V 2+ 2x 2+ (A+B Ea 
(2Ax-+ B)V x? 2x4+2+4 (A+ ae 
K 
Vp 


Reduce to a common denominator and equate the numerators 
x®— x— 1 = (2Ax-+ B) (x? + 2x-+ 2) + (Ax? + Bx-t D) (x -+-1I)+K. 


Equating the coefficients at equal powers of x, we get the following 
system of equations: 


2A+A=1, B+4A4B+A=0; 
2B+4A4+D+B=—1, 2B+D4+K=— 


Solving the system, we obtain 


Vs -_ D dy 4 
Th ag ase Gimige Wess 
us, 
1 i oe es 
I=(33 P—Exts 5 )V8 Perot s 2 =" 
where 
dx ee 
De ea eg ge as ys . | 
: | V x?+2x+2 V @+ 1241 In(x+1+Vx +2x-+2)1tC 


5.4.4. [=| V Fee P38 ax. 


Solution. Transform the integral to the form 


eve ee dx =(Ax+ B)V 4y?— 4x+3-+kK ——: 


V 4x2°—4x 43 4x3 


_— 
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Applying the method of undetermined coefficients, we get 
=(—x—— |V 4x?—4x+3 a 
i (3 * ; Vie ve +\ re 2x1)? +2 
= (3x4) VP —4e4345 In (2x —1 +- V4x®— 4x43) +C. 


3__3y2 
bate | eer 

9.4.6. \ Ve px+l +x+1 dx. 

5.4.7. [= = 

Solution. Represent the given integral as follows: 


een | ee eS 
(x—1) (x +2)? VoerPtxti (x— 1) (x-+ 2)? V xt+x+l " 


Expand the fraction into partial fractions 


x+4 
(x— 1) (x +2)? 

x+4 _ D 
G—NeLD® ~ ett po T epD 


Find the coefficients 


dx 
'=\ pea eee er Pee 
= \ 7a pees 
9) Gn Vetep] 3) Gy V epee 
5 dx 
(x+2)V xf x FI © 


The first integral is calculated by the substitution rales, the 


second and the third by the substitution xtQ=-. 


We leave the solution to the reader. 
5.4.8. (SS Se 
V x? 44x43 
5.4.9. \ eee 
V 2x? 5x--7 
5.4.10. \ ee, 
(x-+ 1)8 VW x2 + Ox 
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5.4.11. — Se 
(x2 —3x-+2)V x? — 4x43 


ax 
5.4.12. | —————————_-. 
\ (x-- 1)3V x24-3x%-+ 2 


(x? — 1) dx 
1 ; 
oearue: \yoS V 1--3x2- x4 
§ 5.5. Integration of a Binomial Differential 


The integral x (a+ bx")? dx, where m, n, p are rational num- 


bers, is expressed through elementary functions only in the follow- 
ing three cases: 

Case I. p is an integer. Then, if p > 0, the integrand is expanded 
by the formula of the Newton binomial; but if p< 0, then we 
put x«—?*, where k& is the common denominator of the fractions m 
and n. 


Case II. are is an integer. We put a-+bx"=—tf*, where a is 
the denominator of the fraction p. 


Case III. mrp is an integer. We put a-+bx"=ft*x", where a 
is the denominator of the fraction p. 


5.5.1. f= \ f/x (24+V x)? dx. 


! 1 \2 
Solution. [= ea (o4.x7 | dx. Here p=2, i.e. an integer; hence, 
we have Case I. 


uf =| x (nt 4x? +4) dx = \ Ga ie ie ax= 
§.9.2. /= (x ( ge ity 


I+ 3/ x 
5.5.3. / eer ax 


7a 
Solution. [= \ a ( 1+ J Far. 


2 I 
Here M=—z, N= Zi P=Fi 





integer. 
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We have Case IJ. Let us make the substitution 


1 2 
lixs =? ax Sdx= Ot dt. 


Hence, 


p=6( rdt=2e40=2(1407)F +0, 


1 2\1 
5.5.4. p= (xt (2px7)* 
5.5.5. fae (1a )F dy 
5.5.6. p= (xe (pat) Fae 
m+-t  —11-+-1 5 








Solution. Here p= —< is a fraction, Gaia Gane aaa also 
I 5 ; : . 
a fraction, but —— mot —+tp =—3—i= — 3 is an integer, i.e. we have 


Case III. We nt 1+ x4=x‘t?, Hence 


I 
BS 5 dx= — 


(2—1) 4 2 (12—1) 


tdl 
5 
a 

Substituting these expressions into the integral, we obtain 

11 
l , a | tdi 
peg ey ee 
(f2—1) 4 
1 me 8 tf 
=—5\(-1pat=—G4+5-FH+6. 


Returning to x, we get 
oe ee. 
[= +yaV (1+ 4? —saV 1+ 08+, 


» WE 





5.5.8. eae ca 
a 
5.5.9. fe (1+x)? d 


: ax 
5.95. 0. SS 
\ Vi+x 
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B.B.UL. \3/ x 9/ 1+ )/ x8 dx. 
dx 


5.5.12. SSS EE 
°Vizt 
e x 


§ 5.6. Integration of Trigonometric and Hyperbolic 
Functions 


I. Integrals of the form 
I =| sin” x cos” x dx, 


where m and n are rational numbers, are reduced to the integral 
of the binomial differential 


n—-1 
{= ( t™(1—?t?) 2 dt, t=sinx 
and are, therefore, integrated in elementary functions only in the 
following three cases: 


(1) n is odd (a an integer ) 


(2) m is odd (= an integer ) 


(3) m-+n is even (a — 

If n is an odd number, the substitution sinx=¢ is applied. 

If m is an odd number, the substitution cosx=f is applied. 

If the sum m+n is an even number, use the substitution 
tanx=t (or cotx=f). 

In particular, this kind of substitution is convenient for integrals 
of the form 





an integer ) ; 


| tan” x dx (or \ cot” x dx ) ; 


where n is a positive integer. But the last substitution is inconve- 
nient if both m and n are positive numbers. If m and nv are non- 
negative even numbers, then it appears more convenient to use the 
method of reducing the power with the aid of trigonometric trans- 
formations: 


COS? x =+(1 + cos 2x), sin? x= + (1—cos 2X) 


Ie 2. 
or sinxcosx =-> sin 2x. 


sin? x 


5.6.1. /=\ ———ax 


V/ cos? x 
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Solution. Here m=3 is an odd number. We put cosx=fs, 
sin xdx = — dt, which gives 


at i: iy @ 
r=—\—ayt Fat =—3/ +27 405 
ved, cos*x—1) + 4+C. 
5.6.2. /= | ord 


5.6.3. /= \ sint x cos® x dx. 


Solution. Here both m and n are positive even numbers. Let us 
use the method of reducing the power: 


[= 5 | (2 sin x cos x)* cos* xdx = 35 | sin* 2x (1 + cos 2x) dx = /,+],. 
The second of the obtained integrals is calculated by the substitu- 
tion: 

sin2x=t, cos2xdx= > dt, 


[ = 55 | sin 2x cos 2xdx = | ¢ dt =~5+C=a0 sin' 2x +@. 


We again apply to the first integral the method of reducing the 
power: 
1, =35 | sin’ 2x dx = 755 | (1—cos4x)* de= 


=a (x—ssin 4x) +555 | (1 + cos 8x) dx = 


3 ae Yo 
= 555 ¥ — peg Sin 4x + apqg sin 8x-+C. 


And so, finally, 





== 3 I 5 
[= sx 556 -sin 4x-+ a> sin 8x +5 sin 2x +, 
sin’ x 
5.6.4. [= \ ere ax 


Solution. Here both m and n are even numbers, but one of them 
is negative. Therefore, we e 
i =14e; 4 =dt. 


tanx=f; aaa 


aw 


Hence, 
er x . tan 


+= +C. 








=lrU+Ad= 5 - +5 hee 
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5.6.5. | = | So ae. 


sin? 
Solution. Here we can put cotx=¢, but it is simpler to integrate 
by expansion: 


[= ee ay x=\(se —2-+ sin? x )dv= 


sin? x 


= —cotr—2x+5 | (1 —cos 2x) dx= 


= — (cot x4 2024 8) V6. 








dx 
5.6.6. i= | 
5.6.7. /= 
Us —_— aaa 

Solution. Here both exponents (- + and —=| are negative 
numbers and their sum —f-7=— 4 is an even number, there- 
fore we put 

tanx =f; sai. 
COS‘ X 


1+ 7? AP ess 


So oes ee oes 
=\=a pee “lye 


=f 3 +t Tent Fal ti 


= ee aoe 
8 tan? x y/ tan? x 





5.6.8. Find the integrals of tanx and cot x. 
Solution. 





| tan xdx = | dx = — In|cosx|4-C 


COS X 





J cot x dx = | 28% dx = In|sinx|+C. 
5.6.9. /= \ tan’ x dx. 


Solution. We put tanx=?t, x=arc tant; dx =o. 
<A 
i= \i an |(e—P+t—-p7p)at= 
a ae = 
ee pg te ee 


=; tan’ x—j tantx +> tan’ x+ In|cosx|-+C. 





We get 
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5.6.10. (a) f= \cot*xdx; (b) /={ tan® xdx. 





5.6.11. / = | Fe ae. 
sin” x 
Solution. Here sinx is raised to an odd power. Let us put 
cosx=t, —sinxdx=dt. 


We obtain an integral of a rational function. 


cos Hse 


Here, it is simpler to integrate by parts than to use the general 
methods of integration of rational functions (cf. Problem 4.4.1 (b)). 
Let us put 











u = ¢?: du = (SG 

Then 
du = 3? dt: = 5775 - 

Hence, 

rig . (eta 

som ai tein| 5 l+c= 
= age y cose + In| TEE +c 
5.6.12. jal SS 


II. Integrals of the form \ R(sin x, cos x) dx where R is a rational 
function of sin x and cos x are transformed into integrals of a rational 
function by the substitution: 


tan (+ )=t (—m <x < 0). 


This is so-called universal substitution. In this case 
sinx = ahs COS X = =e 
ros Pate ga? <i 

2dt 
i+7° 





x=2arctant; dx= 
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Sometimes instead of the substitution tanz=t it is more advan- 


tageous to make the substitution cot >=t (O< x < 2m). 
Universal substitution often leads to very cumbersome calculations. 
Indicated below are the cases when the aim can be achieved with 
the aid of simpler substitutions: 
(a) if the equality 
R(—sinx, cos x) =— R(sin x, cos x) 
or 
R (sin x, —cos x) =— R (sin x, cos x) 
is satisfied, then it is more advantageous to apply the substitution 


cos x ==t to the former equality, and sinx=¢ to the latter; 
(b) if the equality 


R(—sinx, —cos x) = R(sinx, cos x) 


is fulfilled, then a better effect is gained by substituting tanx=t¢ 
or cot x=. 
The latter case is encountered, for example, in integrals of the 


form ( R (tan x) dx. 


5.6.13. ey S 


sin x (2+ cos x—2 sin x) ° 


Solution. Let us put tan>=t; then we have 


2d 
PAN ota tee ee ee 
— 2t fi? 4 =\nE as: 
Ep ( I+? Fe) 
Expand into simple fractions 
1-7 A B D 
t (t—3) (¢—1) Ppt G3 
Find the coefficients 
bs sae Ea 
—=3” B=; D= ] 


Hence 
dt 
1=35F timstr mI 
4 injt/+2 ee 


== In 





5 |-+ 3 In| tan$—3|—In] tan5—1 +¢. 
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dx 

5.6.19. [= \ seine pocose * 
dx 

5.6.15. 1=\ eect 


° ° 1 a 
Solution. If in the expression sin x (2 cos? x—1) 


—sinx for sinx, then the fraction will change its sign. Hence, we 
take advantage of the substitution t=cosx; dt=—sinxdx. This 
gives 


we substitute 


dt 
—| (1 —t?) (2t2—1) ° 
Since 
1 (2—2t2)—(1—27%) 2 1 


QR} ee ee rem ee 


(1 — 1?) (1 — 22?) (1 —t?) (1 — 2¢?) ~ {2 1? 


then 

<i, Mal dt 1 li V2 

1=2\ Sn—| Sam pe 1-1 Ve 
l 1+ V2 cosx 


=—— In Ry — 
i— V2 cos x 


V2 


baceee a 








> 1— cys x 
1+ cos x 

i jisvzen V2 cosx 
“75 I1— V2 cosx 


+C= 














+ In| tan 4 +C. 





5.6.16. J = | SOS de. 


sin x-+- cos x 


Solution. Since the integrand does not change sign when sinx 
and cosx do change their signs, we take advantage of the substi- 
tution 
{= tanx; Tie ee, 
COS* X 
Hence, 

Fix: tan? x-costx dx t? dt 
=| (tanx+1) cos? x =\amy (¢2-+- 1)? ° 


Expand into partial fractions 


t2 _ A BiLD . FIr 
CoD PH et eT eae 


Find the coefficients 


Ex. A ] 
A= 7; B= — 


: aa iligs ee 8 
gq 2g age ea Ss 


=| — 


Hence, 











l at oe t{— 1 
l=4\ -am 2 ae dt, 
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| I+¢ tL l+¢ _ 
4° Vite 4 ipate= 


= In| sin x -+- cos x|— cos x (sin x-+cosx)+C. 


5.6.17. [= | ee a. 


sin? x-+- 2 cos? x 








Solution. Dividing a numerator and denominator by cos? x and 
substituting tanx=f; = dt, we obtain 








cos 
i ae dx = | (CMAN AO) aay we = 
sin? x-+- 2 cos? x tan? x+2 
=| a dt =In (t-+2)-+ arc tan vete= 
= In (tan* x-+2) + arctan yet? 


sin x 
5.6.18. / =\ a. 


Solution. This integral, of course, can be evaluated with the aid 


of the universal substitution tan>=1, but it is easier to get the 
desired result by resorting to the following transformation of the 


integrand: 

















sin x sinx(l—sinx) __ sinx(l—sinx) 
i-+sinx (1+sinx)(I1—sinx) cos? x = 
_ sinx sin? x sinx banex 
~ cos?x  cos2x cos? x 
Whence 
° sin x 
i= | 5 dx—\ sec? xdx + | dx= = 
cos? x 
5.6.19. '=\ sana Xx 


Solution. Here the substitution tanx=f can be applied, but it 
is simpler to transform the integrand. Replacing, in the numerator, 
unity by the trigonometric identity raised to the second power, we 
get 


ax = 


cos! x sin? x cus! x sin? x 


sin® x 
2 
=\ aa +2 | cos? x + \ sar aX =| tan’ x 


=~ tan? x+2tanx—cot x+C. 


a Stra x)? dx — [SEet* sin? x cos? x-+ cos! x 
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[Il. Integration of hyperbolic functions. Functions rationally de- 
pending on hyperbolic functions are integrated in the same way as 
trigonometric functions. 

Keep in mind the following basic formulas: 


cosh? x—sinh?x=1; sinh? K=5 (cosh 2x — 1); 


cosh? x = zs (cosh 2x-+-1); sinh xcosh x = > sinh 2x. 


ot 1 f2- 
ar: cosh x= 7-5; 


If tanh>=t, then sinh x=; 








2dt 
—p’ 





v= 2 Artanh t= In (75) (—1<t<1); de=, 


5.6.20. /= \ cosh? x dx. 
Solution. 


[ = | (cosh 2x +1) dx = + sinh yee, 


5.6.21. [= { cosh’ x dx. 


Solution. Since cosh x is raised to an odd power, we put sinhx =z; 
cosh x dx =dt. We obtain 


[ = \ cosh? x cosh x ax = (1 +t?) dt=t +54C= 
= sinh x-+sinh® x-+C, 
5.6.22. Find the integrals: 


(a) \ sinh? x cosh? x dx; (b) \ dx 


sinh x-+2coshx ° 
§ 5.7. Integration of Certain Irrational Functions with the 
Aid of Trigonometric or Hyperbolic Substitutions 


Integration of functions rationally depending on x and V ax? + bx-Ec 
can be reduced to finding integrals of one of the following forms: 


I. | R(t, V p+ @) dt; 
HN. | R(t, Vp?®—¢°) de; 
II. | R(t, V q?—p*t?) dt, 
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where t=x+2; ax*+-bx+c=+p*4+q (singling out a perfect 


Square). 

Integrals of the forms I to III can be reduced to integrals of 
expressions rational with respect to sine or cosine (ordinary or hy- 
perbolic) by means of the following substitutions: 


1. ¢=2tanz or t= sinhz. 
p p 


IH. t= secz or t= coshz. 
p p 


Hl. ¢=%sinze or t=“ tanhz. 
p p 


dx 
5.7.1. — SS 
: \ V (6+ 2x-+ x?) 


Solution. 54+2x+x*?=4+(x-+1)%. Let us put x+1-—=¢. Then 
dt 
| V (6+ 2x x2)3 =| (4-4 £2)3 
We have obtained an integral of the form I. Let us introduce 
the substitution: 








a ee 2 
t=2tanz; dt =—— ae -V4+P= =2V1+tan?z=—_. 
We get 
| == | coszdz = 
a 
Dats l tan z l 2 
ENE Viena TON = 
4 
aa x-+1 
~ AV542x4+2 o 
5.7.2. pete ee ot, 
(x1)? Vx2 2x42 


Solution. x? 4+ 2x+2=(*+1)?+1. 
Let us put x+1=¢; then 


=| Ve+1— 


Again we have an integral of the form I. Make the substitution 
¢t=sinhz. Then 


dt =coshzdz; V#+1=V1-+ sinh? z=coshz. 
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Hence, 


= t= | cosh 2 dz =\ som ae —coth Zz + C = 


sinh? z cosh z 


_- Vi-+sinh?z — Vite VEOH 2 , 
ra alg ee eer ag ee peg 


5.7.0. l= \ x? V x?—1 dx. 
5.7.4. pa{ Very 


5.7.5. [=\V(—1) dy. 
Solution. Perform the substitution: 
x=cosht; dx =sinht dt. 
Hence 


(cosh? #—1)% sinht dt= \ sinh’ tdt = 
i= W 
\ a 2t—1 ) df= 


=~ \ cosh? 2¢ dt — | cosh 2¢ dt + > \at= 


| 


“3 (cosh 4¢ + 1) dt—— sinh ¢4+7t= 


=s sinh 4t —= sinh #+Tt+C. 


Let us return to x: 
t = Arcoshx =In(x +V x? —1); 
sinh 2¢ =2sinhtcosht =2xV x? —1; 
sinh 4¢ =2 sinh 2t cosh 2¢ = 4x V x2—1 (2x*— 1). 


Hence 
f= 4x Qe—N)V8—1—txVP—144 Ine + VPN) +C. 
dx 
5.7.6. [= | Ss e 
JU+ Vx) Ve 
Solution. We make the substitution: 


x=sin?t; dx=2sitntcostdf 
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and get 
2 sini cos ?¢ dt _ 2 dt 


(1+ sin?) V sin? ¢—sin*?¢ = Ising 
=2\ Sat = —2tant— 


os? ¢ =: 
2VE 2 yo We!) 
Vi—x V 1x V |—x 


5.7.7. [= ( V 3—2x—x? dx. 
dx 


5.7.8. ps 7 
(x2 —2x +5) 2 


§ 5.8. Integration of Other Transcendental Functions 
5.8.1. t= \ AF ax. 


Solution. We integrate by parts, putting 





/= 








+C= 


eC 








u=1nx; d=; 





du ==, giaeenh 
x 
=— EHS =— #2146, 
In x dx 
5.8.2. /= Ss 
Vi—x 
ex dx 
5.8.3. /= (1+ e2*)2 ° 


Solution. Let us put: e~=t; e*dx=dt. We get: 


dt 
‘= ae 


Apply the reduction formula (see Problem 4.4.1): 


l di 
'=]= eqn tT) ars 
t I 
'=s at 7 arctant +C=s7canty 9 | arctane* LC. 


5.8.4. [= { e-* In(e*+ 1) dx. 
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Solution. We integrate by parts: 
u=In(e*+1); du=e-* dx; 


du dx; U=—e™*: 


ex 
~ J+te* 


d x —_ ex 
—=— e7* In(1--e*)+ | pe =—e* In(l er) + (SS ax = 


= —e~* In(1 +e”) +x*—In(1l+e*)+C. 





e& arc tan x 
5.8.5. (=| dx. 
(1+ x2)? 
86. |= xare tan x dx 
5.8.6 \ Ts 
Solution. Integrating by parts, we get 
u = arctan x; dy = AO 


dx. 2 Tee. 
du == Te 5 v=V1+x? 


J/= V1i+x% arctanx—| VI +. x? a 


=V1+x?arctanx—In(x +Vx?+1)+C. 





—=— 
—— 


242 Ch. V. Basic Classes of Integrable Functions 


§ 5.9. Methods of integration 
(List of Basic Forms of Integrals) 





No. Integral | Method of integration 

I | Fig (x)] Mp’ (x) dx | Substitution @ (x) =t 
| 

2 ( f (x) p’ (x) dx Integration by parts 
Fe’ @ax=Fege— | owl wax. 

This method is applied, for example, to 
integrals of the form \ p (x) f (x) dx, where 
p(x) is a polynomial, and f (x) is one of the 
following functions: 

e™*: cos ax; sinax; In x; 

arc tan x; arc sin x, etc. 
and also to integrals of products of an expo- 
nential function by cosine or sine. 

3 Wace qi) (x) dx Reduced to integration of the product 
f(™) (x) p(x) by the formula for multiple in- 
tegration by parts 
| F (2) @™ (x) def (x) p™—Y (2) 

— f' (x) in —2) (x) +f” (x) pin —3) (j= add 

vet (— 18-1 f =) (x) Q(X) + 
+(—1 | pm (x @ (dx 
4 \ e** py, (x) dx, Applying the formula for multiple integra- 


tion by parts (see above), we get 
where p, (x) iS a polyno- 
mial of degree n. { en Pn (x) dx= 


x [Pn (x) Pn(x) , Pale) 
evs [Pathway wate) 





(nN) 
+(— yn a | +C 


5 \ ae Substitution 
xf px+q 


p?*—4q <0 xft=t 
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No. Integral Method of integration 
6 =\ape Reduction formula is used 
(FI) 
] x gee! sos 
nm (Qn —2) (x? + 1B! On —Q 87! 





7 \5e (x) dx, where P(x) Integrand is expressed in the form of a 
Q (x) Q(x) |sum of partial fractions 


is a proper rational frac- P(x) Ay 
tion Q(x) 2 tam ae es ar hae 
Q (x) = (x — x4)! (x— 
—Xo)™ 00. (x? + px+ taste ett. gaye oat 
+O) fis Mixt+N,1 





Mae, 
Poe Peay pet g) tpg 
Mpx+ Np 
ah 
- (x? + px-+-q)* 





8 |e € a a Reduced to the integral of a rational frac- 
; cite “Pherae “| tion by the substitution x=¢#, where & is a 
where R is arational func-|common denominator of the fractions 
tion of its arguments. 








9 (| a dx Reduced to the integral of a rational frac- 


; cx td tion by the substitution 
where R_ is a_ rational ax b jn 
function of its arguments. cx-+d 
= eee ne By the substitution reat the integral 
V ax®+ bx +c =a 
is reduced to a sum of in integrals: 
Mx+N dx=M, | tdt 4 
V ax®?+ bx-+e V at?+m 


The first integral is reduced to the integral 
of a power function and the second one is a 
tabular integral. 
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No. Integral Method of integration 





1] \ R (x, V ax? + bx +c) dx, Reduced to an integral of rational fraction 


by the Euler substitutions: 
where R is a _ rational 


function of x and V ax? bx+c=t + x V a (a > 0), 
V ax?+bx+e V ax?--bx-+c=tx+ Ve (c>0), 

V ax?+oxtec=t (x—x,) (4ac—b? < 0). 
where x, is the root of the trinomial ax?-+ 
+bx+e. 

The indicated integral can also be evalua- 
ted by the trigonometric substitutions: 


b2— dac 
V 6? —4ac ae sin? 
b 2a 
Po po Aas 
- Vt te cost (a < 0, 
2a 
4ac — b* < 0) 
b2— 4ac 
Y b?—4ac a sec f 
b 2a 
<+9=)\ VR—Aac 
2a gg NOSE (a > 0, 
4ac— b? < 0) 
—_ 2 
V 4ac— 6 tant 
2a 


b 
Ray 4ac—_ 63 
oe Yaar? cots (a > 0, 





4ac— b* > 0) 
12 \ Te Write the equality 
ax?-+ bx-+c P,, (x) dx 
j 4 = 22, - 2+ bx-+c+ 
where P,, (x) is a polyno- 5 Qn—1 (x) V ax? 
mial of degree n. V ax* + bx--e 
dx 
SE ae 
V ax? + bx+-c 


where Q,-1(x) is a polynomial of degree 
n—1l. Differentiating both parts of this equa- 


lity and multiplying by V ax? bx +c, we 
get the identity 


Pry (*) = Qn—1 (x) (ax? 6x-+0) + 
+5 Qu-1 (a) Qar+6) +2, 


which gives a system of n-+1 linear equa- 
tions for determining the coefficients of the 
polynomial Q,-, (x) and factor R. 
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integral Method of integration 











No. 
And the integral 
| dx 
V ax? + bx--c 
is taken by the method considered in No. 10 
(M=0; N=1). 
13 re eee This integral is reduced to the above-con- 
(x—x,)” V ax?-+ bx-+c | sidered integral by the substitution 
l 
oan ae 
14 = (a+ bx")P dx, This integral is expressed through elemen- 
tary functions only if one of the following 
where m, n, p are rational | conditions is fulfilled: 
numbers (an integral of a (1) if p is an integer, 
binomial differential). m+! 
(2) if ; is an integer, 
(3) if orl te is an integer. 
Ist case 
(a) if p is a positive integer, remove the 
brackets (a+b6x")P according to the Newton 
binomial and calculate the integrals of powers; 
(b) if p is a negative integer, then the 
substitution x—=t*, where k is the common 
denominator of the fractions m and n, leads 
to the integral of a rational fraction; 
2nd case 
if mt is an integer, then the substitu- 
tion a+ 6x" =tF is applied, where & is the 
denominator of the fraction p; 
3rd case 
if mei tp is an integer, then the substi- 
tution a+ bx"=x"tk is applied, where & is 
the denominator of the fraction p. 
15 \R (sin x, cos x) dx Universal substitution tan sal. 
If R(—sinx, cosx)= —R(sinx, cos x), 
then the substitution cos x=¢ is applied. 
If R(sinx, —cos x)= —R(sinx, cos x), 
then the substitution sinx=¢ is applied. 
If R(—sin x, —cosx)=R (sin x, cos x), 


‘then the substitution tanx—¢ is applied. 





ER, a REE ATED, RS aN. 
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Integral Method of integration 





16 ( R (sinh x, cosh x) dx The substitution tanh z=! is used. In 


this case 
1+. ¢? 2dt 


2t 
sinh X= TR} cosh x=7—— 5 73 dx = 75 - 








17 \ sin ax sin bx dx Transform the product of trigonometric 
functions into a sum or difference, using one 
a ax cos bx dx of the following formulas: 
sin ax sin bx = 
{ cos ax cos bx dx 1 
=o. [cos (a—b) x—cos (a--b) x] 
COS ax COS = 
=> [cos (a—b) x-+cos (a+b) x] 
sin ax Cos - 
+ (sin (a—b) x+- sin (a+ 5) x] 
18 10 | Give scours, | 1m i an of postive number, then aply sin™ x cos” x dx, If m is an odd positive number, then apply 
the substitution cosx=f. 
a mand n are inte-| If n is an odd positive number, apply the 
gers. substitution sinx=f. 
If m-+-n is an even negative number, apply 
the substitution tanx=f. 
If m and n are even non-negative numbers, 
use the formulas 
Spades 1 —cos 2x Sget as | +cos 2x 
2 2 
19 { sin? x cos? x dx Reduce to the integral of the binomial 
differentia! by the substitution sinx=/ 
(0< x < 7/2), so 
p and g—rational num- { sin? x cost.xdx= \ 7 (1—t ) dt 
bers. (see No. 14). 
20 | R (e2*) dx Transform into an integral of a rational 
function by the substitution e¢* =f 


Chapter 6 


THE DEFINITE INTEGRAL 


§ 6.1. Statement of the Problem. 
The Lower and Upper Integral Sums 


Let a function f(x) be defined in the closed interval [a, 6]. The 
following is called the integral sum: 


= x f (§;) Ax;, 
where €@=X%) <x, << %, <O.-. OKXyy << H, =D, 
AX; =Xj41—% 3 E,€ [x;, Kea (P= 0, l, cory n—1). 
n-] 


The sum S,= >) M; Ax, is called the upper (integral) sum, and 
i=0 


S, = 2m Ax, is called the lJower (integral) sum, where M,= 


asia (x) [m; = inf f (x)] for x E [x,, x;,,]. 
The definite integral of the function / (x) on the interval [a, b] is 
the limit of the integral sums 


n-1 
\ F(x) dx—=lim >) f(&; Ax; when max | Ax;|— 0. 
i=0 


a 


If this limit exists, the function is called integrable on the inter- 
val {a, b]. Any continuous function is integrable. 


6.1.1. For the integral 
ao 
\ sin x dx 
0 


find the upper and lower integral sums corresponding to the division 
of the closed interval [0, x] into 3 and 6 equal subintervals. 
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Solution. Divide the closed interval [0, x] into 3 equal parts by 
the points: 


IU 
X, = 0, y= 3 A Xz = 1. 


The function sinx increases monotonically on the interval 0, 4 : 


and therefore for this interval we have m,=sinO0=0, M,= 


V3 


— sin r= The least value of the function on the interval 
> 3 | is i=, and the greatest value is M, = 
=sin>= . On the interval ES | the function sinx decreases 
monotonically and therefore 

m,=sinn=0, M, =sin == ve. 


Since all Ax, are equal to — 





2 as 
S. =m Mie = (0 (0-4 ue aa 0)= ae ~0.907, 


le hae a1 


k=0 
When subdividing the close interval ans mt] me 6 gu intervals 
by the points x,=0, x, =F, =>, Xs =>, m=, x, = 

OT 


(v3 V3 Ys) — V3 +1) 2.86. 


X,= 1, we find by analogy: 


= 
m=, M,=sin2=-, 
m,=sint =<, M,=sin ice. 
ies, M ,=sin =I, 
itpesialS, M s=sin ==1, 
m,=sin= =~, M ig 
m, =sinn=0, M,=sin ==> 
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For this division we obtain 
rt nt za 
Sg = -E (Mo +m, +... +m) == (1 +V3) x 1.48, 
S,== (My +M,+...+M,)=% (84+V3) = 2.48. 


As would be expected, the inequalities 
5, = 5; = \ sinxdx<S,<S, 
0 


hold true (the exact value of the integral is equal to 2). 
6.1.2. At what 6 > 0 does the relation 


IU 


an-l 
\ sin xdx— >) sinE, Ax,| < 0.001 
i=0 


0 


follow from the inequality max Ax; < 6. 

Solution. Since s,</,<S,, then for the required inequality to 
hold true it is sufficient that the upper and the lower integral sums 
differ by less than 0.001: 

0< S,—s, < 0.001. 
But 
n—-l n—l 
S,—S, = (M;—m,) Ax; <6 a (M;—m,), 
t=0 i=0 
where M, and m, are the greatest and the least values of the func- 
tion sinx on the interval [x;, x;,,] (@=0, 1, ...,2—1). Assuming 


for simplicity that the point > is chosen as one of the points of 


division and taking advantage of monotonicity of the function sin x 
IU 


on the intervals 0, +| and Ez 


5 x| , we obtain 


a-1 


2 (M;—m) es (sin >—sin 0 = 2. 


Consequently, the required inequality is satisfied if 25 < 0.001, 
i.e. 6 < 0.0005. 


6.1.3. Show that the Dirichlet function [see Problem 1.14.4 (b)] 
is not integrable in the interval [0, 1]. 


Solution. In dividing the closed interval [0, 1] into a fixed num- 
ber of parts we must take into consideration, in particular, two 
possible cases: (1) all points & are rational; (2) all points &; are 
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irrational. In the first case the integral sum is equal to unity, in 
the second to zero. Hence, no matter how we reduce the maximum 
length of subintervals, we always get integral sums equal to unity 
and integral sums equal to zero. Therefore, the limit of integra} 
sums is non-existent, which means that the Dirichlet function is 
not integrable on the interval [0, 1]. 


6.1.4. Find the distance covered by a body in a free fall within 
the time interval from t=a sec to t=b sec. 


Solution. A body moves in a free fall with constant acceleration g 
and initial velocity v)=0. Consequently, the velocity at the instant ¢ 
is equal to the velocity increment within the time interval from 0 
to ¢, i.e. u(t)=Av. For a short time period A? the velocity incre- 
ment is approximately equal to the acceleration at the instant ¢ 
multiplied by At. But in our case acceleration is constant, there- 
fore Avu=gAt, and hence, v(t)=gt, since At=t—O=t. 

Let us subdivide the time interval from t=a to t=b into n 
equal parts; then the duration At of each subinterval will be equal 


to At="—". We assume that during each subinterval of time the 


body moves uniformly with a velocity equal to its velocity at the 
beginning of this interval, i.e 





= 2a, 











Whence we find the distance covered by the body during the ith 
subinterval: a The entire distance covered by the body is 


approximately equal to 


Sas. 





aha - 
b—a 
=-g | 








= (b—a) g [a+ bani 


With n increasing the distance covered can be evaluated more accu- 
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rately. The exact value of s is found as the limit s, as n-—> oo: 
s= lim s,= lim g(b—a) E +4 (b—a) (1 ——)| _ 


= g(b—a) ja +7 (b—a)| == (0 — a*). 


Since s, is an integral sum 


n- 1 
s,= >. 0, At, (At, ey Kpics “—*) 
i=0 


n 





the distance s is an integral: 
oe 
s= | vdt=| gtdt—$ (ba), 


6.1.5. Proceeding from the definition, compute the integral 
1 


\ x dx. 


0 


Solution. By definition, 


1 n-1 
\ dx =lim > & Ax; as max Ax; — 0, 
: i=0 
where 
Oi ee gly. “Ee [We Kees] 
AX; = Xj4+4—X;. 
1. Subdivide the closed interval [0, 1] into n equal parts by the 
points x,=— (i=0, 1 2 aa): 


The length of each subinterval is equal to Axj=-, and 7 — 0 


ass n— &W, 
Let us take the right-hand end-points of the subintervals as the 


points &;: Es = Xi44= (i =0, 1,...,n—l). 
Form an integral sum: 





4 4 l 
[,=S,= Dd, t-te (1424... 40) =28t), 


i=0 an 
As n—>oo the limit of this sum is equal to 


lin 2 Basie 
fir @ 2n 2 
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Hence, 


fede. 


0 
2. Using this example, we will show that for any other choice 
of points —; the limit of the integral sum will be the same. 
Take, for instance, the mid-points of the subintervals as €,:& = 








ip 
ais ((i=0, 1, ..., n—1). 
Form an integral sum 
n—- | 

gti 1 1 2n? 1 
n= Xd + apa [Lt8+54...4+2n—I {| =B=5. 
Hence 

es 


6.1.6. Proceeding from the definition, compute the integral: 


b 
\ x dx (mA—1, O0<a<b). 


Solution. In this example the following points can be conveniently 
chosen as points of division: 


1 t n 


Ke 0; x,=a(—] a ee xj=a(| aes x, =a(2 =) 0. 
They form a geometric progression with the common ratio 
l 
b n 
ola) >A. 


The length of the ith subinterval is equal to 
Ax; = ag'*!—aq' = aq' (q—1). 


Therefore the maximum length of the subintervals equals max Ax; = 
n—1 ] 


= ag" (q—1)=a() ‘ (+) —1 and tends to zero with 





a 
increasing n, since limg=1. 


Now let us choose ‘the right-hand end-points of the subintervals 
as: GF SX ag) (= 0,. 15:2) eang- NT). 
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Form an integral sum: 


n-1 n—-|l 
LoD Ag = arg ag Gl) = 
i=0 i=0 
=a™*!(g—l1)q™[lL+q™ti+t...+q"77P VERA) es 
(m+1)n__] oe 
=a"? (q—1) qn = (bt a®*t) q@ me 


Let us calculate the limit of the integral sum as max Ax;—0, 
i.e. as g— 1: 





ess m m l ™m m I 
lim /, =(b"*+1—a 4) lim 9" a To = (b"*1—a eae 
Thus, 


ae dx = (DOF tage tty. 
6.1.7. Proceeding from the definition, compute the integral: 
2 
dx 
\ 
1 


Solution. Subdivide the interval [1, 2] into n parts so that the 


points of division x; (ij =0, 1, 2, ..., m) form the geometric pro- 
gression: 

Vel So 2007. SH. ee Oe 2, 
whence g= j/ 2. 


The length of the ith subinterval is equal to 
Ax,;=q'ti—q'=q' (q—]), 


and so max Ax;=q""1!(q—1)— 0 as n— ovo, i.e. as g— I. 

Now let us choose the right-hand end- -points of the subintervals 
as the points &,, i.e., 6; =%;4,=9'*!. 

Form an fees sum: 


n—| 


ho on % 





] 
J i in _ i (g@ ) 
Bee) =e 2° —Il/. 


i 
Comey 
lim /,= lm ——- 
i> @ n-> © 7S 


2 


gi 


N 


== [nZ. 


1 


since 2" —1~+ In2 as N— oo. 
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2 
jeune 


6.1.8. Evaluate the integral 
5 

[=\V25—x ax, 
0 


proceeding from its geometric meaning. 


Solution. The curve y=V 25—x? is the upper half of the circle 
x?+ y®=25. The portion of the curve corresponding to the variation 
of x from 0 to 5 lies in the first quadrant. Hence, we conclude 
that the curvilinear trapezoid bounded by the lines x=0; x=5; 
y=0, and y=/V 25—x? is a quarter of the circle x*-+ y= 25; and 

Ot 


its area is equal to ae 





Hence, 


5 
[= \V25—# dem = 
6.1.9. Evaluate the integral, proceeding from its geometric 
meaning: ; 
1=\ (4x—1)dx. 
6.1.10. Prove that 


x 
[=\Ver-# dx=>xVG—x +2 arc sin — (O<x<a). 
0 


Solution. The integral 
l= \ V a®§—x dx 


0 


expresses the area So,y, Of the por- 
tion of a circle of radius a lying in 
the first quadrant (see Fig. 59). 
This area equals the sum of the 
areas of the triangle OMx and the 
sector OAM. 





LU. 8 pe ee 
Some = 9 =F V a—x 


Fig. 59 
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The area of the sector 


| 
Soam = az et, 


x 
where sint = a 


Hence, 


S _ a - x 
OAM => AC SIN , 


and consequently, 


x Se ek 
l=5V G+ 5 arc sin—. 
6.1.11. Proceeding from the geometric meaning of the integral, 
show that 
2m l ] 
(a) \ sing xdx—=0;  (b) \ e-* dx ==2 | e-* de, 
=i 


0 0 


Solution. (a) The graph of the function y=sin*x is shown in 
Fig. 60. Let us show that the area situated above the x-axis is 
equal to that lying below this axis. Indeed, let nx x<2n, then 
x=n-+x, where O0O<x,<m and sin? x=sin?(n+x,) =— sin’ x,. 

Therefore, the second half of the 
graph is obtained from the first one 
by shifting it to the right by a 
and using the symmetry about the 
x-axis. Hence, 

2m 
\ sin’ x dx = 0. 
0 Fig. 60 


6.1.12. Given the function f(x)=x* on the interval [—2, 3], 
find the lower (s,) and the upper (S,) integral sums for the given 
interval by subdividing it into n equal parts. 





6.1.13. Proceeding from the geometric meaning of the definite 
integral, prove that: 


2m 


sin 2x dx = 0; (b) \ cos’ x dx = 0; 


0 


(a) 


3 
() \(@x+1)dx=6; (a) | VOAMdx= St. 
-3 
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6.1.14. Passing to the limit from the integral sums, compute the 


integral 
4 


[= \ dx, 


] 


by subdividing the interval [l, 4]: 
(a) into equal parts; 
(b) by points forming a geometric progression. In both cases 


choose &, as: 
(1) left-hand end-points of the subintervals; 
(2) right-hand end-points of the subintervals; 
(3) mid-points of the subintervals [x;, x;,,]. 


§ 6.2. Evaluating Definite Integrals by the 
Newton-Leibniz Formula 


The following is known as the Newton-Leibniz formula: 


Uf (x) dv = F (x)? =F (b)—F (a), 


a 


where F(x) is one of the antiderjvatives of the function f(x), i.e. 
F’ (x) =f (x) (@<x<0). 
6.2.1. Evaluate the integral 
V3 
[= \ pe 
Solution. Since the function F(x)=arctanx is one of the anti- 


derivatives of the function = using the Newton-Leibniz 


formula we get 


V3 
_ dx V3 Q _ ct AT 
I= \ [SS =aretanz| —arctan)V 3 arctanl== 4 =]5° 


6.2.2. Compute the integrals: 











2 
in2Qxdx; (by | Sax; ce 
(a) \ sin2xdx;  (b) snd o* (c) \ yes 


o|82— la 
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6.2.3. Given the function 
jx for O<x<l, 
= \Vx for lx<ix<2. 


2 


Evaluate \ i (x) dx 
0 


Solution. By the additivity oe of the integral 











2 l 2 
[ F(xydx=) f(y det) F(x oy dem fata ve 
0 0 7 
=3| +907 | pt Ge = 4VE—D, 
0 I 
6.2.4. Evaluate the integral 
heal cil 
0 


Solution. Since 


{ 1--x for O<x<l, 
= [tor “he ee 2. 


we obtain, taking advantage of the additivity property of the integral, 


|I1—x|= 


2 | 2 
\ |—x|dx=\(1—x) dx+\ (x—Ide= 
0 


0 


l 
= xP], ee yy ot i 








Spee ee ape eb seg oe 
0 
6.2.5. Evaluate the integral 
b 
a 
p=\ ie ax, 
where a < 0. 
b 

Solution. If O0<a<b, then f(xya lta 1, therefore \ f (x) dx= 


a 
b 


=b—a. If a<b<0, then f(x)=—I and J f(x)dx = —b—(—a)= 


a 


b 
=a--b. Finally, if a<0< 06, then divide the integral \ fF (x)dx 
a 
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into two integrals: 


b 0 b 
Vf (dx =| f(xyde+ J f(x) de=b—(—a). 
a a 0 


The above three cases may be represented by a single formula: 
b 
\ el dx=|0|—|a}. 
Xx 


Note. When evaluating integrals with the aid of the Newton-Leib- 
niz formula attention should be paid to the conditions of its legi- 
timate use. This formula may be applied to compute the definite 
integral of a function continuous on the interval [a, b] only when 
the equality F’(x)=f(x) is fulfilled in the whole interval [a, b| 
[F (x) is an antiderivative of the function /(x)]. In particular, the 
antiderivative must be a function continuous on the whole interval 
(a, b]. A discontinuous function used as an antiderivative will lead 
to the wrong result. 


6.2.6. Find a mistake in the following evaluation: 


V3 
— 0 





= > [arctan (—) 3) —arctanQ] = = : 





2x 


I : I 
where & arc tan === | = faa ee I). 

Solution. The result is a priori wrong: the integral of a function 
positive everywhere turns out to be negative. The mistake is due 
to the fact that the function = are tan a has a discontinuity 
of the first kind at the point x= 1: 


; l 2x Xn ; l 2x bie 
lim >arctan-—,=7; lim sarctan;—>7~=— 7. 
x- 1-0 l—x 4 r+140 2 1 — x* 4 





The correct value of the integral under consideration is equal to 


V3 

\ we arc tanx = =arctanV 3—arc tan 0O=> : 

0 

Here the Newton-Leibniz formula is applicable, since the function 
F (x) =arc tan x is continuous on the interval 0, 3| and the equality 


F’ (x) =f (x) is fulfilled on the whole interval. 
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6.2.7. Find a mistake in the following evaluation of the integral: 


aT 


dx =| dx os 
[-+2sin2x  .} cos?x-+3sin?x — 
0 0 
1 ax 
cos? x l i “34 _ 
a T+3tanx p37 an (V t an x) : =: Q), 
0 


(The integral of a function positive everywhere turns out to be 
zero!) 


Solution. The Newton-Leibniz formula is not applicable here, 





since the antiderivative F (x)= a arc tan(V 3tan.x) has a discon- 


tinuity at the point x=. Indeed, 

















lim F(x)=— lim —arctan(V 3tanx) = 
t= -0 x-> ~-0 73 
set arc tan (--0o) == 
— V3 2V 3’ 
lim F(x)=— lim —arcetan(V 3tanx) = 
n VF 
bet U r+ = +0 
_ are tan (263) =—2— 
=VF 2V 3 
The correct result can be obtained in the following way: 
\ sans sin? x = (aortas SIGS ei 
0 0 
= — ——arc tan(V 3cot 
73 arc tan (V3 cot x)|" ; ae 





It can also be found with the aid of the function F(x)= 
= pe arctan (V3 tanx). For this purpose divide the interval of 
integration [0, x] into two subintervals, /0, 5 | and lS | , and 
take into consideration the above-indicated limit values of the func- 
tion F (x) as KF 0. Then the antiderivative becomes a conti- 


nuous function on each of the subintervals, and the Newton-Leibniz 


9* 
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formula becomes applicable: 


dx 
cos? x+-3 sin? x 


-{- 


moons 
—m 


CCL > 9 
o> bo| a 


wl ac—a a 


l 


V 3 





arctan (V 3 tan x) 


— 


arc tan (V 3 tan x) 








1 
a 
Zz 


ri 
ep aa 
6.2.8. Compute the integral 


| yoo We 


0 
‘T+ cos 2x 2 
Solution. |/ Ts a8 = yo —|cos x|= 


av 
COS Xx, 0SKN5 


I 
— COSX, > <— +0, 





Jt 
> + 
0 





Therefore 


qr 
| ye 28 ty 
0 


vo] 2 


cosxdx-+ \ (—cos x) dx = 


OC 
wlai—a 


; TU ‘ 
= sinx |> + (— sin x) 
0 








™ =(1—0)-+(0—(—1)) =2. 
2 


Note. lf we ignore the fact that cosx is negative in s n| 


and put 
yo — cos x, 


we get the wrong result: 


a 


' x 
| cos x dx = sin x} =0. 
0 
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6.2.9. Evaluate the integral 
1002 


= ( V 1—cos 2x dx. 
0 
Solution. We have 


V1—cos2x=/ 2 |sinx|. 
Since |sinx]| has a period a, then 
1002 100n 


{ V 1—cos 2x dx =V2 ( |sinx|dx = 
6 6 


= 100V2 \ sinxdx=200/V2. 


6.2.10. Evaluate the integrals: 


al -2 














dx . _ dx |. 
(a) I= § orpaye (b) ae P=? 
IU 
nt 4 : 
(c) J/= sin? = dx; (d) /= = ox; 
yon } Fe 
2 
ra 
e? sin -— 
d 
(e) ah a; (f) ina os dx; 
1 
I ‘ “ 
XY” AX 
(g) / =\75 enx (h) 1=\ a 
0 0 
; d 
. X AX 
ee " Veti+ Vox+1 
z 
(j) = \ V/ cos x— cos? x dx; 
me 
VT 
(k) -\ at er 
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§ 6.3. Estimating an Integral. 
The ne Integral as a Function of Its Limits 


_ if f(x) <q(x) for axx<od, then 
b b 


iF (x)dx< J (x) ax. 
In particular, 
b 


b 
\ F (x)dx <JIf(lae 








b 
2. m(b—a) < <i )dx <M (b—a), 


where m is the least value, aaa M the greatest value of the func- 
tion f(x) on the interval [a, 6] (estimation of an integral). 
3. If the function f(x) is continuous on the interval [a, b], then 
b 
Vf(x)dx=f @(b—a), a<&<b 
a 


(mean-value theorem). 
4. If the functions f(x) and g(x) are continuous on [a, Ob], 
(x), in addition, retains its sign on this interval, then 
b 


b 
(Fie (ndx=f(e)\ e(dx, a<b<b 


a 


(generalized mean-value theorem). 


az VF Wat =F (xp, az VF (t)dt=—f(xjat each point x of 
continuity of the function f(x). 
6.3.1. Estimate the following integrals: 


3 


+ 
(a) /= \V 35 Fade, (b) 1=| ae 
= 





1 

ae 
(c) p= | S55 ax. 

0 


Solution. (a) Since the function f(x)=V3-++ x? increases mono- 
tonically on the interval [1, 3], then m=2, M=)/ 30, b—a=2. 
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Hence, the estimation of the integral has the form 
3 


22<\V384+edx <V30-2, 


I 


3 
4<\ V3f dx <2V'30 = 10.95. 
1 





(b) The integrand f (x)= in decreases on the interval E 7 ; 
since its derivative 


x cos x— sin x x—tanx) cos x 


x ogg 0. 
Hence, the least value of the function: 
i 3V3 
m=1(3)=a 
its greatest value being 


nai(G)-2E, 





Therefore 











0.22 ~ ve = ae dx a ~ 0.24, 


a|ac—— «| 


6.3.2. Estimate the absolute value of the integral 
19 
sin x 
\ Ta dx. 
10 
Solution. Since |sinx|<1, for x10 the inequality 


sin x 


1-+ x8 








< 1078 is fulfilled. 





Therefore 
19 


sin x 
\ [ae dx 
[0 
(the true value of the integral ~—107*). 





< (19—10) 10-8 < 1072 
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6.3.3. Which of the two integrals 


l l 
\ V xdx, \ x3 dx 
0 0 
is the greater? 
Solution. As is known, Vx > x? for 0<x< 1. Therefore 


1 I 

( V xdx> ( x3 dx. 

0 0 
6.3.4. au the inequalities: 


1 
x? dx l 


<3 (b) L<|evdr<e. 
ye : 
0 





(a) 0< | yin 





Solution. (a) Since 0< 
then 


<x? fo O< x<cl, 


See 
/ 1438 


xt dx x8 
0< frat ; < fede 
l+x 


1 | 
9 8° 








(b) Since for O< «<1 there exists the inequality l<e <e, 
then 


l ] I 


\ ax < \ edn < \ ed. 
0 0 


0 
Hence the inequality under consideration holds true. 


6.3.5. Prove the inequality 


ey 
ent sin xX dy < ope) (R > 0). 
0 


Solution. Since the function f (x)= 


Problem 6.3.1 (b)], then for 0<x< > 





, 3) [sce 


bee ‘ 2 
Hence, on this interval sin x > =x therefore 


2R 


eR sin x < oon 
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and 


It 


I 7 
“a : rs a [oe |: - 

—R sin x Se eet ee Bears Spek 
(e cf e* * dx = see lar Sp eae) 
0 


6.3.6. Prove that for any functions f(x) and g(x), integrable on 
the interval (a, 6), the Schwarz-Bunyakovsky inequality takes place: 


<V/ Srevds fe wae 


Solution. Consider the function 


= [f (x) —Ag (x)]’, 


where A is any real number. Since F(x) >0, then 


b 


[Fag (yar 


a 








b 
{ [f (2) —Ag(x)]}? dx > 0, 
es b t 
A ( g(x) dx—20 \ f(x ) g (x) dc | Playde>o 


The expression in the left side of the latter inequality is a quad- 
ratic trinomial with respect to A. It follows from the inequality that 
at any A this trinomial is non-negative. Hence, its discriminant is 
non-positive, i. e. 


b 2 b b 
| i 0) gta) = \ f? (x) dx \ g (x)dx<0. 


Hence 
qs 


(reves x) dx </ CF ide ( g? (x) dx, 








which completes the proof. 
6.3.7. Estimate the integral from above 


1 


f=\ sie dx. 





1+ x? 


Solution. By the generalized mean-value theorem we have 


1 


= sinE(O<E< l). 


0 





i 
sin x 
\ Tacx 5 ax = sint | o$ og —~__ =sinE arc tanx 
0 
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Since the function sinx increases on the interval [0, 1] then 
sin& < sin 1. Whence we get an upper estimate of the integral: 





1 

\ oa dx< = sin 1 ~ 0.64. 
0 

It is possible to get a better estimation if we apply the same 
theorem in the form 


] 1 


j I : ] 
\ pees dx = ag J sin x dx = Tes (1—cos 1) << 1—cos 1 ~ 0.46. 
0 0 
6.3.8. Proceeding from geometric reasoning, prove that: 
(a) if the function f(x) increases and has a concave graph in the 
interval [a, b], then 
b 


(b—a) f(a) < {fF (x)dx<(b—a) OSLO; 


a 


(b) if the function f(x) increases and has a convex graph in the 
interval [a, bd], then 


b 
(6—a) OLE) < F(x) dv < (b—a)j (b). 


Solution. (a) Without limitation of generality we may assume 
f (x) > 0. Concavity of the graph of a function means, in particu- 
lar, that the curve lies below the chord 
through the points A(a,f(a)) and 
B(b, [ (b)) (see Fig. 61). Therefore the 
area of trapezoid aABb is greater than 
that of the curvilinear trapezoid boun- 
ded above by the graph of the func- 
tion, i. e. 





b 


Fig. 61 


The inequality 
b 
(b—a) f (a) < § F(x)dx 
is obvious. 
1 


6.3.9. Estimate the integral \V 1+ x4 dx using 


0 
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) the mean-value theorem for a definite integral, 
) the result of the preceding problem, 


(a 

(b 

(c) the inequality V1l+x4< 1 +2, 

(d) the Schwarz-Bunyakovsky inequality (see Problem 6.3.6). 
Solution. (a) By the mean-value theorem 


l 
= \ Vi+xtdx =V1+€, where OSE. 
0 
But 
I<VI+B<V2Q, 
whence 
l</<V2~1.414. 


(b) The function f(x) =V1-+ x4 is concave on the interval [0, 1], 
since 


" (x4 +- 3) 
P(x =e pie > O<K<L. 


On the basis of the preceding problem we get 


1 
L< | Vite -- ade < EV 2 ws, 207. 


0 


(c) I<t= | VFRae < (145) de=1 bapa bl 


(d) Put f(x) =V 1+ x', g(x) =1and take advantage of the Schwarz- 
Bunyakovsky inequality 


1 


=\VieRanr<V §( ] +. x*) dx. (12 ay = 


0 0 


—- V1.2 ~ 1.095. 


6.3.10. Find the derivative with respect to x of the following 
functions: 








V1+x4 dx 


x3 


(a) F(xy=\Intdt (x>0), 


Vx 
(b) F (x)= \ cos (t*) dé (x > 0). 


1 
x 
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Solution. (a) Write the given integral in the following way: 


F (x)= inte +Sinedt= (inedt—S int at, 


where c > 0 is an arbitrary constant. 

Now let us find the derivative F’(x) using the rule for differen- 
tiating a composite function and the theorem on the derivative of 
an integral with respect to the upper limit: 


Fi.(x) = | In at | omi| | Int it (<7) == Ine 3x — In 2x = 


= (9x? — 4x) In x. 
C Vx 
{b) F(x) = ( cos (t?) dt 4- \ cos (¢t#) dt = 


1 
“x Vx 
=—( cos (¢2) dt + \ cos (t*) dt; 


1 , 


F'(x) =— cos (¢?) df | , (=),+ ose | (V x); == 
x Vix 


c c 


oi eg ae = + cosx 2 Os a: | cos x 
— eV PE oe BPO OW x 





6.3.11. Find the derivative with respect to x of the following 


functions: 
2x 0 


(a) F (x)= | Peat; (b) F (x) =\ VIF Fade. 


6.3.12. Find the points of extremum of the function F (x) =\Kat 


in the domain x > 0. : 


Solution. Find the derivative 


Fa) | (2a = Sine 


0 x 


The critical points are: 


x=nn (n=1, 2, ...), where sinx=0O. 
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Find the second derivative at these points: 
F" (x) __ * cos aes sme 


” I 
F" (nn) = —- COS (Nt) = (1) "+4 0. 


Since the second derivative is non-zero at the points x=nx 
(n= 1, 2, ...), these points are points of extremum of the function, 
namely: maxima if n is odd, and minima if n is even. 


6.3.13. Find the derivative of y, with respect to x, of the func- 
tion represented parametrically: 
t3 3 
x=\j/Zin zdz; y= ( 2? In zdz. 
1 , Vie 
Yt 


Solution. As is known, y,=-5 
Xt 





Find x, and y;: 


3 
“(| V/ zin a) (8), =f 1n ¢%- 32? = 9f7 In Z; 
1 Z0 





(e ) 2 = 4 ae 
_ 27 Inz dz V t)} =—ilnV i ——-=—-—YJ flint: 
UE i * )i V V1 cI 
whence 
pa tt 36r VF (tt > 0). 
Ss VP ln 
4 
6.3.14. Find the limits: 
\ sin V x dx \ (arc tan x)? dx 
- QO : 0 
Oe a lim 2. —. 
Ae ep AN ee 
x 2 
({ "a 
(c) lim “———.. 
X++@ 
| dx 


0 
x? 


Solution. (a) At x=0 the integral { sin V xdx equals zero; it is 


0 
easy to check the fulfilment of the remaining conditions that ensure 
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the legitimacy of using the L’Hospital rule. Therefore 
x? x? , 
\ sin V x dx | sin vras| (x2), 
x2 


lin ee lim = 
x 
x0 x0 


2x sinx 2 
gg ta 


: == lin = 
3x? a 3x 


(c) We have an indeterminate form of the type =. Use the 


L’Hospital rule: 


=— lim - lim 2 - = (), 


x>+@ ex x>+oa er -2x 





6.3.15. Find the derivative of the following implicit functions: 


e“" dt + ( sin® tdt =0; 
0 


y 
0 
y x 
(b ‘dt + \ sintdt = 0; 
Fe — 
(V3—TsinFzde + ( cost dt =0. 
1 0 
Dp 


(Cc) 


Solution. (a) Differentiate the left side of the equation with 
respect to x, putting y =y (x): 


y , x? , 
fear] ibe | (sinteat | (47) 0: 
0 y 0 x? 


d . 
a= = + sin?x?-2x =0. 


Hence, solving the equation with respect to - we get 


d 2. : 
4. __Oyet¥ sin? x2, 
dx 
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(c) Differentiate the left side of the equation with respect to x, 


putting y= y (x): 
; ; i 
Ys 
a | costat | 0, 


0 


\V3=2 sin? z dz 
1 


9 x 


Whence 


oo d a.) ain) © 
V3—2 sin?x-+cos y= =0; dy __-(V3—2sin? x 


dx COS Yy 
6.3.16. Find: (a) the points of extremum and the points of 
inflection on the graph of the function 


I= { (¢—1) (t—2)-db; 
0 
(b) curvature of the line defined by the parametric equations: 
t 
| x=aVR | cos % dt, 
| 
| 


0 
- 2 

y=aV x \ sin = at 
0 


(the Cornu spiral). 
Solution. (a) The function is defined and continuously differen- 
tiable throughout the entire number scale. Its derivative 
[= (x—1) (x—2) 


equals zero at the points x,=1, x,=2, and when passing through 
the point x, it changes sign from minus to plus, whereas in the 
neighbourhood of the point x, the sign remains unchanged. Conse- 
quently, there is a minimum at the point x,—1, and there is no 
extremum at the point x, =2. 

The second derivative 


[, = 3x? — 10x+8 


vanishes at the points x, =F, x,=2 and changes sign when pas- 


sing through these points. Hence, these points are the abscissas cf 
the points of inflection. 


(b) We have 
mf as 


, aay , AY sie es Iv 
x,=aV ncos a y, =aYV nsin x 
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hence, 
Ut mt? » (yt Vani 
eg aes Yxx = mete? 
t a cos? — 
2 
whence the curvature 
en _ Vut 
Seg 
ry, 2 
[1+ (y’)?| 


6.3.17. Prove that the function L(x), defined in the interval 
(0, oo) by the integral 
P at 
Line |S, 
] 


is an inverse of the function e*. 
Solution. Let us take the derivative 
L’ (x)= a eS QO). 
Since the derivative is positive, the function y-=L(x)_ increases 
and, hence, has an inverse function 
x= L™*(Y). 
The derivative of this inverse function is equal to 
dx | 
dy L’ (x) 
whence it follows (see Problem 3.1.10) that 
x=Ce’. 
To find C, substitute x —1. Since 
£(1)=0, i.e. yl,_, =9, 





=X, 


then 
lL=Ce=C, 


which proves our assertion: 
x= L(y) =e”. 
6.3.18. Given the graph of the function y =/(x) (Fig. 62), find 


a 


the shape of the graph of the antiderivative / = \ i (t) dt. 
0 


Solution. On the interval [0, a]. the given function is posi- 
tive; consequently, the antiderivative increases. On the interval 
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a 
curve /=/(x) is concave. On the interval Is, 
of the given function is negative; consequently, the curve / =/ (x) 


j0 | the derivative of the given function is positive; hence, the 


a\| the derivative 


is convex, the point Ka being a point of inflection. The inter- 


val [a, 2a] is considered in a similar way. The point x,=0 is a 
point of minimum, since the derivative /’(x)=f(x) changes its 
sign from minus to plus; the point x,=a is a point of maximum, 
since the sign of the derivative changes from plus to minus. 





Q a2 a ga 2a. 
2 2 
Fig. 62 Fig. 63 


The antiderivative /(x} is a periodic function with period 2a, 
since the areas lying above and below the x-axis are mutually 
cancelled over intervals of length 2a. Taking all this into account, 
we can sketch the graph of the antiderivative (see Fig. 63). 


6.3.19. Find the polynomial P(x) of the least degree that has 
a maximum equal to 6 at x=1, and a minimum equal to 2 at 
Y=: 

Solution. The polynomial is an everywhere-differentiable function. 
Therefore, the points of extremum can only be roots of the deriva- 
tive. Furthermore, the derivative of a polynomial is a polynomial. 
The polynomial of the least degree with roots x,=1 and x,=3 
has the form a(x—1)(x—3). Hence, 


Px) =a(x —1) (x —3) =a (x? —4x +3). 
Since at the point x== 1 there must be P(l)=6, we have 
P (x)= | PY (x) dx +6 =a | (x*—4x+4 3)dx +6 = 
] 1 
2 
The coefficient a is determined from the condition P(3)=2, whence 
a= 3. Hence, 


—=Q (2x? + 3x l x) -|- 6. 


P (x)= x®—6x°+9x-| 2. 
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6.3.20. Find the polynomial P(x) of the least degree whose graph 
has three points of inflection: (—1, —1), (1, 1) and a point with 
abscissa 0 at which the curve is inclined to the axis of abscissas 
at an angle of 60°. 


Solution. Since the required function is a polynomial, the abscis- 
sas of the points of inflection can only be among the roots of the 
second derivative. The polynomial of the least degree with roots 
—1, 0, | has the form ax(x?—1). Consequently, 

P" (x) =a(x?—x). 


Since at the point x0 the derivative P’ (0)=tan60°=) 3, we 
have 


P’ (x) =(P (x) dx +V3=a(F—)+V3. 


0 


Then, since P(l)=1, we get 
7 ; 5 3 7 a 
={ Pde tl=a(G—F +H) +V3—D4F1. 
l 


The coefficient a is determined from the last remaining condition 
60 (V3 —1) 


P(—1)=—1, whence a= 5 


. Hence, 


P (x)= i (3x5 — 10x3) +xV3. 


6.3.21. Taking advantage of the mean-value theorem for the 
definite integral, prove that 


! 
(a) 3 <\NVq+H8 + x2 dx < 10, 
x 
2 
UP a Ae eae es 
(b) 5 <| V l+ysintxde <5 y 3, 
t 


25 


a <\infies< a 


6.3.22. Using the Schwarz-Bunyakovsky inequality, prove that 
1 eos 
{V1 PB dx < Make sure that the application of the mean- 


0 
value theorem yields a rougher estimate. 
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6.3.23. Find the derivatives of the following functions: 


(a) F (x) =| In éde (x > 0) (b) F(xy=(%. 
) 2 


x 


6.3.24. Find the derivative ou of functions represented paramet- 


rically: 
t In ¢ 
(a) x= | M2 de, y= \ e? dz; 
5 


sin f Vet 
‘ > sin 22 
(b) x= | are sin z az, y= \ SS az. 
c2 


Nl 


6.3.25. Find the points of extremum of the following functions: 


(a) F(xy=\e 7(1—2%) de; 
1 
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If a function x=q@(t) satisfies the following conditions: 

(1) g(t) is a continuous single-valued function defined in [a, B] 
and has in this interval a continuous derivative q’ (t); 

(2) with ¢ varying on [a, B] the values of the function x= @ (#) 
do not leave the limits of [a, 5]; 

(3) @(a)=a and 9 (8) =6, Co 
then the formula for changing the variable (or substitution) in the 
definite integral is valid for any function f(x) which is continuous 
on the interval [a, 5]: 


b B 
( F(x)dv=J Fp (t)] 9° (ty at. 


Instead of the substitution «=q(t) the inverse substitution 
¢=w(x) is frequently used. In this case the limits of integration 
a and B are determined directly from the equalities @—=w(a) and 
B=w~(b). In practice, the substitution is usually performed with 
the aid of monotonic, continuously differentiable functions. The 
change in the limits of integration is conveniently expressed in 
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the tabular form: 





V3 
6.4.1. Compute the integral \ V 4—x dx. 
-V3 
Solution. Make the substitution x=2sin¢t, assuming that 
—2<t<y. The function x=@g(t)=2sint¢t on the interval 


as =| satisfies all the conditions of the theorem on changing 


the variable in a definite integral, since it is continuously differen- 
tiable, monotonic and 


«(-$)=-V8. o($)=¥2 


And so, 
x==2sint; dx=2costdt; V4—x? =2|cost|=2cost, 
since cost > 0 on the interval l-> >| ; 


Thus, 
V3 


= cL 
3 3 
| V4—# dx=4 \ cos*t df =2 | (14 cos 2t) dt = 
IU IU 
3 3 


= 2 t+ ysindd|*, =<S4V3. 
3 





4 
6.4.2. Compute the integral \ | = dx. 
2 


Solution. Make the substitution 





x=2secl; Ml it 
dx = at: 0 

cos?{° ’ a, 18 
41> 





On the interval 0, +| the function 2 sec ¢ is monotonic, there- 


fore the substitution is valid. 
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Hence, 


V 4 sec? 1—4 sin f Ap: 
16 sec! ¢ cos?f- 


OC mD 29 | 5 


4 
\ a 4 
x 

2 


uv 


yo | 3 


ae ee ee V3 
z Jj sin tcost dt =; sin | =a 


0 


—— 
——- 


6.4.3. Compute the integrals: 


V3 


a) \ x Vat—xdx; (b) \ ea 


0 


6.4.4. Compute the integrals: 


dx 


cos x dx ; 
(D) 2+ cos x’ 


6—5 sinx+ sin? x’ 





(a) 


CCD] a 


2 Sed a 


Solution. (a) Apply the substitution 


& 
i 


Sinx=1; 
cos x dx = dt; 











r| 3 oO 


| 


The inverse function x=arcsint (o< x<zford0<t< 1) satisfies 
all conditions of the theorem on changing the variable. Hence, 














jes cos x dx Sa ae 4 
=\ roa rainy 5sinx-+ sin? x =\ouae <epn= 79 0 aes 
0 0 
(b) Make the substitution t=tanz 
Qdt x |t 
x=2arctant, dx= sy 
1-+-?? 0 10 
IU > 
— l 





which is valid due to monotonicity of the function tan = on the 
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I+ 2 
= arc tan —— Pees (are tan = —are tan 0) = - 
V3 V3\lo V3 V3 3 V3 
6.4.5. Compute the integral 
a 
- d 
Xx 
\ ersten (@>0, 6>0) 
0 
Solution. Make the substitution 
tanx =f, Melick 
phy 010 
cos? x : : 
Si 
4 
Hence, 
J 
4 
dx =( dt =4( dt 
) aarETP sin? x s Oe. a 
1 b bt ] b 
= °° are tan]. =— arctan—. 
0 ab a 


If a-=b=1, then - are tan ~are tanl = which exactly coin- 


ab a zr , 
cides with the result of the substitution a=b=1 into the initial 
integral 


7 
4 
ax a ee mu 
a* cos? x-+ b? sin? x " 
0 


Step ely 


6.4.6. Compute the integrals: 





(a) ( ViEz dx;  (b) ‘J 


© bem 


3+ j/ (x—2)P ‘i 


§ 6.4. Changing the Variable in a Definite Integral 279 


at 


6.4.7. Compute the integral tn 


x sinx 
l+-cos* x 


Solution. Reduce this integral to the sum of two integrals: 


Te 


=| x sin x dy + [rath 


1-+ cos? x 


To the integral 


apply the substitution 





x=n—t, 
dx =— dt, 
Then 
* 
cee Somat at = (m—1) sint ae 
— 1+ cos? (n— 1?) 1+ cos? ¢ i 
0 
JT I 
2 2 
sin tsint 
an\ SS aqdi— feos oe 
i) 0 
Hence 
at ot, a, 
2 d 2 dl 2) 
x sin x dx sin t tsinf dt 
P=1,+1,= seta) ST —\ er 
0 0 0 


Since the first and the third integrals differ only in the notation 
of the variable of integration, we have 


[=a\ sin 7 dt 
- 1+-cos?¢ * 
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To this integral apply the substitution 








u=cost, 
du = — sint dt, 
0 1 
fea ( Ue wg 
— \ It Sb 4 
1 () 
° : ‘ xX sin x ‘ 
Note. The indefinite integral \ costs dx is not expressed in 


elementary functions. But the given definite integral, as we have 
shown, can be computed with the aid of an artificial method. 


6.4.8. Evaluate the ee 





In(l+x) 
jaf ME a 
Solution. Make the Sipehiation 
x=tant, 
dt 
ax ~ cos? ¢’ 
Hence, 
IT anf 
4 ioe 
=| a er dt = \in( + tan?) dt. 
0 0 


Transform the sum |-+ tant: 
V 2sin { +) 


cos / 


14tan¢=tan—+tant= 


Substituting into the integral, we obtain 





1 za T 
4 ei 
pal 5 | naa [Insin (t+ +) at— | Incostdt-- 
ag] 2} a + \ Insi (t+ dt— \ Incostdt= 
5 é in j in +) \ 
=~ In2 + { Insin (1 +4) dt— \ Incost dt = In2+1,—I,, 
0 0 
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Now let us show that /,=/,. To this end apply the substitution 


aU 
bee ere, 


dt -= — dz, 





ut 


4 
to the integral 1, = | Incos tdt. 
0 


Then 


ont Seah (+-+2] dz=/,. 
0 


Therefore 


Note that in this problem, as well as in the preceding one, the 
In (1+ x) 


9 dx is not expressed in elementary fun- 


indefinite integral \ 
ctions. 





6.4.9. Prove that for any given integral with finite limits a and } 
one can always choose the linear substitution x= pt-+-q (p, g con- 
stants) so as to transform this integral into a new one with limits 
O and lI. 


Solution. We notice that the substitution x=pt+q_ satisfies 
explicitly the conditions of the theorem on changing the variable. 
Since ¢ must equal zero at x=a and ¢ must equal unity at x=b 
we have for p and g the following system of equations 


a=p-0+4q, 
b=p-1-+4q, 
whence p=b—a, g=a. Hence, 


b 1 


( f (x) dx =(b—a) | f [(b—a) t +a] dt. 


a 0 


282 Ch. VI. The Definite Integral 


6.4.10. Compute the sum of Be integrals 


Gates dx -+-3 he 0 (2-3) Pay 
= 


=4 


Solution. Let us transform ci of the given integrals into an 
integral with limits 0 and 1 (see the preceding problem). 

To this end apply the substitution x= —t¢—4 to the first inte- 
gral. Then dx =—dt and 


5 
= { e(x+5)* dx =— { ef-#+ 0" df =— {ett dt. 
eat 0 0 


Apply the substitution rahe to the second integral. Then 


dx= 2 and 
2 
3 9 \2 l 
I,=3 \ e” (3) dx = {eb de, 
I 0 
3 
Hence 


— 


! 


L+l,=— Set- dt J et-oadt =0. 
0 0 


2\2 
Note that neither of the integrals { etx+5)* dx and Ve (*-5) dx is 
evaluated separately in elementary functions. 


6.4.11. Prove that the integral 


wt 

P sin 2kx 

\ ad 
sin x 





equals zero if Rk is an integer. 
Solution. Make the substitution 


of 
™~ 


x=n-—-t, 
dx = — dt, 


a © 
Oa 





Then at & an integral number we get: 


( sin 2kx _ -— | aes sin 2k (w— 1) Apia mt sin 2k¢ dt 
0 








sin x sin (1 — 1?) sin¢ 
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Since the definite integral does not depend on notation of the vari- 
able of integration, we have 


[| =—HTI, whence / =0. 


6.4.12. Compute the integral 


Solution. Apply the substitution x=sint (the given function is 
not monotonic), dx=costdt. The new limits of integration ¢, and 
t, are found from the equa- 
! rn <a 
tions 5 =sin t: —~ =sin t. 
no put ¢, == and t,= 


but other values may 


=> ’ 
also be chosen, for instance, 
oO 2m 





In both cases the variable 
x=sint runs throughout the 
ES (see Fig. 64), the function sin?¢ being 
2n on 
7S 

Let us show that the results of the two integrations will coincide. 
Indeed, 


entire interval E ; 


monotonic both on le 4 and 














V 3 1 n 
“2 3 3 a 
ees =| costdt =| dt = pont ae 
x a= sinfcos¢t ,} sin PA ba 
‘ It It 
2 6 6 
= Intan~—Jntan = = In oo V3 ; 
6 12 V 3 
On the other hand, taking into consideration that cost is negative 


on the interval | e , we obtain 
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3 Qn 51 
9 3 6. 
: dx _ | cos ¢ df =| dt 
J} x«Vi—x — .) sint(—cos ?) sin? 
1 570 20 
29) 6 3 
5 
57 ais = 
tlle tan 75% 94+.V 3 
= |n tan on = | 7 = |n —__—_ 
3 tan V3 


Note. Do not take =, — since, with ¢ varying on 


the interval z =| , the values of the function x =sint lie beyond 
the limits of the interval ei Vy. 
6.4.13. Prove that the function L(x) defined on the interval 
(0, oo) by the integral L(x) = | possesses the following properties: 
I 


L (x,x,) =L (x,) +L (x,), 
L (=) =I (x,)—L (x,). 


Solution. By the additivity property 


Let us change the variable in the second integral 





t | z 
t= X,2, 
dt =x02, “1 
XX Xo 
Then 
(dt, a 
L (xm) =\F +) ZHL (+L (9). 


1 1 


. x . 
Putting here x,x, =X,; ha =T, we obtain 
1 


L(x )=L) +L (2), ie. L (2) = L(x,) —L (x,). 
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m 


It is also easy to obtain the other corollary ila) =— L(x) for 


any integral m and n. 
Indeed, for positive m and n this follows from the relations 


L le) = mL Ce » Lixy=al tee) ; 


and for a negative exponent, from 
L(1)=0, L(x-)= L(+ =)= L(1)—L (x) =— L(x). 


Now, taking advantage of the continuity of the integral as a fun- 
ction of the upper limit, we get the general property L(x?) =aL (x). 


Note. As is known, L(x) =Inx. Here we have obtained the prin- 
cipal properties of the logarithm proceeding only from its determi- 
nation with the aid of the integral. 

3 


6.4.14. Transform the integral \ (x2)? dx by the substitution 
0 
(x—2)? == ¢. 
Solution. A formal application of the substitution throughout the 
interval [0, 3] would lead to the wrong result, since the inverse 
function x=q(t) is double-valued: x =2+V #, i.e. the function x 


has two branches: x, =2—V ¢; x,=2-+V ¢. The former branch can- 
not attain values x > 2, the latter values x <2. To obtain a cor- 
rect result we have to break up the given integral in the following 
way: 

2 3 


3 
( (x —2)*dx = | (x— 2) dx-+ | (x—2)" dx, 
0 0 9 


and to put x =2—) ¢ in the first integral, and x =2-+J) ¢ in the 
second. Then we get 


2 a ' 4 

Si —_.. 9) )\2 Se — = 
h=\( 2)? dx - (54 ie 5 \ Vid 
0 0 


3 Il 


oe ee eee 
I, \ 2 dx =| t; aa 





V Paps, 





S 


Oe 


2 0 


Hence, f=54+5=3, which is a correct result. It can be easily 


286 Ch. VI. The Definite Integral 


verified by directly computing the initial integral: 


faa aa =7+5=3. 


So 


6.4.15. Compute the integrals: 


l 5 
2 pee Ce =\7 ys 








IU 
3 l 
ax Ce 

(c) t= |S (d) =\V x= # dx; 

tt 0 

ae 

av 

a 

Sin xX COS X 
) 1=|\ SSH ax, 





~~ 
—,; 
—— 
~—, 
| 
no 


x? V a, a> 0; 
Xx 


(g) 1=\V2ax—x dx; (h) P= aloe 
0 


6.4.16. Applying a suitable change of the variable, find the fol- 


lowing definite integrals: 





Z a 
dx dx 
2 | Ve+l+Viue+h3 ( ) | ayers 
2 V (a? +b2)/2 
x dx 
(°) Fess as OM |) Vena 


V (3a? +62)/2 


2 
6.4.17. Consider the integral \ aoe. It is easy to conclude 
-—2 


that it is equal to =. Indeed, 


2 

\ dx _ i x |2 a 
4+ x2 Q 2.5 

—2 
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On the other hand, making the substitution cet, we have 





I 





SS eee 
— 


+ 
= tan - : : 
[rts hails — \ ae 5 are q 
aa “ 7 ayy 
- me 


This result is obviously wrong, since the integrand > > 0, and, 
consequently, the definite ere of this function cannot be equal 





to a negative number =: . Find the mistake. 
6.4.18. Consider the integral j= He. Making the substi- 
tution tan z=! we have 
7 dx " 2 dt = 
| PS No (5S) 


The result is obviously wrong, since the integrand is positive, 


and, consequently, the integral of this function cannot be equal to 
zero. Find the mistake. 


6.4.19. Make sure that a formal change of the variable t=x* 
Z 


leads to the wrong result in the integral ( \/ x2 dx. Find the 
—2 
mistake and explain it. 


6.4.20. Is it possible to make the substitution x=sect in the 
] 
integral / = \ V x?-+ 1 dx? 
0 


1 


6.4.21. Given the integral | Vv dx. Make the substitution 


0 
x=sint. Is it possible to take the numbers x and 5 as the limits 
for ¢? 
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6.4.22. Prove the equality 


Wie x=\ [f (x) +f(—x)] ax 


-a 


0 
for any continuous function f (x). 
2m 


6.4.23. Transform the definite integral | F(x) cos xdx by the sub- 
0 


stitution sinx =f. 


§ 6.5. Simplification of Integrals Based on the 
Properties of Symmetry of Integrands 


1. If the function f(x) is even on [—a, a], then 


3. If the function f(x) is periodic with period T, then 


b+nT 


b 
(F(xdx= J} flxyar, 
where n is an integer. 


1. Compute the integral \ | x | dx. 
—1 
Solution. Since the integrand 7 (x)==|x| is an even function, we 


have 
1 1 1 


l 
( |x|dx = 2 \ |x|dx=2 ed =|, = 1: 
= 0 0 
6.5.2. Compute the integral 


7 
x4 sin x 
\ wpe Oe 


=7 





Solution. Since the integrand is odd, we conclude at once that 
the integral equals zero. 
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6.5.3. Evaluate the integrals 


(a) ( f (x) cos nx dx; 


(b) | F(x) sinnxdx, 

(1) f(x) is an even function; (2) f(x) is an odd function. 
5 

6.5.4. Calculate the integral \ sapere 
=5 

5 

“a. 


6.5.5. Compute the integral \ I, 


cos4 x-+ sin’ x 
Solution. The integrand is a periodic function with period x, since 


sin 2 (+7) sin 2x a (x) 


Therefore it is possible to subtract the number x from the upper 
and lower limits: 





5 mt 1 
47 4 “4 
sin 2x dx =| sin 2x dx =? | ea tan x dx 
cos! x + sin? x cos! x + sin! x cos? x (1+ tan! x) ° 
n 0 0 
Make the substitution 
x | t 
= tanx, 0 0 
ax ? 
~~ bos2 x? ide | 
cos? x 4 
Jt 
4 1 1 
a z= arc tan 7? }, == 
2 cos? x (1+ tan? x) x 4° 
0 0 








6.5.6. Prove the equality 


G Q 


\ cos x} (x?) dx == 2 ( cos xf (x?) dx. 
0 


Solution. It is sufficient to show that the integrand is even: 
cos (— x) f [(—x)?] = cos xf (x?). 
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6.5.7. Compute the integral 


V2 
| oe Ok Wee 
x?-+2 ° 
: 
Solution. 
V2 
2x? +. 3x8 — 10x5 — ie al a 
x?+2 
-V2 








V2 V2 

2x? — 10x®— 7x8 +x 3x2 (x4— 4) +1 
\ = ape at f SP ae 
-V3 -V2 


=o42'f [3 (x4 2x") tne aer| a= 


nse apne ee eel 
=a Pee Legg TCC aaah gV 2455. 
In calculating we expanded the given integral into the sum of 
two integrals so as to obtain an odd integrand in the first integral 
and an even integrand in the second. 





6.5.8. Compute the integral 


DEX ty, 


cos x In 
1—x 





ee 
Solution. The function f(x) =cosx is even. Let us prove that the 


function @ (x) = In is odd: 











I -1 
g(—x)=In py In( +*) = —In-t*— —(w, 


Thus, the integrand is the product of an even function by an odd 
one, i.e. an odd function, therefore 


1 


\ cos x In ;—— = “dx =0. 


bol = 


6.5.9. Prove the validity of the following equalities: 
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! 1 


7 2, a. 
(a) \ x8 sin'xdx=0Q; (b) ( ecosxdy — 2 ( ecosx dx: 
0 


o| 3 


1 
2 
IU 


(c) ( sinmxcosnx dx =0 (m and a natural numbers); 


(d) ( sin xf (cos x) dx =0. 


6.5.10. Prove the equality 


\ f(x) dx =| f(a+b—x)ax. 


Solution. In the right-hand integral make the substitution 


x | t 
x=a+b—t, dx= —dt, a b 
b a 
Then we obtain 
b a b b 
\ F(a+-b—x)dx= —\ fiat =§ f (at =I f (xd. 
a 6 a a 


Note. The relation established between the integrals can be explai- 
ned geometrically. 

The graph of the function / (x), considered on the interval [a, 5), 
is symmetrical to that of the function f(a+b—x), considered on 


the same interval, about the straight line x= or? Indeed, if the 
point A lies on the x-axis and has the abscissa x, then the point A’, 
which is symmetrical to it about the indicated straight line, has 
the abscissa x’ =a-++-b—x. Therefore, f(a+b—x’)=/ [a+b—(a+ 
+b—x)]=f (x). But symmetrical figures have equal areas which are 
expressed by definite integrals. And so, the proved equality is an 
equality of areas of two symmetrical curvilinear trapezoids. 





6.5.11. Prove the equality 
t 1 


\iegt—x dx = \ g(x) f (t—x) dx. 


0 
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Solution. Apply the substitution t—x-=z in the right-hand integral; 


then we have 
0 t 


—\ g(t—2)f (2)dz =| (2) g(t—2) ae. 
t 0 
6.5.12. Prove the equality ( sin” x dx = | cos” x dx and apply the 
0 0 
obtained result in computing the following integrals: 


IU 


cos?.x dx and ( sin? x dx. 


Solution. On the basis cf Problem 6.5.10 we have 


qt 
“2 
‘ * IU 
sin™ xdx =( sin” (F-*) dx = ( cos” x dx. 
6 


Sey, wa 
Cewy ro] 3 


Hence, in particular, 
ae a 
2 2 
[= \ sin? x dx = ( cos? x dx; 
6 6 


add these integrals: 


2[ = (int cos) d= ( dx =; 


gags,” 


aU 
hence, /= 7° 


6.5.13. Prove the equality 


f (sin x) dx. 


so to 4 


( f (sin x) dx = 2 
0 
Solution. Since 


(i (sin x) dx = \ f (sin x) dx + ( j (sinx) dx, 
Q 0 Aa 
2 
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it is sufficient to prove that 


a 
f (sin x) dx = \ f (sin x) 
0 


nfat— 7a 


In the left integral make the substitution 


x | t 

x=n—t, . . 
dx= —dt, > > 
1 0 


Then 


n 0 
( f (sin x) dx =—| f [sin (w—1t)] dt = 
> 


os 
2 


= ( f (sin?) dt = | f (sin x) dx. 
0 0 
6.5.14. Prove the equality 


at 
{ af (sin. dx x= | f (sin x) de. 
0 0 
Solution. In the left integral make the substitution 
x | t 
x=n—l, 
dx = —dt, 0 m 
I 0) 





Then we obtain 


Tu 0 


( xp (sin xy dx =— | (n—1)f [sin (n —£)] dt = 
0 IU 


A 


= \ nf (sin ¢)dt — | éf (sin #) de. 
0 0 
Whence 


KA f 


2 ( xf (sinx)dx= 1 ( f (sin x) dx, 
0 0 


which is equivalent to the given equality. 
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6.5.15. Using the equality 


: l 
sin (n4+5) » 
SamrcnGT cae == +cosx+ cos2x+...-+cosnx, 
2sin — 
2 
prove that 
m1 sin( n+). 
2 
dx=tm 
sin 
0 2 


6.5.16. Prove that if (x)= 54, +4, cos x-+ b, sin xa, cos 2x-+ 
+6, sin2x+...+a,cosnx+6,sinnx, then 


2m 20 

(a) ( p(x)dx=na,;  (b) ( ~ (x) cos Rx dx = na,; 
on 

(c) | (x)sinkxdx=nb, (k=1, 2, ..., 0). 


0 


§ 6.6. Integration by Parts. Reduction Formulas 


If w and v are functions of x and have continuous derivatives, 


then 
b b 


\ u(x) 0’ (x) dx = u (x) v(x) ’—f v(x) u' (x) ax 


or, more briefly, 
b 


b 
| wdo=wo|’—§ vdu. 


6.6.1. Compute the integral \ xe* dx. 
0 


Solution. Let us put 
= i: e~ dx = dv; 
du = dx; U=2, 
which is quite legitimate, since the functions u=x and v=e* are 
continuous and have continuous derivatives on the interval [0, 1]. 
Using the formula for integration by parts, we obtain 
] | 


] \ 
\ xe de = xe* ye dx =e o= l. 
0 
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owe 


o 
6.6.2. Compute the integral 1 = \ e** sin bx dx. 
0 


Solution. Let us put 
u=sin bx, du = e** dx; 


du = bcos bx dx, v= et, 


Since the functions u=sin bx, y=te* together with their deri- 


vatives are continuous on the interval [0, =], the formula for in- 
tegration by parts is applicable: 


>o] 3 


1 at b 
[=e sin bx b oe e@* cos bx dx = 
0 


0 





b b 
= —— \ e**cosbxdx=—— I. 
Qa a 


oC] 8 


Now let us integrate by parts the integral /,. Put 





u = cos bx, du = e** dx, 
du = — bsin bx dx, p= et, 
Then 
IU 
es a 
 — a\a e** cos bx |? eee 
0 / 
a 
b Le b ee b2 
(21) 2) Ea), 
Hence 
an an 
a (Fai) i) l= (er 41) 


a? -+ 62 


In particular, at a=b=1 we get 


at 
( e* sin x dx = (e* +1). 
0 
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6.6.3. Compute the integral \ In* x dx. 


ass 
C3 


7s 
6.6.4. Compute the integral \ sin V x dx. 
0 


Solution. First make the substitution 


Vx =t, 


Gar, 
dx = 2t dt, 





Whence 


1? 


“4 
( sinV x dx=2\ tsin¢dt. 
0 


n 
2 
0 


Integrate by parts the latter integral. 
Put 


{= u; sin ¢t dt = dv; 
du = dt; v=—cost. 
Then 
J a 
o “2 
2\ tsint dt =2 —tcost |? +\ cost dé = 2sint 7 =2, 
0 0 
° are sin x 





6.6.5. Compute the integral = | se Va ener 


It 
2: 

6.6.6. Compute the integral \ x? sin x dx. 
0 


a 


6.6.7. Compute the integral 1, = \ (@—x)" dx, where n is a na- 
0 


tural number. 

Solution. The integral can be computed by expanding the integrand 
(a2 — x?)" according to the formula of the Newton binomial, but it 
involves cumbersome calculations. It is simpler to deduce a formula 
for reducing the integral /, to the integral /,_,. To this end let 
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us expand the integral /, in the following way: 
[= ( (a? —x?)"—-1 (a — x?) dx=a71,,_1— ( x (a® —x?)"~1 x dx 
0 0 
and integrate the latter integral by parts: 
i= x, (P=) Xe dx = do; 


du = dx; v= —p (a? — 2)" (n 0). 





We obtain 
2] 2 2\n e I ° 2 2)n 2 l / 
[,=a n-1 +5, ¥ (a — x*) 0 on (a? — x?) x= Ol, 1—z n 
0 
Whence 
2n 
— 72 
i,=a 2n+ | Int 


This formula is valid at any real n other than 0 and —+. 
In particular, at natural n, taking into account that 


a 


I= \ dx ==a, 
0 
we get 
|. = qe"! 2n (2n—2) (2n—4) ... 6-4-2 — gent (2n)!! 
oo (2n-+ 1) (2Qn—1) (Qn—3)...5-3 (n+? 


where 
(2n)!! =2-4-6... (2n), 


(2n-+ 1)!!=1-3-5... (Qn+1). 


6.6.8. Using the result of the preceding problem obtain the fol- 
lowing formula: 


Cnr Cn Cr n Gh (2n)!! 
UP i ag een eat In+1 (Qn+il’ 


where C*% are binomial coefficients. 


Solution. Consider the integral 


(2n)!! 


1 
l, -V—xy d= GO. 
0 
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Expanding the integrand by the formula of the Newton binomial 
and integrating within the limits from 0 to 1, we get: 
1 


I, = \(1—)" dx = 
0 


1—Clx? + C2x4— C8x6 + 22. + (—1)" C2x?") dx = 


foie 4 Cnt Cx (—1)? x2nt1 [1 
5 7 eek 2n -+- | i 


0 


i 


-} 
-| 








I (=1)" 
Sage ok age ge a el oe 
which completes the proof. 
6.6.9. Compute the integral 


H.= 


a 
2 

a sin” x dx =\ cos” x dx 
0 


Ce.> w]a 


(m a natural number). 
Solution. The substitution 
sinx =f, x 
cos x dx = dt, 0 


— CO;lm 


JU 
2 
reduces the second integral to the integral 


2 jG l 
H,= (1—sin?x) ® cosxdy=((1—#) ? aie 
0 0 


considered in Problem 6.6.7 with a-==1 and n==~. Therefore, 
the reduction formula 
H_="— Hy» (m0, m#1) 
is valid here, since 
9.m—!l 
2 m—1 m— | 
Ba Ime maT et me as 
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uk is an odd number, the obtained reduction formula reduces 
f1,, to 


ae 
2 

Hi \ cosxdx= Il, 
0 


therefore 
H,= (m—1)u 


mi! 


If m is an even number then the reduction formula transforms 
H,, into 


wv 
a 

H,=\ de=F, 
0 


therefore 


_(m—1)il a 
An= mil 2° 





6.6.10. Compute the integral 


at 
[= \ x sin” x dx 
0 
(m a natural number). 


Solution. Taking advantage of the results of Problems 6.5.14 and 
6.5.13, we get 


sin” x dx, 


mh) 09 2 


JU Jt 
‘ It ‘ 
 —— | xsinm xdx =F (sin™xdx=n 
0 0 


which, taking into consideration the result of Problem 6.6.9, gives 


nm (m—1)!! . : 
n i if m is even, 





2 m!! 
[=\ xsin™xdx = (m— 1)! 
0 


mil 
! 


6.6.11. Compute the integral I,= \ x (In x)"dx; m>0O0, n is a 
0 


if m is odd. 





natural number. 


Solution. First of all note that, though the integrand f (x) =x” (In x)” 
has no meaning at x =O it can be made continuous on the interval 
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[0, 1] for any m>0 and n>0, by putting 7 (0)=0. Indeed, 
lim x” (Inx)"= lim Care = 0 
x++0 x+>+0 

by virtue of Problem 3.2.4. 


Hence, in particular, it follows that the integral /, exists at 
m>0, n>0. To compute it we integrate by parts, putting 





u=(Inx)’, du ax" ax, 
—_n(inx)r—} owe 
du = ———— dx, = al 


Hence, 
I 


t= ore iy eet LEI 





l 
n m n— a 
mT? (Inx)"-1dx = — 





m+ | In-1 


m-- | 
The formula obtained reduces /, to /,_,. In particular, with a na- 
tural n, taking into account that 


we get 
n! 
(m--1)"+1° 
l 
6.6.12. Compute the integral /,,,,= {x (1— x)" dx, 
0 


where m and n are non-negative integers. 


[,=(—1)" 


Solution. Let us put 
(l—x)"=u; x"dx =dv; 








du= —n(1—x)""! dx; v=o. 
Then 
1 
m+ 1 
Linn = [oy 2") tag J ea de = Dan 
0 


The obtained formula is valid for all n>0O, and m>—l. lia 
is a positive integer, then, applying this formula successively n 
times, we get 

n(n—1l) 
Taig ET! mien -17 = Gt) may [ates ne -2— 
_ n(n—t)...[a—(r—))] / 
(a+ 1)(m+2)...(m+n) ts oO 
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But 
| 
ee -_ xnm+n+l ] = ] 
Invnsom= \¥ , Rs ge 0 m+nttl* 
Hence, 
/ a2 n (n— 1) (n—2)...3-2-1 
myn (m-+- 1) (m4-2)...(m-+-n) (m-+n+ 1)" 
The obtained result, with m a non-negative integer, can be written 
in the form 
/ a min! 
mon (mtnttl’ 
6.6.13. Compute the integrals: 
l 


] 
(a) \ arctanV xdx; (b) \ (x — 1) e-* dx; 
0 0 


3 | 
d 
(c) \ =; (d) \ x arc tan x dx; 
+ 





oS 


= 
(e) \ x In(1 +x?) dx; (f) \ In(1 4+-tan x) dx; 
0 


eee) i ee 


16 
sin 2x arc tan (Sin x) dx; (h) { arc tan lV Vx— 1 dx. 
i 


(g) 


6.6.14. Prove that 
! _ ! 

{ (are cos x)" dx = nl + | ‘<n (n—1) \ (arc cos x)""* de (n> 1). 
0 0 

6.6.15. Prove that if /” (x) is continuous on [a, b], then the fol- 


lowing formula is valid 
b 


\ xf" (x) dc = [bf" (6) —F (b)] —[af’ (a) —F (a)]. 
§ 6.7. Approximating Definite Integrals 
|. Trapezoidal formula. Divide the interval [a, 6] into n equal 
parts by points x,=a-+kh, where h=-—8, k=O, 1, ..., a, and 
apply the formula 
b 


\ Fe) de eS" | SP) +E +--+ +P Gd +e Oe) - 


a 
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The error R in this formula is estimated as follows: 


IR|< M, (b—a)8 


i573» Where M,= sup [7 (x) | 


(assuming that the second derivative is conan: 
2. Simpson’s formula. Divide the interval [a, 5] into 2n equal 


i by points x,=a-+kh, where h=-—4, and apply the formula 


Frond er Xo) FF (Xen) + 4 [fF (x )+h(x,)+... 
+E (Xen—1)] +2 [F (%_) +f eq) +e EE (Hane) ]}- 


Assuming that f'’(x) exists and is bounded, the error in this formula 
is estimated in the following way: 

M,(6—a)® 
180 (2n)* ’ 





|RI< where M,= sup |f!(x)]. 
ax<x<b 


1. Approximate the integral =| using the trapezoidal 
0 


formula at n= 10. 


Solution. Let us tabulate the values of the integrand, the ordi- 
nates y,=/(x,;)(i=0, 1, ..., 10) being calculated within four de- 
cimal places. 





Using the trapezoidal formula, we obtain 





=) Sow (OE + 0.9091 +. 0.8333 + 
0 


4+. 0.7692 + 0.7143 + 0.6667 + 0.6250 + 0.5882 + 0.5556 + 
ze 0.5263 ) = 7 + 6.9377 = 0.69377 ~ 0.6938. 
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Estimate the error in the result obtained. We have 7” (x)= a. 


Since OX x <1, then |f" (x)|<<2. Consequently, we may take the 
number 2 as M, and estimate the error: 


IRIS me = 500 ee 


We calculated the ordinates accurate to four decimal places, and 
2 (1+9 x 1) = 0.00005 ( more 





the round-off error does not exceed 


oo -9=0.000045, since the ordinates y, and y,, are 





precisely, 


exact sai . Thus, the total error due to using the trapezoidal 


formula and rounding off the ordinates does not exceed 0.0018. 
Note that when computing the given integral by the Newton- 
Leibniz formula we obtain 





l 
d l 
es = In(1+x)|' = In 2 ~ 0.69315. 


Thus, the error in the result obtained does not exceed 0.0007, i.e. 
we have obtained a result accurate to three decimal places. 





1.5 
6.7.2. Evaluate by Simpson’s formula the integral (= dx 
0.5 
accurate to four decimal places. 
Solution. To give a value of 2n which ensures the oe accu- 


racy, we find f!¥(x). Successively differentiating f (x)=* | we get 


PY (x) =e a ( 0001x*—0.004x3 + 0.12x?—2. 4x4 24) = ° ) 


eo.1x 
where P(x) is the polynomial in parentheses. On the interval 
(0.5, 1.5] the function @(x)=e%!* increases and therefore reaches 
its greatest value at x= 1.5: @ (1.5) = e®-1® < 1.2. The upper estimate 
of the absolute value of the polynomial P(x) divided by x® can be 
obtained as the sum of moduli of its separate terms. The greatest 
value of each summand is attained at aie therefore 


P 0.0001 , 0.004 , 0. a 
pe sia al a oe aces - a 
< < 0.0002 a 0.016-+ 0.96 + 38.4 + 768 < 808. 


x x? 
And so, |f'”(x)| << 1.2808 < 1000. Hence, the number 1000 may 
be taken as M,. 
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We have to compute the integral accurate to four decimal places. 
To ensure such accuracy it is necessary that the sum of errors of 
the method, operations and final rounding off should not exceed 
0.0001. For this purpose we choose a value of 2n (which will de- 
termine the step of integration A) so that the inequality 


|R| <4 + 0.0001 =5-10-§ 
is satisfied. 
Solving the inequality 


15x 1 000 


180 Ont < OX 10°, 


we obtain 
2n > 19. 


Let us take 2n = 20; then the step of integration h will be equal to 
b—a | 


A more accurate calculation shows that at 2n = 20 
|R| <3-5x 1075. 
If we calculate y, within five decimal places, i. e. with an error 
not exceeding 107°, then the error of the final rounding off will 


also be not greater than 107%. Thus, the total error will be less 
than 4.5x 107° < 0.0001. 


Now compile a table of values of the function y= for the va- 


lues of x from 0.5 to 1.5 with the step h=0.05. The calculations 
are carried out within five decimal places. 





t | Xi | 0.1.x; 20.1%: | Yi 


nn ee 


0 0.50 0.050 | 05127 9.10254 
| 0.55 0.055 1.05654 1.92098 
2 0.60 0.060 1.06184 1.76973 
3 0.65 0.065 1.06716 1.64178 
4 0.70 0.070 1.07251 1.53216 
5 0.75 0.075 1.07788 1.43717 
6 0.80 0.080 1.08329 1.35411 
7 0.85 0.085 1.08872 1.28085 
8 0.90 0.090 1.09417 1.21574 
9 0.95 0.095 1.09966 1.15754 
10 1.00 0.100 1.10517 1.10517 
11 1.05 0.105 1.11071 1.05782 
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t | XY 1x; | e0- 1X; | Yi 


_ 
12 1.10 0.110 1.11628 1.01480 
13 1.15 0.115 1.12187 0.97554 
14 1.20 0.120 1.12750 0.93958 
15 1.25 0.125 1.13315 0.90652 
16 1.30 0.130 1.13883 0.87602 
17 1.35 0.135 1.14454 0.84781 
18 1.40 0.140 1.15027 0.82162 
19 1.45 0.145 1.15604 0.79727 
20 1.50 0.150 1.16183 0.77455 


For pictorialness sake we use the tabular data to compile the 
following calculation chart: 


Ji 





. _ fa aus at an odd1 at an even t 
0 0.50 2.10254 
I 0.55 1.92098 
2 0.60 1.76973 
3 0.65 1.64178 
4 0.70 1.53216 
5 0.75 1.43717 
6 0.80 1.35411 
7 0.85 | .28085 
8 0.90 1.21574 
9 0.95 1.15754 
10 1.00 1.10517 
I] 1.05 1.05782 
12 1.10 1.01480 
13 1.15 0.97554 
14 1.20 0.93958 
15 1.25 0.90652 
16 1.30 0.87602 
17 1.35 0.8478] 
18 1.40 0.82162 
19 1.45 0.79727 
20 1.50 0.77455 
Sums 2.87709 12.02328 10.62893 





Using Simpson’s formula, we get 
1.5 


\ Fda 5 (2.87709 + 4 x 12.02328 + 
0.5 


+ 2x 10,62893) = a. - 72.22807 = 1.2038. 
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6.7.3. The river is 26 m wide. The table below shows the succes- 
sive depths of the river measured across its section at steps of 2 m: 





x 0 | 2 4 6 8 10 12] 14} 16] 18} 20 | 22 | 24 | 26 












































3.5 1.2 





y [0.30.9 1.7 | 2.1 | 2.8 | 3. 2.3/8.0 0.80 








2.0{1.7 








Here x denotes the distance from one bank and y, the correspond- 
ing depth (in metres). Knowing that the mean rate of flow is 
1.3 m/sec, determine the flowrate per second Q of the water in the 
river. 


Solution. By the trapezoidal formula the area S of the cross-sec- 
tion 


26 
Gis | yax mw 2 | (0.3-+0.6) + 0.9 + 1.742.142.843.44 
0 


Ge G49 HAG 5 A947 0.8 | —55.5 (m?). 


Hence, 
Q=55.5 x 1.3 ~ 72 (m%/sec). 


It is impossible to estimate the error accurately in this case. Some 
indirect methods of estimation enable us to indicate approximately 
the order of the error. The error in S is about 3 m?’, hence, the 
error in Q is about 4 m/sec. 


6.7.4. Compute the following integrals: 


*sinx ; : é : 
——dx accurate to three decimal places, using Simpson’s 


(a) 


[Aci ols 


formula; 
1 


(b) \e-*" dx accurate to three decimal places, by the trapezoidal 
0 
formula. 


6.7.5. By Simpson’s formula, approximate the integral 


1.36 


i= \ fads, 


1.05 
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if the integrand is defined by the following table: 





1.30 


x 1.05 1.10 1.15 1.20 1.25 1.35 




















f (x) 2.36 2.50 2.74 3.04 








3.46 | 3.98 4.6 








§ 6.8. Additional Problems 
6.8.1. Given the function 
I—x at O<x<l, 
(2—x)? at 2<x*<3. 


Check directly that the function 


x 


F(x) =\ (tat 


0 
is continuous on the interval [0, 3] and that its derivative at each 
interior point of this interval exists and is equal to [ (x). 

6.8.2. Show that the function 


( x\Inx 


a at O0<x=<— 1, 
w=) 0 at x=0 
(—l at x=1 





is integrable on the interval [0, 1]. 


6.8.3. Can one assert that if a function is absolutely integrable 
on the interval [a, 6], then it is integrable on this interval? 

6.8.4. A line tangent to the graph of the function y=/ (x) at the 
point x =a forms an angle = with the axis of abscissas and an 


angle + at the point x=b. 
b 
Evaluate (f" (x) dx, if f’ (x) is a continuous function. 


a 


6.8.5. Prove that 


\ E (x) dx =2 ME MAY + F (x) [x—E (w)]. 
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aU 


6.8.6. Given the integral \ Teens Make sure that the fun- 
+ cos* x 


ctions 








I 2 cos ! 
F, (x) = oy are cos V2 08 and F (x) =—<are tan = 


Vi + cos? x V 2 V 2 


are antiderivatives for the integrand. Is it possible to use both an- 
tiderivatives for computing the definite integral by the Newton- 
Leibniz formula? If not, which of the antiderivatives can be used? 


6.8.7. For f(x) find such an antiderivative which attains the given 
magnitude y=y, at x=.x, (Cauchy’s problem). 


b 


6.8.8. At what value of & is the equality \ e* deer (b—a) ful- 
filled? Show that 


a 


a+b 





6.8.9. Investigate the function defined by the definite integral 
F (x)=) VI—# dt. 
0 


6.8.10. Show that the inequalities 


] 


0.692 <\ x*dx<1 
0 
are valid. 


6.8.11. With the aid af the inequality x >sinx> = x (0<x< 


ae 


<F)s show that 1< de oe. 


6.8.12. Using the inequality sin x > x—% (x50) and the Schwarz- 
Bunyakovsky inequality, show that 


1.096 < ( Vxsinxdx < 1.111. 


Cry wa 


6.8.13. Assume that integrable functions p, (x), p, (x), P(X), D4 (x) 
are given on the interval [a, b], the function p, (x) is non-negative, 
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and the functions p, (x), Ps (x), p,(x) satisfy the inequality 
Ps (X) S Pz (X) S Py (). 


Prove that 
b b b 
( ps (x) py (x) dx< ( P(X) py (x)dx< ( Pp, (x) p, (x) dx. 


6.8.14. Let the function f(x) be positive on the interval [a, 5]. 
Prove that the expression 
h 


fi (x) dx. | 


reaches the least value only if f(x) is constant on this interval. 
6.8.15. Prove that 





6.8.16. Prove that one of the antiderivatives of an even function 
is an odd function, and any antiderivative of an odd function is 
an even function. 


6.8.17. Prove that if f(x) is a continuous periodic function with 
a+T 


period T, then the integral /= \ i (x)dx does not depend on a. 


6.8.18. Prove that if uw=u(x), v=v(x) and their derivatives 
through order n are continuous on the interval [a, b], then 


b 


( uv” dx= [uve DY — uy” +- ge +(—1l)""} yer v| oe 
a 
b 


+(—1)" \ u v dx. 


a 
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APPLICATIONS 
OF THE DEFINITE INTEGRAL 


§ 7.1. Computing the Limits of Sums with 
the Aid of Definite Integrals 


It is often necessary to compute the limit of a sum when the 
number of summands increases unlimitedly. In some cases such li- 
mits can be found with the aid of the definite integral if it is pos- 
sible to transform the given sum into an integral sum. 

\ ; : : I 2 n ; 
For instance, considering the points Su eee es points of 


division of the interval [0, 1] into n equal parts of length Ax= = 


for each continuous function [ (x), we have 


tin [P(G)+1(B) + 41(2)]= free 
Tol ls eee 
lim = = |sin=+sin=+.. .+sin ae) : 


Solution. The numbers in brackets represent the values of the 
function f(x)=sinx at the points 
7 a . (n—I)n 


IU 
xX,=—;5 xX,.=— or ie te X,21_m oOo 
1 n’ 2 n?’ ’ n-1 n ’ 


subdividing the interval [0, x] into n equal parts of length Ax=— 


Therefore, if we add the summand sin = 0 to our sum, the lat- 


ter will be the integral sum for the function f(x)=sin.x on the 
interval [0, x]. 

By definition, the limit of such an integral sum as n — oo is the 
definite integral of the function er from 0 to a: 
lim ~ (sin “+ sin = +. eine OOF + sin wm) 


ure 


= \ sin xdx=— cos x[’ =D. 


oo 
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7.1.2. Compute the limit 
: l ] I 
l es, Fo aes ant eee eee Se 
eS as v Van 7 +o) 
Solution. Transform the sum in parentheses in the following way: 
1 
ee} ee i ee 
V4ni—1 °° V 42 — 2 weer 


V 4n?— n? 


l I | l 
ca" Vu Voy fay 
ue ic l 2 \2 n\2 |. 
\Y a VA-(F) V +-(4) 
The obtained sum is the integral sum for the function f(x) = 


=a on the interval [0, 1] subdivided into n equal parts. 








The limit of this sum as n—>oo is equal to the definite integral 
of this function from 0 to 1: 


: 1 
i (Eat yma aT en aa) 7 








7.1.3. Compute 


im 31+ V at agate + V isan) 


Solution. Transform the given expression in the following way: 


3/14 V st V oat. ar V at |- 
=2|Viesty pat Gate ty: yaa. 
n 


The a sum is the integral sum for the function f(x) = 


r 
































es is on the interval [0, 3]; therefore, by definition, 


o.. a8 n n acer anes 
tim 2 (1+ V oat = a + V weo)= 


ae (peas : wt — 
m7 V ie] (1+ x) * dx=2VY 1+x 











3 
=4—2=2: 
0 
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7.1.4. Using the definite integral, compute the following limits: 
| e 
(a) fim (aatagst: + ara] ; 


(b) lim ay tts ay ae aii is 2 
3 


(c) on ae 
(d) lim 2m (1 Foose cos = +. + cos ! ne): 








(e) dtm n | Ty zi pet oF +... + at . 





7.1.5. Compute the limit A =lim is a’ 
Solution. Let us take logarithms. 
In A =lim In eo — lim 1 [in +inZ+...4+1n 2], 


The expression in brackets is "the integral sum for the integral 
I 








1 
{inde =(rInx—),— —1. 
0 
— Yn 
Consequently, In A=—1 and lim —— =e 1. 


§ 7.2. Finding Average Values of a Function 


The average value of f(x) over the interval [a, b] is the number 


b 
pee tm 


b \7 
nr 


2 
\ fi (oP de of the average value of the 





The square root = : 


square of the function is called a“ root mean square (rms) of the 
function f(x) over [a, )]. 


7.2.1. Find the average value pw of the function [ (x)= Xx over 
the interval [0, 1]. 


Solution. In this case 
4 
3: 
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7.2.2. Find the average values of the functions: 
(a) f(x) =sin? x over [0, 2x]; 





| 
(b) i) =a5 over [0, 2]. 
7.2.3. Determine the average length of all vertical chords of the 
hyperbola e—£e) over the interval ax x< 2a. 


Solution. The problem ee hes in finding the average value of 
the function f(x) =2y=2— VY eae a? over the interval [a, 2a]: 





a pi vey v—ardx= 
a VP =O —F In(x + VP) |" 5 [2V3— In(2+V3)]. 


7.2.4. Find the average ordinate of the sinusoid y=sinx over 
the interval [0, x]. 


Solution: 
aU 


st GOING ST: 
; JU 


l ‘ l 
L=— sin x dx = —= cos x 





OC 4 


Rewrite the obtained result in the following way: 
9 aT 
=n oe x dx. 


Using the geometric meaning of the definite integral, we can say 
that the area of the rectangle with the altitude » --— and the base 
m equals the area of a figure bounded by a half-wave of the sinu- 
soid y=sinx, O< x<qa, and by the x-axis. 

7.2.5. Find the average length of all positive ordinates of the 
circle + y?=1. 


7.2.6. Show that the average value of the function f(x), conti- 
nuous on the interval [a, bd], is the limit of the arithmetic mean 
of the values of this function taken over equal intervals of the 
argument x. 


Solution. Subdivide the interval [a, 6] into n equal parts by the 
GO, Wily, aimee 
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Form the arithmetic mean of the values of the function / (x) at 
n points of division x,, x,, ..., x 


n-1° 


n-1l 
p, = Mod tlhe PI nnd Sf (x;). 
i=0 


This mean may be represented in the following form: 


n—-1 
l 
Pie >» f (%;) Ax;, 
i=0 





where 


b= 
Ax;= _< . 





The latter sum is the integral sum for the function f(x), the- 
refore 
n-1 b 
iL. a | 
fim p, =5og lim Mf 4) Ax; = Fay | Fae =p, 


i=0 a 





which completes the solution. 


7.2.7. Find the average value of pressure (p,,) varying from 2 
to 10 atm if the pressure p and the volume v are related as follows: 


2 
pu? = 160. 


Solution. As p varies from 2 to 10 atm, v traverses the interval 
(47/4, 457100]; hence 


5 a 
4 y/ 100 3 


] en 
ha a ee 160v 2 du= 
4(}/ 100—j/4) \ 
4 


U4 
320 -> 4 y/ too 40 
= — Oo TS OC =. — >" ae) ee ee 
(10-4) 874 20/7 10+: /72) 
7.2.8. In hydraulics there is Bazin’s formula expressing the velo- 
city v of water flowing in a wide rectangular channel as a function 


of the depth A at which the point under consideration is situated 
below the open surface, 


v=v,—20V HL tare 


where v, is the velocity on the open surface, H is the depth of 
the channel, L its slope. 

Find the average velocity v, of flow in the cross-section of the 
channel. 


~ 4.32 atm. 





§ 7.2. Finding Average Values of a Function 315 


Solution. We have 
=7 {[.—20v HL (j )"| dh = 0-3 V HL. 


7.2.9. Determine the average walue of the electromotive force 
E,, over one period, i.e. over the time from t=0 to t=T, if 
electromotive force is computed by the formula 


E=E, sin me 


where T is the duration of the ses in seconds, E, the amplitude 
(the maximum value) of the electromotive force corresponding to 


the value t=0.257. The fraction * is called the phase. 





T 
Solution. 
T 
Eo a. 2aet ol Qnt 
=a sin dt = rr |—cos = | = (0). 
0 


Thus, the average value of the electromotive force over one pe- 
riod equals zero. 


7.2.10. Each of the two vertical poles OA and CD is equipped 
with an electric lamp of luminous intensity ¢ fixed at a height A. 
The distance between the poles is d. Find the average illumination 
of the straight line OC connecting the bases of the poles. 


7.2.11. Find the average value of the square of the electromotive 
force (£?),, over the interval from t=0 to t=5 (see Prob- 
lem 7.2.9). 

Solution. Since 


E=E, sin ; 
we have 
i T 1 cos At 
2 omit 2 ( T 
2 eet 2 fa Se 2 aos 

0 0 
me: T _. 4nt EG 
ees [tz sin tT ee a 


7.2.12. If a function f(x) is defined on an infinite interval 
[0, oo), then its average value will be 
b 


y= lim 7 | Fe) de, 
0 
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if this limit exists. Find the average power consumption of an 
alternating-current circuit if the current intensity / and voltage u 
are expressed by the following formulas, respectively: 


[=T1,cos(ot+a); 
u=u,cos(ot+a-+ Q), 


where g is the constant phase shift of the voltage as compared 
with the current intensity (the parameters w and @ will not enter 
into the expression for the average power). 


Solution. The average power consumption 
T 
WO, = lim = | [, cos(w/+a)u,cos(ot+a-+ @) dt. 
> 0 
Taking into consideration that 


cosacosB => [cos (a + B)-+ cos(a—B)], 





we will get 
OW, = fot | [cos (2mt + 2a -+ )-+ cos g] dt = 
eos ae sin Got pate sinCar@) ) 1 foto [uo cos @ ay 
Tw w 2 j 2 


Hence, it is clear why so much importance is attached to the 
quantity cos@ in electrical engineering. 


7.2.13. Find the average value p of the function [ (x) over the 
indicated intervals: 

(a) f(x) =2x?+ 1 over [0, 1]; 

(b) f(x) =+ over [1, 2]; 

(c) f(x) =3*—2x+3 over [0, 2]. 

7.2.14. A body falling to the ground from a state of rest acqui- 


res a velocity v, =V 2gs, on covering a vertical path ao Show 


that the average velocity uv, over this path is equal to at 


7.2.15. The cross-section of the trough has the form of a para- 
bolic segment with a base a and depth Ah. Find the average depth 
of the trough. 


7.2.16. Find the average value /, of alternating current intensity 
over time interval from 0 to = (see Problem 7.2.12). 
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7.2.17. Prove that the average value of the focal radius of an 
ellipse 9=———, where p=—; a, b are the semi-axes and eé is 
—ecos @ a 
eccentricity, is equal to b. 


7.2.18. On the segment AB of length aa point P is taken at a 
distance x from the end-point A. Show that the average value of 
the areas of the rectangles constructed on the segments AP and 


PB is equal to = 
7.2.19. Find the average value of the function 


f(x) = 


cos? x 
sin? x-+ 4 cos? x 


» 2 
to =; is the value of the function f(x) for a certain x=€ lying 
within the indicated interval. 


over the interval t =|. Check directly that this average, equal 


§ 7.3. Computing Areas in Rectangular Coordinates 


If a plane figure is bounded by the straight lines x=a, x= 
=b(a<b) and the curves y=y, (x), y=y,(x), provided y,(x)< 
<y,(x) (axx<b), then its area is computed by the formula 

b 
S= \ [Ye (x)— (x)] dx. 

In certain cases the left boundary x=a (or the right boundary 

x—=b) can degenerate into a point of intersection of the curves 


Y you) C 





y=y,(x) and y=y,(x). Then a and 6 are found as the abscissas 

of the points of intersection of the indicated curves (Fig. 65, a, 0). 
7.3.1. Compute the area of the figure bounded by the straight 

lines x=0, x=2 and the curves y=2*, y=2x—x? (Fig. 66). 
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Solution. Since the maximum of the function y=2x—x? js at- 
tained at the point x=1 and is equal to 1, and the function 
y= 2* >1 on the interval [0, 2], we have 


2 x3 
soe Wee 
0 (x | 


7.3.2. Compute the area of the figure bounded by the parabolas 
X=—2y?, x= 1—y? (Fig. 67). 


Qx 


In 2 


OF I 
o In2 3 








2 
S= \ [2* — (2x — x*)] dx = 
0 





Fig. 66 


Solution. Solving the system of equations 


x= 2y’; 
x= 1—3y’, 
find the ordinates of the points of intersection of the curves y, =—l, 


y,= 1. Since 1—3y? >—2y’? for —l1<y< 1, then we have 


} 
3 1 4 
S= { [(1—3y*)—(—2y')] dy=2 (y—4) | =. 
= 
7.3.3. Find the area of the 
figure contained between the 
parabola x? =4y and the witch 


; 8 . 
of Agnesi Y= a (see Fig. 
68). 
Solution. Find the abscis- 
sas of the points A and C of 
intersection of the curves. For 
this purpose eliminate y from 





§ 7.8. Computing Areas in Rectangular Coordinates 319 


222 
a 


the system of equations 


x2 
Ts 


8 x4 
whence mag ae oe x8 + 4x2? — 32— 0. 
The real roots of this equation are the points x,=—2 and 


X,=2. As is seen from the figure, Se on the interval 


x2 4-4 
[—2, 2]. (It is also possible to ascertain this by directly computing 
the values of these functions at any point inside the interval, for 
instance, at x=0.) 

Consequently, 


2 
8 x? x x3 
S= \ (= —-4) dx == (4 arc tan3—5) 


7.3.4. Find the area of the figure bounded by the parabola 
y=x?+1 and the straight line x+y=3. 


2 4 
_ = ela : 





7.3.5. Compute the area of the figure which lies in the first qua- 
drant inside the circle x?-++ y?= 3a? and is bounded by the parabo- 
las x*=2ay and y®=2ax(a>0) (Fig. 
69). 

Solution. Find the abscissa of the po- 
int A of intersection of the parabola 
y?=2ax and the circle x?-+y? =3a?. 
Eliminating y from the system of equa- 
tions 





( x? + y? = 32, 
\ y? = 2ax, 
we obtain x? + 2ax— 3a? =0, whence we Fig. 69 


get the only positive root: x, =a. Analo- 
gously, we find the abscissa of the point D of intersection of the 
circle x*--y?=3a? and the parabola x*=2ay; xp=a/) 2. 
Thus, the sought-for area is equal to 
aV2 
S= \ [y. (x) —y, (x)] dx, 

0 

{ V 2ax for O0<x<a, 


x2 
where th()= q+ Ys =) V 3a—x? for a<x<aP 2. 
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By the additivity property of the integral 
a aV2 
/ ——— 2 ———___—_ 2 
ee | (V3e—=#—5) dx = 
0 a 
3 








, V2 
Op vo ye op ee ae ee Ce 
a a E V 3a? — x2 + > aresin ava Sle = 
VY 2 a 2 
Se 2 (aresin grq —aresin 73)— = a4 2 a= 


= (a > arcsin = ) a’, 
Here we make use of the trigonometric formula: 
arc sina —arc sinB =arcsin(a V 1—B?—BY 1—a?) (af > 0) 


for transforming 
= arcsin ( i= V 3-ys75)> 


= in- 
aresin =. 


arcsin 3 aresin 





7.3.6. Compute the area of the figure lying in the first quadrant 
and bounded by the curves y?= 4x, 
x=4y and +y?=5. 


7.3.7. Compute the area of the 
figure bounded by the lines y= 
x+t1l, y=cosx and the x-axis 
(Fig. 70). 


Solution. The function 





x+1 if -—l<x<0, 
aE ¥ os i if 0<x<z 


is continuous on the interval |—1, |: The area of the curvili- 
near trapezoid is equal to 


[3 


aU 


2 0 5 
: ])2 {0 . m 3 
S= \ [ (x) dx = j (x + det \eosxdy = S| +sinx|r=. 


7.3.8. Find the area of the segment of the curve y?=x*—¥.? if 
the line x2 is the chord determining the segment. 
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Solution. From the equality y?=x?(x—1) it follows that 
x?(x—1)>>0, therefore either x =O or x21. In other words, the 
domain of definition of the implicit function y? = x?—.x? consists 
of the point x0 and the interval [1, oo). In computing the area 
the isolated point (0, 0) does not play any role, therefore, the 
interval of integration is [1, 2] (see Fig. 71). 

Passing over to explicit representation y= +xVx—l1, we see 
that the segment is bounded above by the curve y=xVx—l1 and 
below by the curve y= —xV x—1. Hence, 

5 2 
S =| [xVx—1—(—xVix— I] dx=2 | x Vx i x. 


Make the substitution 








x—l—f??, 
dx = 2t dt, 





Then 


] 
S=4( (P41) edt=4 ls+3|.-i- 
0 


7.3.9. Determine the area of the figure 
bounded by two branches of the curve 
(y—x)?=x° and the straight line x=1. 


Solution. Note first of all that y, as an Fig. 71 
implicit function of x, is defined only for 
x>0; the left side of the equation is always non-negative. Now 


we find the equations of two branches of the curve y=x—xV x, 


y=x+xV x. Since x>>0, we have xt+xV x>>x—xV x, and 
therefore 





! | 5 
S=\ (x+eVx—x +4Vx)dx=2\ xVxde= ox? , : 
0 6 

7.3.10. Compute the area enclosed by the loop of the curve 
y= x(x—1)?. 

Solution. The domain of definition of the implicit function y is 
the interval O< x <-+ 00. Since the equation of the curve conta- 
ins y to the second power, the curve is symmetrical about the 
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x-axis. The positive branch y,(x) is given by the equation 


V x(l—x), 0<x<l, 
V x(x—1), x> 1. 
The common points of the symmetrical branches y, (x) and y, (x) = 
=—y,(x) must lie on the x-axis. But y,(x)=V x|x—1|=0 only 
at x,=0 and at x,=1. 

Consequently, the loop is formed by the curves y=V x(1—x) 


and y=—V x(l—x), O<x<1 (see Fig. 72), the area enclosed 
being 


y=u, 0) =V Ele 11= 


| 1 4 3 
S=2\ Vx(l—ndx=2((x? —x? )de=8. 
0 9 


7.3.11. Find the area enclosed by the loop of the curve 
y? = (x— 1)(x— 2). 


J y?=2(2-1)" 





Fig. 72 Fig.73 


7.8.12. Find the area of the figure bounded by the parabola 
y= —x?—2x+3, the line tangent to it at the point M(2, —d) 
and the y-axis. 


Solution. The equation of the tangent at the point M(2, —9) 
has the form y+5—=—6(x—2) or y=7—6x. Since the branches 
of the parabola are directed downward, the parabola lies below the 
tangent, i.e. 7—6x >—x*—2x-+3 on the interval [0, 2] (Fig. 73). 

Hence, 


2 2 
S= \ [7 —6x—(—x? —2x + 3)] dx= \ (40+ 4) dx =5 : 
0 0 
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7.3.13. Find the area bounded by the parabola y=x?—2x-+2, 
the line tangent to it at the point M(3,5) and the axis of ordi- 
nates. 


7.3.14. We take on the ellipse 
2 2 
#4H=1 (a>d) 


a point M(x, y) lying in the first quadrant. 
Show that the sector of the ellipse bounded by its semi-major 
axis and the focal radius drawn to the point M has an area 
S=Zare cos. 
a 
With the aid of this result deduce a formula for computing the 
area of the entire ellipse. 





Fig. 74 


Solution. We have (Fig. 74): 


; xy __ 6 3 2. 
Somao=Sa0met+Smasmi = Ssoma= > =5q% V &— x; 


a a 
c Dag b ———, . € \ fa 
= = — / 2__ 72 — <= 2 f2 2 —_— == 
SMABM \ydx (21 a’? — t? dt x (tVa t?-+-a arcsin = ) | 
x x 
__b os gee ae . x\3 
=5 |—*Va xr+ta € arc sin =) 
. av é Xx x . 
Since > —are sin — = arccos— , we obtain 
b —~— x 
Smaam = 55 | —<V ae —# + a? arc COS Z| ° 
Hence 


ab x 
Somao = Saoma+ Smasm-+ > arc cos —. 
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At x=0, the sector becomes a quarter of the ellipse, i.e. 


] S ab 0 ab x ab 
“4 ellipse = arCCos VU = Toe ° oo ae J, 
and consequently, Settipse = ab. At a=b we get the area of a circle 
Scircte = 1a". 
x2 


7.3.15, Find the area bounded by the parabolas y=4x7, y== 


9 
and the straight line y=2. 


Solution. In this case it is advisable to integrate with respect 
to y and take advantage of the symmetry of the figure (see Fig. 75). 
Therefore, solving the equations of the parabolas for x, we have: 


=, X= +3V y. 


By symmetry of the figure about the y-axis the area sought is 
equal to the doubled area Spygo: 


2 > 
S=2Soano=2| (3 Vy—4V 9) dy=5 | Vigdy =” ue 
0 0 





7.3.16. From an arbitrary point M(x, y) of the curve y=x” 
(m > 0) perpendiculars MN and ML(x> 0) are dropped onto the 
coordinate axes. What part of the area of the rectangle ONML does 
the area ONMO (Fig. 76) constitute? 





Fig. 76 Fig. 77 


7.3.17. Prove that the areas S,, S,, S,, Sj, ..., bounded by the 


x-axis and half-waves of the curve y=e7**sinBx, x20, form a 
QI 


geometric progression with the common ratio g=e 8. 
Solution. The curve of Fig. 77 intersects the positive semi-axis 
Ox at the points where sinBx=0, whence 


hy = R=Oy ty 2i-wbs. 
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The function y=e7** sin Bx is positive in the intervals (x.,, %.24,) 
and negative in (X41, Xepao), ie. the sign of the function in the 
interval (x,, X,4,) coincides with that of the number (—1)". Therefore 





(n+ 1) (n+1)2 
B 6 
S= \ |y|dx=(—l)” ( e~°* sin Bxdx. 
ace oe 
B 3 


But the indefinite integral is equal to 





hee sin Bx dx = — oR (asinBx-+ 8 cos Bx) -+C. 
Consequently, 
(n+1)x 
oa ea ee : B 
Sp =(—1) | saga (asin Bx +B cos Bx) | i - 


_ (pt 





[e-% (2+ 1) 0/BB (— 1)" +1 — ernm/BB (—1)"] = 








~ EB 
B 3 = 
= arg en (1 + 2-8), 
Hence 
- l 
gaz e ee rs — e-amn/B 
S, oe anm/B 


which completes the proof. 


7.3.18. Find the areas enclosed between the circle x?-+ y®?—2x-+- 
+4y—11=0 and the parabola y= — x?+2x+1—2Y/ 3. 
Solution. Rewriting the equations of the curves, we have: 


(x—1?+ (y+ 2) = 16, 
y=— (x—1P?—2 V 342. 

Consequently, the centre of the 
circle lies at the point C(1, —2) 
and the radius of the circle equals 
4. The axis of the parabola coin- 
cides with the straight line x= 1 
and its vertex lies at the point 

Bil, 2, —2V 3) (Fig. 78). 
The area Sagpr, Of the smaller 
figure is found by the formula 


*D 
SABDFA = ( (Yar —Yecircie) dx, 
*A 
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where x, and xp are determined from the system of equations 
{ @—1?+ G42) = 16, 
\y+2=—(*x—1)P—2V3 +4, 


whence x, =— 1, xp =3. 
Hence, 
3 


SagprFa= [(—x? + 2x + 1—2/°3)+ (24+ V 16—(x—1))] dx = 





=| 40+ (8-2V3) «+2 —G@—IP + 


+ Pare Sin >|, =7-8 V3 +2V 12+ l6arc sin = 


32 ao tS 
st AV 


The area of the second figure is easy to determine. 

Note. The computation of the integral can be simplified by using 
the shift x—1l=z and taking advantage of the evenness of the 
integrand. 


7.3.19. Compute the area bounded by the curves y=(x—4)?, 
y= 16—x* and the x-axis. 


7.3.20. Compute the area enclosed between the parabolas 
x= y’; caf P+. 
7.3.21. Compute the area of the portions cut off by the hyper- 
bola x?—3y?= 1 from the ellipse x?-+ 4y?=8. 
7.3.22. Compute the area enclosed by the curve y? =(1—vx?)'. 


7.3.23. Compute the area enclosed by the loop of the curve 
4(y? —x*) + =0. 

7.3.24. Compute the area of the figure bounded by the curve 
Vx +Vy =1 and the straight line x+-y=1. 

7.3.25. Compute the area of the figure enclosed by the curve 
y? = x? (1 —x?). 

7.3.26. Compute the area enclosed by the loop of the curve 
x8 + x2?—y? = 0. 

7.3.27. Compute the area bounded by the axis of ordinates and 
the curve x=y?(1—y). 

7.3.28. Compute the area bounded by the curve y=x*—2x°+ 


+ x?+3, the axis of abscissas and two ordinates corresponding to 
the points of minimum of the function y (x). 
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§ 7.4. Computing Areas with Parametrically Represented 
Boundaries 


If the boundary of a figure is represented by parametric equations 
x= x(t), y=y(t), 


then the area of the figure is evaluated by one of the three for 
mulas: 


8 B B 
Pech a 
=—(y()s dt; S=(x(t)y’ (t)dt; S= 5 \ (xy —yx') dt, 
“ a a 


where a and B are the values of the parameter ¢ corresponding 
respectively to the beginning and the end of the traversal of the 
contour in the positive direction (the figure remains on the left). 


7.4.1. Compute the area enclosed by the ellipse 
x=acost, y=bsint (9<t<2n). 
Solution. Here it is convenient first to compute 


xy’ —yx’ =acostxbcost+bsint xasint=ab. 
Hence 


nN 


mu 2 
(xy’ — yx’) dt = x | ab dt = nab. 
0 


S= , 


aoe 


a 
Solution. Let us write the equation of the astroid in parametric 
form: x =acos*t, y=asin?t, O<t<2n. Here it is also conve- 
nient to evaluate first 


2 2 
7.4.2. Find the area enclosed by the astroid (=) > + (4) Pet 


xy’ — yx’ =a? (cos*t-3 sin? tcost-+ sin? ¢-3cos?¢ sin ¢t) = 
= 3a* cos? t sin? ¢. 


Hence, 
2 20 


S=z\ (xy’—yx')dt = za? | sin? 2¢dt = = an. 
0 0 
7.4.3. Find the area of the region bounded by an arc of the 
cycloid x=a(t—sint), y=a(l—cos?) and the x-axis. 


Solution. Here the contour consists of an arc of the cycloid 
(0<t<2n) and a segment of the x-axis (O< x<2na). Let us 
6 


apply the formula Sa—) yx’ dt. 
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Since on the segment of the x-axis we have y=0Q, it only re- 
mains to compute the integral (taking into account the direction 
of a boundary traversal): 


0 2m 
S=—\ a (1—cos t)a(1—cos t) dt =a’? ( (1—cos t)? dt = 
2m 0 
2m 


=a \ |1—2 cost + (1 +-cos 24) | dt = 3na?. 
0 


7.4.4. Compute the area of the region enclosed by the curve 
x=asint, y=bsin2t. 


Solution. When constructing the curve one should bear in mind 
that it is symmetrical about the axes of coordinates. Indeed, if we 
substitute n—?¢ for ¢, the variable x remains unchanged, while y 
only changes its sign; consequently, the curve is symmetrical about 
the x-axis. When substituting n-+¢ for ¢ the variable y remains 
unchanged, and x only changes its sign, which means that the 
curve is symmetrical about the y-axis. 


z=asint 





Fig. 79 


Furthermore, since the functions x=asint; y=bsin2t¢ have a 
common period 2n, it is sufficient to confine ourselves to the fol- 
lowing interval of variation of the parameter: O<t< 2n. 

From the equations of the curve it readily follows that the va- 
riables x and y simultaneously retain non-negative values only 


when the parameter ¢ varies on the interval 0, Z| , therefore at 


0<t<y we obtain the portion of the curve situated in the first 


quadrant. The curve is shown in Fig. 79. 
As is seen from the figure, it is sufficient to evaluate the area 
enclosed by one loop of the curve corresponding to the variation 
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of the parameter ¢ from 0 to x and then to double the result 


It 
sS=2 \ yx’ dt =2 \ bsin 2t xacost dt =4ab \ cos*t sint dt = 
0 0 0 


= —4ab (S5*) Fr = Fa abi 


7.4.5. Find the area of the region enclosed by the loop of the 
curve 








t t? 
oo (6—?); y == (6—2). 


Solution. Locate the points of self-intersection of the curve. Both 
functions x(t) and y(t) are defined throughout the entire number 
scale —oo < t <oo. 

At the point of self-intersection the values of the abscissa (and 
ordinate) coincide at different values of the parameter. Since x= 


= 3—~ (t—3)*, the abscissas coincide at 4=3 +4. For the func- 
tion y(t) to take on one and the same value at the same values 
of the parameter ¢, the equality Cro G—d =P (342) must 
be fulfilled for A140, whence A= 4-3. 





Fig. 80 Fig. 81 


Thus, at ¢,=-0 and at ¢,=6 we have x(t,)=x(t,)=0, and 
y(t,)=y(t,)=0, i.e. the point (0, 0) is the only point of self- 
intersection. When ¢ changes from O to 6, the points of the curve 
are found in the first quadrant. As ¢ varies from 0 to 3, the 
point M(x, y) describes the lower part of the loop, since in the 


indicated interval x(t) and y(t) = increase, and then the func- 


tion x(t) begins to decrease, while y(t) still keeps increasing. Fi- 
gure 80 shows the traversal of the curve corresponding to increas- 
ing ¢ (the figure remains on the left). 
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In computing the area enclosed by the loop sought it is conve- 
nient to use the formula 


t2 (6—f¢)? 
5 a ee ea pC dt = 
0 


7.4.6. Find the area enclosed by the loop of the curve: x= 7%; 
{3 

7.4.7. Compute the area enclosed by the cardioid: x= 
= acost(1-+cosft); y=asin?t(1+cosf). 

Solution. Since x(t) and y(t) are periodic functions, it is suffi- 
cient to consider the interval [—x, x]. The curve is symmetrical 
about the x-axis, since on substituting —¢ for ¢ the value of the 
variable x remains unchanged, while y only changes its sign, and 
y >O0 as ¢t varies from 0 to a. 

As ¢ changes from 0 to a the function u=cost decreases from 


1 to —1, and the abscissa r= au(I+u)=a|—7+(ut+5)'| 


a ‘ 
first decreases from x =2a to x| ==] and then increases 
u=l iS 
2 


to x!,__,=0. We can show that the ordinate y increases on the 
interval (O<t<F and decreases on the interval e<t<can : 


The curve is shown in Fig. 81, the arrow indicating the direc- 
tion of its traversal as ¢ increases. 
Consequently, 


] 3 
SS , — yx’) dt =o (i + cos t)? dt = > na’. 


JT 


7.4.8, Compute the area of the region enclosed by the curve 
x = cost, y=bsin't. 


7.4.9. Compute the areas enclosed by the loops of the cur ves: 

(a) x=?—I1, y=?—tf; 

(b) x=2t—??; y= 2t?— £3; 

(c) x= 2; y= 5 (3—P). 

7.4.10. Compute the area of the region enclosed by the curve 
x=acost; y=bsinicos*t. 

7.4.11. Compute the area enclosed by the evolute of the ellipse 


c? Cle 2h : ’ 
x = — cos* t; y= —F sin®e; c? =a’? —b*, 
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§ 7.5. The Area of a Curvilinear Sector in Polar 
Coordinates 


In polar coordinates the area of a sector bounded by the curve 
o==o(q) and the rays g, =a and a B is expressed by the integral 


l 
sa 1 ode. 


7.0.1. Find the area of the region situated in the first quadrant 
and bounded by the parabola y?=-4ax and the straight lines 
y=x—a and x=a. 

Solution. Let us introduce a polar system of coordinates by 
placing the pole at the focus F of the parabola and directing the 
polar axis in the positive direction 
along the x-axis. Then the equation of 


the parabola will be 9 = Totosq? Whe- 


re p is the parameter of the parabola. 
In this case p=2a, and the focus F has 
the coordinates (a, 0). Hence, the equa- 
tion of the parabola will acquire the 


oe and those of the 
— cos @ 


straight lines will become => and 


form 9 = 





=> (Fig. 82). Therefore, 


I 
SrABF = 2 





s 
2 
4a? sk dq 
1—cos 9)? 3 gyi 2 = 2a | Pp 
IU 
4 


[AC als 


Changing the variable: 


wes a es 
colo = Tein? (gf) = 2? 





we obtain 
cot (31/8) 


Srapp=@ \ (1 +29) dz =a (cot $ +5 cot? g—1—F} 
| 


or, taking into account that cot f= =I + 2, 


Srapp = 2a (1 +z V2). 
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7.5.2. Compute the area of the region enclosed by 


(a) the cardioid p> =1-+cosq; 
(b) the curve p=acosq. 


7.5.3. Find the area of the regions bounded by the curve 
0 = 2acos3q and the arcs of the circle p =a and situated outside 
the circle. 

27 


Solution. Since the function p=2acos3q@ has a period =e 


the radius vector describes three equal loops of the curve as @ va- 
ries between —mx and am. Permissible values for @ are those at 
which cos3q > 0, whence 


24 Reg chi (k=0, +1, #2, ...). 


Consequently, one of the loops is described as @ varies between 


+ and —, and the other two loops as @ varies between > and 
md , and between x and on respect- 
ively (Fig. 83). Cutting out the parts, 
belonging to the circle p=a, we get 
the figure whose area is sought. Cle- 
arly, it is equal to the triple area 


MLNM: 

Let us find the polar coordinates of 
the points of intersection M and N. 
For this purpose solve the equation 


2a cos 39 = 4, i.e. cos 3@ =y . Between 





—Z and only the roots —~and 
Fig. 83 6 ¢ : 


= (k=0) are found. Thus, the point NV 


is specified by the polar angie , =— > , and the point M by q, => , 
As is seen from the figure, 


SMLNM a SomLNo = Somno — 


1" pe V3 

eae ae ae Pe aa (cla 

=5 \ 4a? cos? 39 dy 5 | adp=a (2 5 i 
—n/9 ~n/9 


7.5.4. Compute the area of the figure bounded by the circle 
0 =3)V2 acos@ and p=3asing. 

Solution. The first circle lies in the right half-plane and passes 
through the pole p=0, touching the vertical line. The second circle 
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is situated in the upper half-plane and passes through the pole 
o =0, touching the horizontal line. Consequently, the pole is a point 
of intersection of the circles. The other point of intersection of the 


circles B is found from the equation 3V2 acosg =3asing, whence 
B(arctanV 2, aV6). As is seen from Fig. 84, the sought-for area 


V3 | 
BO 
: 


Fig. 84 Fig. 85 





S is equal to the sum cf the areas of the circular segments OABO 


and OCBO adjoining each other along the ray gp =arctan/2. The 
arc BAO is described by the end-point of the polar radius p of 


the first circle for arctan V2<9<G, and the arc OCB by the 


end-point of the polar radius p of the second circle for ON @S 
<arctan/2 . Therefore 


7 


— 


2 


Soaro = 90° \ cos? @ de =< a (4 —are tan yz—Y2) . 
arc tan V 2 


arc tan V 2. 


Socno = @ \ sin? dp =a (arc tan yz—Y2) 
6 


Hence, _ - 
Soaro + Socao = 2-252 (n—arc tanV2 —V 2). 
7.5.5. Find the area of the figure cut out by the circle p=V3 sing 
from the cardioid p-=1-+cos@ (Fig. 85). 


Solution. Let us first find the points of intersection of these cur- 
ves. To this end solve the system 


o=V3 sing, 0<gxn, 
o0=1+cosq, 
JU 


whence 9,=3, P2=%. 
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The sought-for area is the sum of two areas: one is a circular 
segment, the other a segment of the cardioid; the segments adjoin 


each other along the ray g=z. The arc BAO is described by the 
end-point of the polar radius p of the cardioid as the polar angle @ 
changes from * to nm, and the arc OCB by the end-point of the 


polar radius op of the circle for 0<@p<z. 
Therefore 


a n 
I . I 
S=z | 3sin’ ode +s \ (1 + cos »)?dp = 
0 nu 


3 








3 in2p\|— , | | in 2¢\ |" 
=7(e—Sy*) | 7 +z (et 2sne+ $+ )| = 
=+(n—V3). 
7.5.6. Find the area of the figure bounded by the cardioid 


o0=a(l—cos@) and the circle p=a. 

7.5.7. Find the area of the region enclosed by the loop of the 
folium of Descartes x*+ y* = 3axy. 

Solution. Let us pass over to polar coordinates using the usual 
formulas x =pcosg, y=osing. Then 
the equation of the curve is: 

0? (cos? ~ + sin® ~) = 3ap? Sing cous 4g, 
or 

_ sasingcos@ _ 

~ cos? got+sink go — 

_ 3a sin 2p 
~~ (sing-+ cos) (2—sin2y) ° 
It follows from this equation that, 


firstly, 0 =O at p=O and at P=5. 





and secondly, 9 —> oo as o—= and 


pst. The latter means that 


Fig. 86 


the folium of Descartes has an asymptote, whose equation y= 
—=— x—a can be found in the usual way in rectangular coordinates. 
Consequently, the loop of the folium of Descartes is described 


as m changes from Q to = and is situated in the first quadrant 
(see Fig. 86). 
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ces 


Thus, the sought-for area is equal to 


l 


Ss re Ya? cos? @ sin? p 
0AO =F 


(cos? y 4- sin? y)? 


dq. 


Cl wo | 3 


Taking advantage of the curve’s symmetry about the bisector 
; a 
y=x, i.e. about the ray p=, we can compute the area of half 


of the loop {from g=0 to o=4) and then double it. This enab- 
les us to apply the substitution 


tang =a, 
dip 
t_ = dz, , 
cos? ~ 





which gives 


1 
are cos? @ sin? @ _ | 2° dz 
0 


Still new substitution 





I+ 23>, 
32? dz =dv, 
leads to the integral 
2 
Soso = 3a? oes at. 


i 


7.5.8. Compute the area of the region enclosed by one loop of 
the curves: 


(a) p=acos2q; (b) 9p =asin 2q. 


7.5.9. Compute the area enclosed by the portion of the cardioid 
o =a(l—cos@) lying inside the circle p =acosg. 

7.5.10. Compute the area of the region enclosed by the curve 
0 =asingcos? ge, a> 0. 


7.5.11. Compute the area of the region enclosed by the curve 
po =acos® 4 (a> 0). 
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7.5.12. Compute the area of the portion (lying inside the circle 


p=) of the figure bounded by the Bernoulli’s lemniscate p= 
=aV cos 29. 


7.5.13. Passing over to polar coordinates, compute the area of 
the region enclosed by the curve (x?-+ y?)3 = 4a?x?y?. 


7.5.14. Passing over to polar coordinates, evaluate the area of 
the region enclosed by the curve x4-+ y4 =a? (x? + y’). 


§ 7.6. Computing the Volume of a Solid 


The volume of a solid is expressed by the integral 


b 
V=|S(x)dx 
where S(x) is the area of the section of the solid by a plane per- 
pendicular to the x-axis at the point with abscissa x; a and 6b are 
the left and right boundaries of variation of x. The function S (x) 
is supposed to be known and continuously changing as x varies 
between a and Bb. 

The volume V, of a solid generated by revolution about the 
x-axis of the curvilinear trapezoid bounded by the curve y=f (x) 
(7 (x) > 0), the x-axis and the straight lines x =a and x=b (a < b) 
is expressed by the integral 


V, =n \ y dx. 


The volume V,. of a solid obtained by revolving about the x-axis 
the figure bounded by the curves y=y, (x) and y=y, (x) [O<y,(x)< 
<y,(x)] and the straight lines =a, x=b is expressed by the 
integral 

b 
V,=n\ Yi—yi) dx. 
If the curve is represented parametrically or in polar coordinates, 
the appropriate change of the variable should be made in the above 
formulas. 


7.6.1. Find the volume of the ellipsoid 


x2 ye g2 
a tet a ol. 
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Solution. The section of the ellipsoid by the plane x—=const is 


an ellipse (Fig. 87) 
y? g2 1 


—_+ ~~ + a = 
e(i-4) # (1-3 | 
with semi-axes bY = C V =. Hence the area of the 


section (see Problem 7.4.1) 


S (x)= 1b V1 + xe Vi — = abe (1 —=) (—a<x<Q). 
Therefore the volume V of the ellipsoid is 


V= ( nbo(1—5) dx=nbe|x—35|" = 5 mabe. 


In the particular case a=b=c the ellipsoid turns into a sphere, 


4 
and we have V sphere = na’. 





Fig. 87 Fig. 88 


7.6.2. Compute the volume of the solid spherical segment of two 
bases cut out by the planes x=2 and x=3 from the sphere 
x? + y? -+ 27 = 16. 


7.6.3. The axes of two identical cylinders with bases of radius a 
intersect at right angles. Find the volume of the solid constituting 
the common portion of the two cylinders. 


Solution. Take the axes of the cylinders to be the y- and z-axis 
(Fig. 88). The solid OABCD constitutes one-eighth of the sought- 
for solid. 

Let us cut this solid by a plane perpendicular to the x-axis at 
a distance x from 0. In the section we get a square EFKL with 
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side EF = V a?—x?, therefore S (x) =a? — x? and V =8\ (a? — x*)dx = 
0 


16 
= 1 


3 


7.6.4. On all chords (parallel to one and the same direction) of 
a circle of radius R symmetrical parabolic segments of the same 
altitude A are constructed. The planes of the segments are perpen- 
dicular to the plane of the circle. 

Find the volume of the solid thus obtained (Fig. 89). 


i 


TAD 


/ ye 
/ 7) a 
A 2 2 
Solution. First compute the area of the parabolic segment with 


Fig. 89 Fig. 90 
base a and altitude A. If we arrange the axes of coordinates as 
indicated in Fig. 90, then the equation of the parabola will be 


y=ax*-+h. 
Determine the parameter a. Substituting the coordinates of the 











ee et 





2 
point B(S. 0), we get O=a>+h, whence a= —S, hence the 


equation of the parabola is y= — Seth, and the desired area 


s—2fyar—2( (—® +h) de= ah 
0 0 


Now find the volume of the solid. If the axes of coordinates are 
arranged as indicated in Fig. 89, then in the section of the solid 
by a plane perpendicular to the x-axis at the point with abscissa x 


we obtain a parabolic segment o/ area S= = ah, where a=2y = 


— 2)/ R? — x?. Hence, 





2 


: V R— x? dx = 3 nhR?. 


R 
S(x)= FV RHA andV =| S(xyde= zh 
=R 


or 
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7.6.5. The plane of a moving triangle remains perpendicular to 
the fixed diameter of a circle of radius a: the base of the triangle 
is a chord of the circle, and its vertex lies on a straight line pa- 
rallel to the fixed diameter at a distance 4 from the plane of the 
circle. Find the volume of the solid generated by the movement 
of this triangle from one end of the diameter to the other. 

7.6.6. Compute the volume of the solid generated by revolving 
about the x-axis the area bounded by the axes of coordinates and 

j 1 1 


the parabola x2 +y? =a? ° 
Solution. Let us find the points of intersection of the curve and 
the axes of coordinates: at x=0O y=a, at y=0O x=a. Thus, we 


have the interval of integration [0, a]. 
1 


1 \2 
From the equation of the parabola we get y= nee ; there- 
fore 


a a l | 7A a 


3 1 
Beg PM Ligue oe _ 
any nG x ) dx «\(o 4a“x~ +€ax 


0 
1 3 


—4a? x? +27) ax = a a. 

7.6.7. The figure bounded by an arc of the sinusoid y=sin x, 

the axis of ordinates and the straight line y==1 revolves about 
the y-axis (Fig. 91). 





Fig. 92 


Compute the volume V of the solid of revolution thus generated. 


Solution. The inverse function x =arcsiny is considered on the 
interval [0, 1]. Therefore 


Yo 1 
Ven | dy=a\ (arc sin y)? dy. 
0 


¥; 
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Apply the substitution arc siny=t. Hence 


y | ¢ 
y=sint, O10. 
dy =cost dt, 1 |n/2 


It 


2 
And so, V=n \e cost dt. Integrating by parts, we get y =i) 
0 


7.6.8. Compute the volume of the solid generated by revolving 
about the x-axis the figure bounded by the parabola y=0.25x? +2 
and the straight line 5y—8y+ 14=0. 

Solution. The solid is obtained by revolving the area ABCA 
(Fig. 92) about the x-axis. To find the abscissas of the points A 
and B solve the system of equations: 


y= zeta, 
5x—8y + 14=0. 


Whence ee Xp==2. In our case y, (x)= +42 and y, (x) = 
2 4 2 


= (5/8) x+7/4. Hence, 
2 
van | [i($e+7)—(442)'] mre 


7.6.9. Compute the volume of the solid generated by revolving 
about the y-axis the figure bounded by the parabolas y=x? and 
8x = y’*. 

Solution. It is obvious that x,(y)=Vy>x, (y=% on the in- 
terval from the origin of the coordinates to the point of intersec- 


tion of the parabolas (Fig. 93). Let us find the ordinates of the 
points of intersection of the parabolas by excluding x from the sy- 


stem of equations: 
y=x*, 
y= Sx. 
4 
24 


We obtain y,=0, y,=4. Hence, Van! (y—9) dy = =u. 
0 


7.6.10. Compute the volume of the solid torus. The torus is a 
solid generated by revolving a circle of radius a about an axis 
lying in its plane at a distance b from the centre (b> a). (A tire, 
for example, has the form of the torus.) 
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7.6.11. Compute the volume of the solid obtained by revolving 
about the x-axis the figure bounded by two branches of the curve 
(y— x)? =x° and the straight line x= 1. 


7.6.12. Find the volume of the solid generated by revolving 
about the line y= — 2a the figure bounded by the parabola y? = 4ax 
and the straight line x=a (Fig. 94). 





Fig. 93 Fig. 94 


Solution. If we transfer the origin of coordinates into the point 
O’ (0, —2a) retaining the direction of the axes, then in the new 
system of coordinates the equation 
of the parabola will be 


(y’ — 2a)? = 4ax. 


Hence y,=2a+V 4ax (for the cur- 
ve OAB), and y,=2a—YV 4ax (for 
the curve OCD). The sought-for vo- 
lume is equal to 


a a 


Ven\ Yi—yde=n| [((2a + 
i 6 





2 as 32 
+2) ax)? (2a—2 V ax)?] dx = 3 7a. Fig. 95 


7.6.13. Find the volume of the solid generated by revolving about 
the x-axis the figureenclosed by the astroid: x =acos?f; y =a sin’ ¢. 
Solution. The sought-for volume V is equal to double the volume 


obtained by revolving the figure OAB (Fig. 95). Therefore, 


Vet te 


342 Ch. VII. Applications of the Definite Integral 


Change the variable 


x=acos’ ft, 
dx = — 3acos*?t sin ¢t dt, 
y=asin't, 





Hence, 


V0 
V=2n | a® sin® t (—3acos? ¢ sin t) dt = 
z 


IT 


9 


7 
= 6na? \ sin’ t dt —\ sin® tat 
0 0 


Using the formula from Problem 6.6.9 for computing the above 
integrals, we get 
6 4 2 8 6 4 2 32 
ee (F Ee Rg Oe ge oN, ae 3) = 105% 
7.6.14. Compute the volume of the solid generated by revolving 
one arc of the cycloid x=a(t—sint), y=a(l—cost?t) about the 
X-axis 


7.6.15. Compute the volume of the solid obtained by revolving 
about the polar axis the cardioid p =a(1-+cos g) shown in Fig. 81. 


Solution. The sought-for volume represents the difference between 
the volumes generated by revolving the figures MNKLO and OKLO 
about the x-axis (which is the polar axis at the same time). 

As in the preceding problem, let us pass over to the parametric 
representation of the curve with the polar angle @ as the parameter: 


x=o0cosg=—acos@g(l+cosq), 

y=osinge =asing(1+cos@). 
It is obvious that the abscissa of the point M equals 2a (the value 
of x at m=0), the abscissa of the point K being the minimum of 


the function x =a(1-+ cos @)cos@. 
Let us find this minimum: 
dx : 
dp = 2 Sing (1 +2 cos g) =0, 


2 
©, =0; P=3 h- 


At 9,=0 we obtain xy =2a, at =F NM, k= — J. 
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Hence, the sought-for volume is to 


ont y3dx—mx j yj dx. 


soci efe 
4 1 


Changing the variable x=acos@(l1+cosq@), we get 


| Uy x | ~ 
y? = a* (1+ cos 9) sin? q, a 
dx = —asing(1+2cos g) dg, —a/4, 2n/3 |» |—a/A4l 2n/3 
2a 0 0 ql 











Thus, 


2(1-+cos p)? sin? gp [ —asin g(1 +2 cos g)] dp— 


i 
sl C3 


a? (1+cos@)? sin? g [_—asing (1+ 2 cos q)|dg= 


| 
a 
ole, 


= na’ \ sin’ @ (1 +cos @)? (1 +2 cos 9) dg = 


1—wu?) (l+u) (1 + 2u) du == na® (u =cos @). 


= maQ* 


f 


7.6.16. Compute the volume of the solid bounded by: 
(a) the hyperboloid of one sheet ¥4+4-5e=1 and the pla- 


nes 2=—1 and z=]; 
(b) the parabolic cylinder z=4—y?, the planes of coordinates 
and the plane x=a; 


(c) the elliptic paraboloid z= a 3 ~ and the plane 2=k (Rk > 0). 


7.6.17. A wedge is cut off from a right circular cylinder of radius 
a by a plane passing through the diameter of the cylinder base and 
inclined at an angle a to the base. Find the volume of the wedge. 


7.6.18. Compute the volume of the solid generated by revolving 
the figure bounded by the following lines: 


(a) xy¥=4, x=1, x =4, y=O0 about the x-axis; 
(b) y= 2x—x’?, y=0 about the x-axis; 
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(c) y=x®, y=0, x=2 about the y-axis; 
(d) y=Sinx (one wave), y=0 about the x-axis; 
(e) ?—y?=4, y= +2 about the y-axis; 
(f) =e x=0, y=2a about the x-axis. 


7.6.19. Find the volume of the solid obtained by revolving the 


oe Ok ake : 
curve y?=——,— about the x-axis. 


7.6.20. Compute the volume of the solid generated by revolving 
about the x-axis the figure bounded by the lines y=sinx and 


2 
f= 


7.6.21. Compute the volume of the solid generated by revolving 
about the x-axis the curvilinear trapezoid bounded by the catenary 


gies ate - a) = acosh* and the straight lines x,=—c, x,= 
= C (Cc > 0). 


7.6.22. Compute the volume of the solid generated by revolving 
about the x-axis the figure bounded by the cosine line y= cos x and 


9 
the parabola y= 55x’. 

7.6.23. Compute the volume of the solid generated by revolving 
about the x-axis the figure bounded by the circle x?+y?=1 and 
the parabola y?= 

7.6.24. On the curve y=x? take two points A and B, whose 
abscissas are a=1 and b=2, respectively. 


Find the volume of the solid generated by revolving the curvi- 
linear trapezoid aABb about the x-axis. 


7.6.25. An arc of the evolute of the ellipse x =acost; y=bsint 
situated in the first quadrant revolves about the x-axis 
Find the volume of the solid thus generated. 


7.6.26. Compute the volume of the solid generated by revolving 
the region enclosed by the loop of the curve x=at?, y= a(t—>) 
about the x-axis. 


7.6.27. Compute the volumes of the solids generated by revolv- 
ing the region enclosed by the lemniscate (x? + y*)? =a? (x*—y?) 
about the x- and y-axes. 


7.6.28. Compute the volume of the solid generated by revolving 
the region enclosed by the curve p=acos*?q@ about the polar axis. 
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§ 7.7. The Arc Length of a Plane Curve in Rectangular 
Coordinates 


If a plane curve is given by the equation y=y(x) and the 
derivative y’(x) is continuous, then the length of an arc of this 
curve is expressed by the integral 


b 
i=\V1+y? dx 


where a and 6 are the abscissas of the end-points of the given arc. 


7.7.1. Compute the length of the arc of the vi M(4,8) 
semicubical parabola y2=x* between the points 
(0, 0) and (4, 8) (Fig. 96). 


Solution. The function y(x) is defined for 
x > 0. Since the given points lie in the first qu- 
3 


adrant, y=x 2. Hence, 

oe ae res eT 

y= 3V x and VIFy?= 7/ l+ 3x, 
Consequently, 


I= ( V1 Hiant tigi 


0 


Fig. 96 





4 
8 —— 
og OY et) 


7.7.2. Compute the length of the arc cut off from the curve 


y’>=x° by the straight line xa. 


7.7.3. Compute the arc length of the curve y=Incosx between 


the points with the abscissas x=0, x= =. 


Solution. Since y’=—tanx, then V1+y?=)V1-+ tan? x=sec x. 
Hence, 


| 


IU 


l= 


sec x dx = In tan (++ 5) | =Intan. 
0 


oe 


ex +. ] 


3x, from 


7.7.4. Compute the arc length of the curve y=In 
x,=a to x,=) (b> a). 
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7.7.5. Find the arc length of the curve x=ty—s ny between 


the points with the ordinates y=1 and y=2. 
Solution. Here it is convenient to adopt y as the independent 


variable; then 
4.4 | oa ies yl r\2 1 | 
xX TY oy, and Yltxr?= V (49+2) = ye 


Hence, 
* een ; l l 3 I 
i= \VTpxa=\(syty) dy=7+ 7 In2. 
I 1 
2 2 
eee 


2 
7.7.6. Find the length of the astroid x3 +y 
Solution. As is known, the astroid is symmetrical about the axes 
of coordinates and the bisectors of the coordinate angles. Therefore, 
it is sufficient to compute the arc length of the astroid between 
the bisector y= x and the x-axis and multiply the result by 8. 
3 


2 2\e 
In the first quadrant pee as) and y=0 at x=a, y=x 
a 
at age | 
Further, 
j ! 
a Ne aa Si EN 
jut ange (—+)x 3 Hy gary) 


and 
UD OY 
yg V 140 (8—2F)=(2) 


Consequently, 


l=8 ax 3 dx—6a. 


ace DA 





gilt 
Note. If we compute the arc length of an astroid situated in 
the first quadrant, we get the integral 


pet eee 
(ax 3 dx, 
6 


whose integrand increases infinitely as x-—0. 
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7.7.7. Compute the length of the path OABCO consisting of por- 
lions of the curves y?=2x* and x?+ y?=20 (Fig. 97). 

Solution. It is sufficient to compute the arc lengths 75, and /y, 
since by symmetry of the figure about the 
X-aX1S 

L=2 (l54+ lxp)- 

Solving the system of equations 


+ y? = 20, 
y? = 2x3, 
we find the point A(2, 4). 
Find />,. Here 
3 


y=V 2x2, y= 


= V2x, Vi+y?% = Vie 


Hence, 





2 
ls,= | V1 +exdx =5 (10V10—1). 


0 


Since on the circle of radius V 20 /z, is the length of an arc cor- 


responding to the central angle arc tan2, 
lr, =V 20 arc tan 2. 
Finally we have 
1=5(10V 10—1)+ 45 arc tan2. 
7.7.8. Compute the arc length of the curve: 
(a) y=>-! cut off by the x-axis; 


(b) y=In(2cos x) between the adjacent points of intersection with 
the x-axis. 


(c) 3y2>=x(x—1)? between the adjacent points of intersection 
with the x-axis (half the loop length). 


7.7.9. Compute the arc length of the curve 
y=sle V2—1—In(x +V#—1)] 


between 
x=1 and x=a-+l. 
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7.7.10. Find the arc length of the path consisting of portions of 
the curves x? =(y+ 1) and y=4. 


§ 7.8. The Arc Length of a Curve Represented 
Parametrically 


If a curve is given by the equations in the parametric form x= x(t), 
y=y/(t) and the derivatives x’(t), y’(¢) are continuous on the in- 
terval [t,, ¢,], then the arc length of the curve is expressed by the 


integral 
{2 


L=\Vix* + y? Hat, 


ty 


where ¢, and ¢, are the values of the parameter ¢ corresponding to 
the end-points of the arc (t, < 4). 


7.8.1. Compute the arc length of the involute of a circle x = 
=a(cost+tsint), y=a(sint—tcost) from t=0 to tf =2n. 


Solution. Differentiating with respect to ¢, we obtain 
x,;=atcost, y; =atsint, 
whence V x;2-+ y;2=at. Hence, 


ey 


t= | at dt =" * _ Sant. 
‘ 2 {0 





7.8.2. Find the length of one arc of the cycloid: 
x=a(t—sint), y=a(l—cosf). 
7.8.3. Compute the length of the astroid: x=acos’t, y=asin't. 
Solution. Differentiating with respect to ¢, we obtain 
x; = —3acos? t sin t; 
y; = 3asin? tcost. 
Hence 


Vy? = V 9a sin? f cos* # = 8a| sin ¢ cos ¢ | = | sin 22]. 
Since the function |sin2¢| has a period > 
aT 
2 
l=4xF ( sin 2¢ dt =6a, 
0 


Note. If we forget that we have to take the arithmetic value of 
the root and put V x/?-++ yj}? =3asint¢ cost, we shall obtain the wrong 
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result, since 
2n 


3a | sin tcost dt = sin®t =0. 


7.8.4. Compute the length of the loop of the curve x=V 322, 
y=t—f. 

Solution. Let us find the limits of integration. Both functions 
x(t) and y(t) are defined for all values of ¢. Since the function 


x= | 3? >0, the curve lies in the right half-plane. Since with a 
change in sign of the parameter ¢, x(t) remains unchanged, while 
y(t) changes sign, the curve is symmetrical about the x-axis. Furth- 
ermore, the function x(t) takes 

on one and the same value not Y 

more than twice. Hence, it follows M = 

that the points of  self-intersection eo 
of the curve lie on the x-axis. i.e., 0 xz 
at y=O (Fig. 98). V3 

The direction in which the mo- 
ving point M(x, y) runs along the Fig. 98 
curve as ¢ changes from —oo to oo 
is indicated by the arrows. 

But y=0 at ¢,=0, t,.,= +1. Since x(t,)=.x (t,)=V 3, the point 
(V3, 0) is the only point of self-intersection of the curve. Conse- 
quently, we must integrate within the limits t,=-—1 and t,=1. 

Differentiating the parametric equations of the curve with respect 


to t, we get x;=2V 3, y; = | —3f*, whence 
VixPty?=14 30. 


Consequently, 
1 
I= | (1430) dt =4. 
-1 
7.8.5. Compute the arc length of the curve rae, y=2—4 
between the points of intersection with the axes of coordinates. 


7.8.6. Compute the arc length of the ellipse “+4- 1. 


a 
Solution. Let us pass over to the parametric representation of the 
ellipse 


x=acost, y=bsint, O<t<2n. 
Differentiating with respect to ¢, we obtain 


X,=—asint; y;=bcost, 
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whence 
V x+y? =V a? sin? ¢-+6? cos?t =aV 1 —e? cos? ¢ 


where e is the eccentricity of the ellipse, 


Thus 


i: 
=a\V1—e cos*idt =4 4a\ V 1—e? cos? t dt. 
0 0 


l 
The integral \ Vie cos*?¢tdt is not taken in elementary func- 


0 
tions; it is called the elliptic integral of the second kind. Putting 


{=>—1, we reduce the integral to the standard form: 


\ V 1—e? cos? ¢ dt = =\V 1—e? sin? tdt= E (e), 
0 0 


where E(e) is the notation for the so-called complete elliptic inte- 
gral of the second kind. 

Consequently, for the arc length of an ellipse the formula 
1=4aE (e) holds good. 

It is usual practice to put e=sina and to use the tables of va- 
lues for the function 


E, (a) =E, (arc sine) = E (e). 
For instance, if a=10 and D=6, then 


10? — 


62 1 53° 
3 = 0.8 = sin 53°. 


i 


Using the table of values of elliptic integrals of the second kind, 
we find /=40E, (53°) =40 x 1.2776 ~ 51.1. 


7.8.7. Compute the arc length of the curve 
k=, y=z(f—8) 


between the points of intersection with the x-axis. 
7.8.8. Find the arc length of the cardioid: 


x =a(2cost—cos 2t), 
y=a(2sint—sin 2¢). 
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7.8.9. Find the length of the closed curve 
x=4V2asint; y=asin2t. 
7.8.10. Find the arc length of the evolute of the ellipse 
r= & cos* t, y=— sin, c? =q*—D?. 
7.8.11. Compute the arc length of the curve 
x= (f?—2)sint+2tcosf, 
y = (2— 7?) cos¢t-+ 2¢ sin¢ 
between ¢,=0 and t,=n. 
7.8.12. On the cycloid x=a(t—sint); y=a(l—cosf) find the 


point which divides the length of the first arc of the cyc!oid in 
the ratio 1:3. 


§ 7.9. The Arc Length of a Curve in Polar Coordinates 


If a smooth curve is given by the equation p=p(q) in polar 
coordinates, then the arc length of the curve is expressed by the 
integral: 


fas V p+, dg. 
Oi 


where g, and q, are the values of the polar angle » at the end- 
points of the arc (@, < @,). 


7.9.1. Find the length of the first turn of the spiral! ot Archi- 
medes 9p =aq. 


Solution. The first turn of the spiral is tormed as the polar angle 
~ changes from 0 to 2n. Therefore 


2n 2m 
t= Vatg? fatdg =a\ Ve Fi dp= 
0 0 


=a |x V 4x? Fl+fin (On +V 4r? + 1)] ; 


7.9.2. Find the length of the logarithmic spiral 9 =ae”? between 
a certain poirt (p,, @,) and a moving point (p, @). 
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Solution. In this case (no matter which of the magnitudes, o or 

0), is greater!) 
@ 

[= \ V ber? + mre”? dep | = 


Po 





=aV1+ m? =a VV A | ome emey| = 








yY 
( e”* dp 
Po 


1- 2 1+ m2 
aE 5p ip) 


) 


i.e. the length of the logarithmic spiral is proportional to the 
increment of the polar radius of the arc. 


7.9.3. Find the arc length of the cardioid op=a(l1+cos@) 
(a > 0, 0O< p<2n). 
Solution. Here p, = —asin 4g, 
V 02 +p? = V 2a? (1 + cos @) = V 4a* cos? (@/2) = 
_ _ 2acos(g/2), ON gca 
=2a| cos (9/2)|= | —2acos(g/2), nx<p<2n. 


Hence, by virtue of symmetry 
2m 
[=2a COs > do = 4a cos $ dp = 8a. 
F Joos $y ta( 


7.9.4. Find the length of the lemniscate 9? = 2a? cos 2q between 
the right-hand vertex corresponding to g=0O and any point with a 


polar angle 9 < =. 
Solution. lf O<o <=, then cos2p > 0. Therefore 








a ees 
o=a V COS ZY; Pq BOT 
SS sin?29\ a V 2 


Hence, 





Q 
i dp 
i=aV2| yaa aV2 | as 


The latter integral is called the elliptic integral of the first kind. 
It can be reduced to a form convenient for computing with the 
aid of special tables. 
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7.9.5. Find the arc length of the curve p=asine. 
7.9.6. Compute the length of the segment of the straight line 


0 = asec (o—F) between »=0 and Q= >. 


Solution. p, = asec (~—F | tan (e—+); 


VAR moses) V THe (oF) ase (o—F) 


(The sign of the modulus in the function sec (o—¥ | is omitted, 


since on the interval 0, z| this function 
is positive.) 


g p=a sintf 





aT 

2. = 
(=a sec? (oF ) de = ae a. 
0 





7.9.7. Find the length of the closed 
curve p=asint=. 


Solution. Since the function p=asin‘ < 


is even, the given curve is symmetrical about 


Fig. 99 


the polar axis. Since the function sin? + has 


a period 4x, during half the period from 0 to 2n the polar radius 
increases from 0 to a, and will describe half the curve by virtue 
of its symmetry (Fig. 99). 


Further, @, =a sin® (@/4) cos (@/4) and 


Vp? +2 =V a? sin’ (@/4) + a? sin® (p/4) cos? (p/4) = a sin? (9/4), 
if O< @< Qn. 


Hence, 
27 m/2 
: 16 
b= 20 \ sin? (p/4) dp = 8a \ sin’ di =a (p = 4f). 
0 0 
7.9.8. Find the length of the curve p=% (e+ 1/0) between p=2 
and p= 4. 


Solution. The differential of the arc d/ is equal to 


-———; ———_-—— i 
di=V p?+p5dp=V p?dg?+dp?= )/ 9? (Gr) 4 l do. 
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From the equation of the curve we find “2 ae => (1 ——r) . Hence, 


=| Vergy Hae | VT ep 
-f V OHEy =~) dp => >(F “+ Inp ) | = 


7.9.9. Find the length of the hyperbolic spiral pp=1 between 
3 
1-7 and P= > 
7.9.10. Compute the length of the closed curve p = 2a (sing -+cosq). 


ae 








7.9.11. Compute the arc length of the curve =i ase from 


IU 
Q=—7 0 =F 


§ 7.10. Area of Surface of Revolution 


The area of the surface generated by revolving about the x-axis 
the arc L of the curve y=y(x) (axx<b) is expressed by the 
integral 

b 


P=2n lyVI + y" dx. 


It is more convenient to write this integral in the form P= 2x \ ydl, 


where di is the differential of the arc length. 

If a curve is represented parametrically or in polar coordinates, 
then it is sufficient to change the variable in the above formula, 
expressing appropriately the differential of the arc length (see §§ 7. 8 
and 7.9). 

7.10.1. Find the area of the surface formed by revolving the 

2 2 2 
astroid x? +-y? =a* about the x-axis. 
Solution. Differentiating the equation of the astroid we get 
9 -bt 9 -+ 
gx itgy *y=0, 
whence 


ty. 


y= —*. 


= 
- 
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2 1 
3 a? 


Then, Vi-+y?= [-2=. Since the astroid is sym- 


1 e 





x3 |x|? 
metrical about the y-axis, in computing the area of the surface we 
may first assume x >>0, and then double the result. In other words, 


the desired area P is equal to 


2\3 1 


P=2x2n (yVite dx = aa ( (a3 x2 ) Faby Fay, 
6 0 


Make the substitution 





co | = 


Then P= 12na 


7.10.2. Find the area of the surface generated by revolving about 
the x-axis a closed contour OABCO formed 
by the curves y=x? and x=y? (Fig. 100). 

Solution. It is easy to check that the 
given parabolas intersect at the points O 
(0,0) and B (1, 1). The sought-for area 
P =P,+P,, where the area P, is formed 
by revolving the arc OCB, and P, by revol- 
ving the arc OAB. 

Compute the area P,. From the equation 








_ l 
x=y? we get y=) x and Y= 5a : 
Hence, Fig. 100 


! ] 
P,=2n |W V1 + pdx =n | Veer dx = 
Jt = Jt eS 
== (4x + 1)? (=e 5h 5—1). 


Now compute the area P,. We have y=x*, y’ =2x and 


1 


Pi=2n | eV 1440 dx. 
0 
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The substitution x=-+sinht, dx == cosht dt gives 








9 
Arsinh 2 ink. 
P,=z | sinb*écosh*tdt = 3 (+sinh 4¢—1) |" 
0 
9V5n 1 7 
= iG — 35 mIn(2+V 5). 
Thus, . 

P= P+ P= CPs | SE anin(2+ VS) = 

ai Os )ee 


7.10.3. Compute the area of the surface generated by revolving: 
2 
(a) the portion of the curve y=) cut off by the straight line 


y=s, about the y-axis; 
(b) the portion of the curve y2=4-+.x, cut off by the straight 
line x=2, about the x-axis. 
7.10.4. Find the surface area of the ellipsoid formed by revolving 
2 2 
the ellipse [+51 about the x-axis (a> )). 
Solution. Solving the equation of the ellipse with respect to y 
for y>0, we get 
imran, (ee te 
y= ZV a—-x; y= a” Vue’ 
fia te yt (a? 62) x2 
Vi-+y?= V/* Gay 
Hence 


ip ieee. .. Poa Aiea 
P=2n \ —Va—x V 2G t= 


eye ‘et (Varo de 2nab (VT- Te 4 Seen) : 
where the quantity ¢«= oe is the eccentricity of the 


oD 
ellipse. 
When b—a the eccentricity ¢ tends to zero and 
li arc sing | 





e> 0 
since the ellipse turns into a circle, in the limit we get the surface 


area of the sphere: 
P=4na’. 
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7.10.5. Compute the area of the surface obtained by revolving 
the ellipse 4x?-+- y?=4 about the y-axis. 


7.10.6. An arc of the catenary 
i x 


y= > ae Fa) =acosh =, 


whose end-points have abscissas 0 and x, respectively, revolves about 
the x-axis. 
Show that the surface area P and the volume V of the solid thus 


generated are related by the formula putt 


Solution. Since y’ = sinh = , we have V 1+ y’? =cosh = . Therefore 
p=2a\9V1 Fy de == Pam | eos = dx =a \ a* cosh? ~ dx, 
0 


but 


x 


x \ a* cosh* Zdx=n\ yde=V, 
0 0 


hence, P = 


7.10.7. Find the area of the surface obtained by revolving a loop 
of the curve 9ax? = y(3a—y)* about the y-axis. 

Solution. The loop is described by a moving point as y changes 
from 0 to 3a. Differentiate with respect to y both sides of the 
equation of the curve: 


18axx’ = (3a — y)? — 2y (8a — y) = 3 (3a— y) (a— yy), 


whence gs. Using the formula for computing the 


area of the surface of a solid of revolution about the y-axis, we have 
Ye Ye 
p=2on\ xV1 + x"? dy = 2x | V 2+ (xx’? dy = 


y Uy 
3a 3a 


y (3a— y)* , (8a—y)* (a—y)? Tt 
0 0 
— y”) dy = 3na’. 
7.10.8. Compute the area of the surface generated by revolving 
the curve 8y?= x?—x* about the x-axis. 


7.10.9. Compute the area of a surface generated by revolving 
about the x-axis an arc of the curve x= ??; er) between 
the points of intersection of the curve and the x-axis. 
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Solution. Putting y=0, find t,=0 and t, ,=+V 3, and, hence, 
x,=0 and x,,=3. Whence it follows that the curve intersects 
with the x-axis at two points: (0, 0) and (3, 0). When the para- 
meter ¢ changes sign, the sign of the function (x)¢ remains unchan- 
ged, and the function y (¢t) changes 
its sign, which means that the curve 
is symmetrical about the x-axis 
(Fig. 101). 

To find the area of the surface it 
is sufficient to confine ourselves to 
the lower portion of the curve OnB 
that corresponds to the variation 
of the parameter between 0 and 
Fig. 101 +-/ 3. Differentiating with respect 

to ¢t, we find 


x,=2t; y, =? —1 





and the linear element 


dl =V xj)? + y;? dt =(1+ 2?) dt. 
Hence, 
te 
P=20 \|y()|VixrF yp dt = 
Va Ve 
= In \ eh Byer \ (t® —2¢?—3t) dt =3n 
3 3 : 
0 0 
7.10.10. Compute the surface area of the torus generated by re- 
volving the circle x?-++(y—b)?=r?(0 <r<_b) about the x-axis. 
Solution. Let us represent the equation of the circle in parametric 
form: x=rcost; y=b-+rsint. 
Hence 
Xj=—rsint; y;=rcost. 
The desired area is 
270 
P=2n\ (b+rsint) V(—rsin f+ (rcosfpdt = 
0 
250 


=20r \ (b+ rsint)dt =4n?or. 

7.10.11. Compute the area of the surface formed by revolving 
the lemniscate p =aV cos2q about the polar axis. 

Solution. Real values for p are obtained for cos2g >0, i. e. for 

7<e<t (the right-hand branch of the lemniscate), or for 


Sn<gcin (the left-hand branch of the lemniscate). 
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The linear element of the lemniscate is equal to 
ae in2@ \2 adq@ 
dl =V p+ p7?de = YV/ acos2 (one do = ae 
V P+"? dg a* cos Z@ ++ Vaman) ieee 
Besides, y =p sing =asing Y cos 2g. 


The sought-for surface area P is equal to double the area of the 
surface generated by revolving the right-hand branch. Therefore 





It 


| 2m | y al = 4na’ V cos 2p sin 940 _ onus (2—) 2). 
/ : V cos 29 





7.10.12. Compute the area of the surface formed by revolving 
about the straight line x-+y=athe quarter of the circle x?4+ y? =a? 
between A(a, 0) and B(0, a). 

Solution. Find the distance MN from the moving point M (x, y), 
lying on the circle x*-+ y?=a’, to the straight line x-+y=a: 

ya let VG@a—8—a| _ ++ Vea P-a 
V2 V2 
since for the points of the circle that lie in the first quadrant 
x+y a. Further, 


aie aro 2 d 
Hence, 


Pp=2 { stveaeee, adx 
. V 2 V @—x 


a er ee cea ae ee ae), 
V2na | V @—x?4+%x aarcsin =|" 5 | mt) 








0 





7.10.13. Compute the area of 
the surface formed by revolving 
one branch of the lemniscate p= 


=aVcos2q about the straight line _ 
IU 





aa 
Solution. From the triangle OMN Fig. 102 

(Fig. 102) we find the distance MN : 

of an arbitrary point M of the right-hand branch from _ the 


: . Jt 
axis of revolution Q= 7: 


MN =osin (F—¢] =aV) cos 29 sin (F—-9) ; 
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then 
oer. 
V cos 29 
/4 
Therefore P= 2n \ aV cos 29 sin (F—¢) ar = 21a: 
cos 2p 


—m/4 
7.10.14. Compute the area of the surface formed by revolving 


about the x-axis the arc of the curve y=* between x=—2 and 


eS 7. 

7.10.15. Compute the area of the surface generated by revolving 
one half-wave of the curve y=sinx about the x-axis. 

7.10.16. Compute the area of the surface generated by revolving 
about the y-axis the arc of the parabola x? =4ay between the points 
of intersection of the curve and the straight line y = 3a. 


7.10.17. Find the area cf the surface formed by revolving about 
the x-axis the arc of the curve x«=e'sint; y=e'cost between 


t=0 and t=+. 
7.10.18. Compute the area of the surface obtained by, revolving 
3 


about the x-axis the arc of the curve a y= 4— = between 


the points of its intersection with the axes of coordinates. 


7.10.19. Compute the area of the surface generated by revolving 
the curve p=2asin@ about the polar axis. 


7.10.20. Compute the area of the surlace formed by revolving 
about the x-axis the cardioid 


x =a(2cost—cos2?), 
y ==a(2sin¢t—sin 2). 
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7.11.1. Given: the cycloid (Fig. 103) 
x=a(t—sint); y==a(l—cost), O<t<2n. 


Compute: 

(a) the areas of the surfaces formed by revolving the arc OBA 
about the x- and y-axes; 

(b) the volumes of the solids generated by revolving the figure OBAO 
about the y-axis and the axis BC; 

(c) the area of the surface generated by revolving the arc BA 
about the axis BC; 
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(d) the volume of the solid generated by revolving the figure 
ODBEABO about the tangent line DE touching the figure at the 
vertex B; 

(e) the area of the surface formed by gy 
revolving the arc of the cycloid [see 
item (d)J. 

Solution. (a) When revolving about 
the x-axis the arc OBA generates a sur- 
face of area Fig. 103 


27U 





P,, = 20 | y dl = 2x | a(l—cos t) 2a sin + dt = 
L 


0 
230 


= 8a? | sin? S dt = 


When revolving about the y-axis the arc OBA generates a sur- 
face of area 





647ta? 
3 : 


7 


Py =2n Ez. =4na? | (t—sin t) sin = at + 
L 


0 
250 250 


+ 4na? | (t—sin t) sin — df =4na? | (¢ —sin tf) sin df = 1617". 
TU 0 
(b) When revolving about the y-axis the figure OBAO generates 
a solid of volume 
2a 2a 2a 
Vy =n) (8@—8)dy=a)\ edy—a\ xdy, 
0 0 0 
where x=x,(y) is the equation of the curve BA, and x=x, (y) is 
the equation of the curve OB. 
Making the substitution y=a(1—cosf), take into consideration 
that for the first integral ¢ varies between 2 and x, and for the 
second integral between 0 and x. Consequently, 


Vy=n \ a2 (¢—sint)asintdt—a \ a2 (t—sin tasintdt = 
2m ‘ 0 
=a? \ ({—sint)®sint dt = 
21 
0 0 0 
=n { t? sin t dt —\ t(1—cos 24) dt + | sin tt | = 6a 
“ZT 27 25 


For computing the volume of the solid obtained by revolving 
the figure OBAO about the axis BC it is convenient first to trans- 
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fer the origin into the point C, which yields the following equa- 
tions in the new system of coordinates 


x’ =a(t—n—sint); y’=a(l—cosf). 
Taking into account only the arc BA, we get 


2a ha 
V=n \ x’? dy’ = na’ ( ({—n—sint)? sint dt. 
0 20 
Putting t—m =z, we obtain 
0 mt 
V=— na? \ (z+ sin z)? sin zdz=na' \ (z+sinz)? sin zdz= 
ha 0 


=" (9n?— 16). 


(c) Making the above-indicated shift of the origin, we get 


di =2asin +|d¢|=—2asin + dt. 
Therefore 
2a Aa 
P= | anal =— Ana? | (¢—n—sin ft) sin at = 
0 Qn 


It 
= 4na? | (2+ Sin z) cos = dz=4 (on—+) ma". 
0 
(d) Transferring the origin into the point B and changing the 
direction of the y-axis, we get 
x’=a(t—n—sint), y’=a(l+costf). 
Putting t—m=z, we have 
x’=a(z+sinz), y’ =a(l—cosz2), 
z changing from —wzx to xm for the arc OBA. Hence 
V=n \ a® (1 — cos z)?(1-+ cos z) dz = na. 
—1 


(e) P=2n \ y dl = 4nd? \ (1—cos z) cos + dz = nat. 
—1 —1 


7.11.2. Find the volume of the solid bounded by the surfaces 
z?=8 (2—x) and + y2 = 2x. 

Solution. The first surface is a parabolic cylinder with generat- 
rices parallel to the y-axis and the directrix z?=8(2—x) in the 
plane xOz, and the second is a circular cylinder with generatrices 
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parallel to the z-axis and the directrix x?-++y? =2x in the plane xOy. 
2 


The volume V is computed by the formula V = ( S (x) dx. S(x) re 


0 
presents the area of a triangle whose base is equal to 2y and alti- 
tude to 2z: 

S (x) =2y x 2z =4V 2x—¥ V8 (2—x). 
rae, 


y=Sav7 (Q—x 8(Q—x dx=4V8 | 2Q—xV x dx = 
0 


=4V8 ($2Ve—-2V 8) a=. 


7.11.3. Prove that if the figure S is bounded by a simple con- 
vex contour and is situated between the ordinates y, and y, (Fig. 104), 
then the volume of the solid ge- 
nerated by revolving this figure 
about the x-axis can be expressed 
by the formula 

Y2 
V = 2n \ yhdy, 
Y1 
where 


h =X (y)—x, (y), 


x =X,(y) being the equation of the 
left portion of the contour and 
x=x,(y) that of the right portion. 
Solution. Let the generating fig- Fig. 104 

ure S be bounded by a simple 

convex contour and contained between the ordinates y, and y,. 
Subdivide the interval [y,, y,] into parts and pass through the 
points of division straight lines parallel to the axis of revolution, 
thus cutting the figure S into horizontal strips. Single out one 
strip and replace it by the rectangle ABCD, whose lower base is 
equal to the chord AD=h specified by the ordinate y, its altitude 
AB being equal to Ay. The solid generated by revolving the rectangle 
ABCD about the x-axis is a hollow cylinder whose volume may 
be approximately taken for the element of volume 


AV ~ n(y-+ Ay)? h—say?h = 2nyAyh-+ mh (Ay). 


Rejecting the infinitesimal of the second order with respect to Ay, 
we get the principal part or the differential of volume 


dV =2n yh dy. 
Knowing the differential of the volume, we get the volume proper 
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through integration: 
Ye 
V =2n \ yh dy. 
4; 


Thus, we obtain one more formula for computing the volume of 
the solid of revolution. 


7.11.4. The planar region bounded by the parabola y=2x*-+ 3, 
the x-axis and the verticals «=O and x=1 revolves about the 
y-axis. Compute the volume of the solid of revolution thus generated. 

Solution. Divide the area of the figure into elementary strips by 
straight lines parallel to the y-axis. The volume AV of the elemen- 
tary cylinder generated by revolving one strip is 


AV =m (x-- Ax)? y—n x?y = 20 xy Ax + ny (Ax)?, 


where Ax is the width of the strip. 
Neglecting the infinitesimal of the second order with respect to Ax, 
we get the differential of the desired volume 


dV = 2n xy dx. 
Hence 
Ll 


1 
V= 2n xy dx = 20 \ x (2x? 4+ 3) dx =4n. 


7.11.5. a the area of the portion of the cylinder surface 


x?+-y2=ax situated inside the 


sphere 
x2 at y? Ae 22 = Q?. 
/ ia 


Solution. The generatrices of the 
cylinder are parallel to the z-axis, 
a\2 a? 
the circle («+ Ur 
serving as directrix (Fig. 105 
shows a quarter of the sought- 
for surface). 
Subdivide the portion of the 
circle shown in Fig. 105 into 





ee small arcs Al. The generatrices 
Y passing through the points of di- 
Fig. 105 vision cut the cylinder surface 


into strips. If infinitesimals of 

higher order are neglected, the area of the strip ABCD is equal to 
CD. Al. 

If » and @ are the polar coordinates of the point D, then 


e=acosg and CD-=) a&—p?=asing, and Al=a-Ag, whence we 
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find the element of area: 
dP =a’ sin gp dg. 
Hence, 


1 
2 


p=4\ a’ sin @ dg = 4a?. 

7.11.6. Find the area of the surface cut off from a right circular 
cylinder by a plane passing through the diameter of the base and 
inclined at an angle of 45° to 
the base. 

Solution. Let the cylinder axis 
be the z-axis, and the given dia- 
meter the x-axis. Then the equa- 
tion of the cylindrical] surface 
will be x?-+y? =a", and that of 
the plane forming an angle of 45° 
with the coordinate plane xOy 
will be y=z. 

The area of the infinitely nar- 
row strip ABCD (see Fig. 106) will 
be dP =2zdl (accurate to infinite- 
simals of a higher order), where dl is the length of the elemen- 
tary arc of the circumference of the base. 

Introducing polar coordinates, we get 





z=y=asing; dl=adg. 
Hence dP=a’*singdg and 
aU 


a { sin p dp = a? [— cos p]* = 2a?. 
0 
7.11.7. The axes of two circular cylinders with equal bases inter- 
sect at right angles. Compute the surface area of the solid constitu- 
ting the part common to both cylinders. 


7.11.8. Compute the volume of the solid generated by revolving 
about the y-axis the figure bounded by the parabola x? =y—1, the 
axis of abscissas and the straight lines x= 0 and x=1. 

7.11.9. Find the area S of the ellipse given by the equation 
Ax? + 2Bxy+ Cy? = 1(86= AC— B? > 0; C> 0). 

Solution. Solving the equation with respect to y, we get 


= Br VC 6x — Bx+-VC—bx 
in ee a Ye a ee 


where the values of x must satisfy the inequality 
C— 6x? > 0. 
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Solving this inequality, we obtain the limits of integration: 
-V Fray §. 
Consequently, the sought-for area is equal to 
C. Cc. 
v3 y= 
4 —— 
S = | G—wde=% \ VC— bx dx =. 
C 0 

fz 

7.11.10. Find the areas of the figures bounded by the curves rep- 
resented parametrically: 


(a) x=2t—f,; y= 2?—?3; 


PB _t(l—P) 
(b) x=T7 3} eed 


7.11.11. Find the areas of the figures bounded by the curves given 


in polar coordinates: 
(a) 09=asin3q@ (a three-leaved rose); 


pe Tels 

(b) p= 2 | <0<F]; 

(c) p=3sing and p=V 3cosq. 

7.11.12. Find the arc length of the curve y= (2—- 2) cut off 


by the straight line x«=—l. 
7.11.13. Find the length of the arc OA of the curve 


2 








y=aln5—, 


where O (0, 0); A(S. ain) 
7.11.14. Compute the arc length of the curve y= (x—1) con- 


tained inside the parabola yz. 
7.11.15. Prove that the length of the ellipse 
x=V2sin¢t; y=cost 


is equal to the wavelength of the sinusoid y=sin-x. 
7.11.16. Prove that the arc of the parabola y=a correspon- 
ding to the interval O<x<a has the same length as the arc of 


the spiral 9 = P@ corresponding to the interval O<p<a. 
7.11.17. Find the ratio of the area enclosed by the loop of the 
— 
curve y= z—*) Vx to the area of a circle the circumference 
of which is equal to the length of the contour of this curve. 
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7.11.18. Find the volume of the segment cut off from the ellipti- 
2 2 
cal paraboloid op tag =* by the plane x=a. 


7.11.19. Compute the volume of the solid bounded by the hyper- 
2 2 2 
boloid —~+5-5=-! and the planes z=c and z=I[>¢c. 


7.11.20. Find the volume of the right elliptical cone whose base 
is an ellipse with semi-axes a and )b, its altitude being equal to A. 


7.11.21. Find the volume of the solid generated by revolving 
about the x-axis the figure bounded by the straight lines y=x+1; 
y=2x+1 and x=2. 


7.11.22. Find the volume of the solid generated by revolving 
2 2 
about the x-axis the figure bounded by the hyperbola =-a= l, 
the straight line 2ay—bx=0O and the axis of abscissas. 


7.11.23. Find the volume of the solid generated by revolving the 
curve p=acos?q@ about the polar axis. 


7.11.24. Find the areas of the surfaces generated by revolving the 
following curves: 


(a) y=tanx(0<*<+) about the x-axis; 
(b) y=x V/ £0<x<a) about the x-axis; 


(c) x?-+ y2—2rx=0 about the x-axis between 0 and A. 


§ 7.12. Computing Pressure, Work and Other Physical 
Quantities by the Definite Integrals 


I. To compute the force of liquid pressure we use Pascal’s 
law, which states that the force of pressure of a liquid P on 
an area S at a depth of immersion A is P=vyhS, where y is the 
specific weight of the liquid. 

II. If a variable force X =f (x) acts in the direction of the x-axis, 
then the work of this force over an interval [x,, x,] is expressed 
by the integral 

A= \ f (x) dx. 


x, 


III]. The kinetic energy of a material point of mass m and velo- 
city v is defined as 


mou* 
Ra 
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SS 


IV. Electric charges repulse each other with a force Fa, 


where e, and e, are the values of the charges, and r is the distance 
between them. 

Note. When solving practical problems we assume that all the 
data are expressed in one and the same system of units and omit 
the dimensions of the corresponding quantities. 


7.12.1. Compute the force of pressure experienced by a vertical 
triangle with base 6 and altitude A submerged base downwards in 
water so that its vertex touches the surface of the water. 

Solution. Introduce a system of coordinates as indicated ia Fig. 107 
and consider a horizontal strip of thickness dx located at an arbi- 
trary depth x. 

Assuming this strip to be a rectangle, find the differential of area 
dS = MN dx. From the similarity of the triangles BMN and ABC 


b b 
we have aad, whence MN =— and dS = = dx. 












L L 
fey hte ee 


Fig. 107 Fig. 108 


The force of pressure experienced by this strip is equal to dP =xdS 
accurate to infinitesimals of higher order (taking into consideration 
that the specific weight of water is unity). Consequently, the entire 
force of water pressure experienced by the triangle is equal to 

h h 


P=| xdSaz | ede =z ont. 
0 0 
7.12.2. Find the force of pressure experienced by a semicircle of 


radius R submerged vertically in a liquid so that its diameter is 
flush with the liquid surface (the specific weight of the liquid is y). 


7.12.38. A vertical dam has the form of a trapezoid whose upper 
base is 70 m long, the lower one 50 m, and the altitude 20 m. 
Find the force of water pressure experienced by the dam (Fig. 108). 

Solution. The differential (dS) of area of the hatched figure is 
approximately equal to dS=MWNdkx. Taking into consideration the 
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similarity of the triangles OML and OAE, we find ae es: 
whence ML = 20—x, MN = 20—x+50=70—x. Thus, dS=MN~x 
x dx = (70 — x) dx and the differential of the force of water pressure is 
equal to 

dP=xdS = x(70—x) dx. 


Integrating with respect to x from 0 to 20, we get 
20 


P=\ (70x—x2)dx= 113335. 
7.12.4. Calculate the work performed in pumping the water out 
of a semispherical boiler of radius R. 


7.12.5. A rectangular vessel is filled with equal volumes of water 
and oil; water is twice as heavy as oil. Show that the force of pres- 
sure of the mixture on the wall will N 1 
reduce by one fifth if the water is —> y 
replaced by oil. 

Solution. Let h be the depth of 
the vessel and / the length of the 
wall. Let us introduce a system of 
coordinates as shown in Fig. 109. 
Since the oil is situated above the 
water and occupies the upper half of 
the vessel, the force of the oil pres- 
sure experienced by the upper half a 
of the wall is equal to Fig. 109 


> & N|> 
~—{— 


ai 
Pat | x dx 
The pressure at a depth i is made up of the pressure of the 
oil column of height - and that of the water column of height 
ae and therefore 
dP, = sxz+(*-F)| ldx= (x—4) Idx. 


Consequently, the force of pressure of the mixture on the lower half 
of the wall is 
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The entire pressure of the mixture on the wall is equal to 


lh? | th? 5 


If the vessel were filled only with oil, the force of pressure P on 
the same wall would be 


h 
P= | td =, 


0 
Hence, 


: ] 
P—P=—lhi == P. 


l 
&. 
7.12.6. The electric charge E concentrated at the origin of coor- 
dinates repulses the charge e from the point (a, 0) to the point (0, 0). 
Find the work A of the repulsive force F. 
Solution. The differential of the work of the force over displace- 
ment dx is dA =Fdx="idx. 


Herice 


h 


Anni ag ok, 


As 6-—+oo the work 4 tends to ae 


7.12.7. Calculate the work performed in launching a rocket of 
weight P from the ground vertically upwards to a height A. 

Solution. Let us denote the force of attraction of the rocket by 
the Earth by F, the mass of the rocket by mp, and the mass of 
the Earth by m,. According to Newton’s law 


MpmMp 
F =k, 
Xx 


where x is the distance between the rocket and the centre of the 
Earth. Putting kmpm,=K, we get F(nay, R<x<h+R, 
R being the radius of the Earth. At x=R the force F(R) will be 
the weight of the rocket P, i.e. F(R)=P= 75, whence K = PR? 
and F (x)= 28. 

Thus, the differential of the work is 
PR? 


x2 


dA =F (x) dx = dx. 
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Integrating, we obtain 
R+h R+h 


es ee dx _ PRh 
A= \ F (x)dx= PR? \ BORER 
The limit Jim A (h) = jim 1 ep PR is equal to the work performed 


by the rocket engine a “achieve complete escape of the rocket from 
the Earth’s gravity field (the Earth’s motion is neglected). 

7.12.8. Calculate the work that has to be done to stop an iron 
sphere of radius R rotating about its diameter with an angular ve- 
locity w 

Solution. The amount of required work is equal to the kinetic 
energy of the sphere. To calculate this energy divide the sphere 
into concentric hollow cylinders of thickness dx; the velocity of the 
points of such a cylinder of radius x is wx. 

The element of volume of such a cylinder is dV =4nx V R?—x dx, 
the element of mass dM =ydV, where y is the density of iron, and 


the differential of kinetic energy dK =2nyw?x? V R? — x? dx. 





Hence, 
40ypR3 w?R?  Mo?R* 
2 3 2 2 — Fp ee 
K =2nyo j> VR?—x dx= : a oan Gee 


7.12.9. Ciniiate. the kinetic energy of a disk of mass M and ra- 
dius R rotating with an angular velocity w about an axis passing: 
through its centre perpendicular to its plane. 

7.12.10. Find the amount of heat released by an alternating si- 
nusoidal current 


[= 1,s8in (Fi—9 | 


during a cycle 7 in a conductor with resistance R. 

Solution. For direct current the amount of heat released during 
a unit time is determined by the Joule-Lenz law 

Q=0.24 /7?R. 

For alternating current the differential of amount of heat is 

dQ =0.24 J? (t) Rdt, whence 
Q=0.24R | Padt. 
ty 

In this case 


Q =0.24 RI? ( sin? (+ i—©) dt = 


sin? (1-9) 
9 an|s—Z. en 





= 0.12RT/2. 
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7.12.11. Find the pressure of a liquid of specific weight d on a 
vertical ellipse with axes 2a and 2b whose centre is submerged in 
the liquid to a level A(A> DO). 


7.12.12. Find the pressure of a liquid of specific weight d on the 
wall of a circular cylinder of base radius r and altitude h if the 
cylinder is full of liquid. 


7.12.13. Calculate the work performed to overcome the force of 
gravity in pumping the water out of a conical vessel with the vertex 
downwards; the radius of the cone base is R and its altitude is H. 


7.12.14. Compute the work required to stretch a spring by 6 cm, 
if a force of one kilogram is required to stretch it by | cm. 


§ 7.13. Computing Static Moments and Moments of 
Inertia. Determining Coordinates of the 
Centre of Gravity 


In all problems of this paragraph we will assume that the mass 
is distributed uniformly in a body (linear, two- and three-dimensiona]) 
and that its density is equal to unity. 

1. For a plane curve L the static moments M, and My about 
the x- and y-axis are expressed by the formulas 


M,=\ydl, M,=\xdl. 
L L 
The moment of inertia about the origin of coordinates 
1,=\ (x+y?) dl. 
EB 


If the curve L is given by the explicit equation y= y(x) (axx<b), 
then di has to be replaced by V1+y’*dx in the above formulas. 
If the curve L is given by the parametric equations x= x(t), 
y(t) (t,<t<t,), then dl should be replaced by V x’?+y'2d¢t in 
tress formulas. 
2. For the plane figure bounded by the curves y= y, (x), y = y, (x), 
y,(x)<y,(x) and the straight lines x=-a, x=bd (ax x<b) the 
static moments are expressed by the formulas 








b 


b 
] 2 
M . =5\ (Y2— yi) dx; My = \ x(y,—y,) dx. 


3. The centre of gravity of a plane curve has the following coor- 


M 
dinates: X=z" Y=) where / is the length of the curve L. 
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M 
The centre of gravity of a plane figure has the coordinates: X= 


Y=, where S is the area of the figure. 


7.13.1. Find the static moment of the upper portion of the ellipse 
x2 ye 
att or | 
about the x-axis. 
Solution. For the ellipse 
ydl=yV 1+ y?dx=V y+ (yy’) dx; 


b> 
x x, we have 


b2 4 i 2 a es 
ydl = V 0 og 4 x2 dx =—Vai—exr dx, 
V a—b 


a 





: 6? j 
since y= Boe and yy’ =— 


where e« is the eccentricity of the ellipse, e= 
Integrating from —a to a, we find 


a a 
b ea ee 2b ery ee 
Mga \ V a —e?x? dx = =| V@—exdx= 
0 


-a 
b ea a : a : 
=— (a V @ —e2a? ++ = are sin e | =D (b+ > are sin e). 


In the case of a circle, i. e. at a=b, we shall have M, = 2a’, 

since e=0 and lim “SS"* = 1. 
e +0 € 

7.13.2. Firid the moment of inertia of a rectangle with base b and 
altitude A about its base. 

Solution. Let us consider an elementary strip of width dy cut 
out from the rectangle and parallel to the base and situated at 
a distance y from it. The mass of the strip is equal to its area 
dS =bdy, the distances from all its points to the base being equal 
to y accurate to dy. Therefore, d/,= by? dy and 

h 


1, = \ by dy=">. 
0 


7.13.3. Find the moment of inertia of an arc of the circle x? + y? = R? 
lying in the first quadrant about the y-axis. 

7.13.4. Calculate the moment of inertia about the y-axis of the 
figure bounded by the parabola y? =-4ax and the straight line x--a. 

Solution. We have dl, =x°?dS, where dS is the area of a vertical 
strip situated at a distance x from the y-axis (Fig. 110): 


dS =: 2\y| dx ==2V 4ax dx. 
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Hence, 


a a 5 
I= \ 40 Vaxdx=4Va | x? dx = Sat. 
0 0 


7.13.5. In designing wooden girder bridges we often have to deal 
with logs flattened on two opposite sides. Figure 111 shows the 
cross-section of such a log. Determine the 
moment of inertia of this cross-section 
about the horizontal centre line. 





Fig. 110 Fig. 111 


Solution. Arrange the system of coordinates as is shown in the 
accompanying drawing. Then 
dI,=y? dS, where dS= MN dy= 2x dy=2V R?—y? dy. 
Whence 


h h 


[,=2)\ y2V R?—y? dy =4 \ y? V R?—y? dy. 
A 0 


Substituting y=Rsint; dy=Rcostdt; t,=0; t,=arcsin(h/R), 


we cet 
arc sin (h/R) 


h 
1,=4\ ep VR 9 dy=4 | R? sin? t-Rcos tR cos t dt = 
Q 6 


arc sin (h/R) arc sin (h/R) 
—4R3 \ sin? { cos* ¢ dt =“ (1 —cos 41) dt = 
0 0 
R4 eee h a 
=p are sin = + (2h? — R*) V R?— 
When A=R, we obtain the moment of inertia of the circle 


mwR4 
about one of its diameters: /,=—-. 
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7.13.6. Find the moment of inertia about the x-axis of the figure 
bounded by two parabolas with dimensions indicated in Fig. 112. 

Solution. Arrange the system of coordinates as shown in Fig. 112 
and write the equations of the para- 
bolas. 

The equation of the left parabola is: 

2 

y= (*t+ 5), the equation of the 
right parabola, y= ($—# 

For the hatched strip the moment 
of inertia is 


dl,=y? dS = y*| MN |dy, 





where 
|MN|=x,—%,=2 (SFY) = 
=a— Ft y?. Fig. 112 
Hence, a o 
l= \ y? (a—Fy?) dy=2 | y? (a—Fy*) dy =<. 
5/2 ; 


7.13.7. Find the static moments about the x- and y-axis of the 
arc of the parabola y2=2x between x=0 and x=2 (y> 0). 


7.13.8. Find the static moments about the axes of coordinates 
of the line segment +=] whose end-points lie on the coordi- 


nate axes. 
7.13.9. Find the static moment about the x-axis of the arc of 
the curve y=cosx between 4=—F and %= >. 


7.13.10. Find the static moment about the x-axis of the figure 
bounded by the lines y=x?; y=V x. 

7.13.11. Find the moments of inertia about the x- and y-axis of 
the triangle bounded by the lines x =0, y=O and ~ 45 = l(a> 0, 


b> 0). 

7.13.12. Find the moment of inertia of the trapezoid ABCD about 
its base AD if AD=a, BC=b and the altitude of the trapezoid 
is equal to A. 


7.13.13. Find the centre of gravity of the semicircle x?-+ 4? =a’ 
situated above the x-axis. 

Solution. Since the arc of the semicircle is symmetrical about the 
y-axis, the centre of gravity of the arc lies on the y-axis, i.e. x,=0. 
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To find the ordinate y., take eee of the result of Problem 
7.13.1: M,=2a’; therefore y.= a » Thus; 40,4. = Ze 


7.13.14. Find the coordinates a the centre of gravity of the ca- 
tenary y=> : (e* + e-*)=coshx between A(0, 1) and B(a, cosha). 
Solution. We have 


dl = Vi+y” dx =V 1+ sinh? x dx = cosh x dx 


whence we find 
l= \ al = \ cosh x dx = sinha. 
L 0 
Then 
My= \ xdi= \ xcosh xdix= xsinh x},— | sinh xdx = 
b 0 
=asinha—cosha-+ l. 











Hence, 
a sinh a— (cosh a— 1) cosh a— | 
Se =a———— =a—tanh>. 
c sinha sinh a 
Analogously, 
3 a a 
M,=\ydl= \ cosh? xdx = | (1 +-cosh 2x) dx = 
i 0 0 
| sinh 2x \ |a@ _ mae 
= (++ = a e. a 
Si ae 
at - a cosh 
eae ee osh a 
Ye sinha 2 sinha 2 


7.13.15. Find the centre of gravity of the first arc of the cycloid: 
x=a(t—sint), y=a(1—cost)(O<t< 2n). 

Solution. The first arc of the cycloid is symmetrical about the 
straight line x=ma, therefore the centre of gravity of the arc of 
the cycloid lies on this straight line and x,==ma. Since the length 
of the first arc of the cycloid /=8a, we have 


25 


2m 
ye=7 \ yal = 520° | (1—cos t) sin > df =$\ sin? = dt =~ 
L 0 0 


7.13.16. Determine the coordinates of ae ue of gravity of the 


portion of the arc of the astroid xe + ys aa situated in the first 
quadrant. 
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7.13.17. Find the Cartesian coordinates of the centre of gravity of 
the arc of the cardioid p=a(l+cosq) between p=0O and g=na. 

Solution. Let us represent the equation of the cardioid in para- 
metric form: 


x=pcos@ =—a(l+cos gq) cos g; 
y =psing =a(l-+cos@) sing. 


As the parameter varies between 0 and x the running point describes 
the upper portion of the curve. Since the length of the entire car- 
dioid equals 8a and 


dl =V (x’,)?+ (y’,)? dp = 2acos + dy (see Problem 7.9.3), we have 


J 
x= + \yd l=z lasing | + cos @) 2a cos-£ dp = 
L 0 
aU 
=2a | cost £ sin £ dip =— Zacos'£\" =F a 
en 9 2 Io eat 
0 


Analogously, 


It 


Y= neem 7a ) 208 0( (1+cos @) 2acos + dp = 


I 71 
= a | cos pcos? $ dp =a | ( 2cos® + — cos? + dq. 
0 0 


Putting Sat we get (see Problem 6.6.9) 


Y,=2a “(2 cos’ t—cos? t) dt =4as2— a+ =a. 


ote] a 


And so, x,=y,= = 

It is interesting i: note that the centre of gravity of the above- 
considered half of the arc of the cardioid lies on the bisector of 
the first coordinate angle, though the arc itself is not symmetrical 
about this bisector. 


7.13.18. Find the centre of gravity of the figure bounded by the 
ellipse 4x?-++ 9y? = 36 and the circle x?-+y?=9 and situated in the 
first quadrant (Fig. 113). 
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Solution. Let us first calculate the static moments: 
3 


3 
My =\ x(.—w) dx =\x |V9—¥—FV9—# | dx = 


0 0 
a 
“= | x V 9—x? dx =3; 
0 
2 3 
l l 4 
M.=3) Wig) ax=s | [O—#) —F —2)| dx = 
0 0 
3 
=| (5—$2) drs. 
0 


The area of a quarter of a circle of 
radius 3 is equal to tad ,and the area ofa 
quarter of an ellipse with semi-axes a= 3 
and b=2 equals on therefore the area 


of the figure under consideration is 


9xn 3x 3n 
Ee pe 


: _ Ms, 20 
» Yeo = 3° 





7.12.19. Find the centre of gravity of the figure bounded by the 
| 
parabola x2 -+y2—=a? and the axes of coordinates. 


7.13.20. Find the Cartesian coordinates of the centre of gravity 
of the figure enclosed by the curve p=acos*@ (a> 0). 
Solution. Since p>0O in - cases, the given curve is traced 


when q@ changes from —> to >: By virtue of evenness of the fun- 


ction cos@ it is symmetrical about the polar axis and passes through 
the origin of coordinates at p=t 5. 


Compute the area S of the figure obtained: 


un 
2 
Ix3x5 2 
2 — 72 6 — sy2 Bie PERS eG 2 
o?dp =a {cos odg=a Tab Y= 3g 10”. 
0 


] 


S=2xX5 





oD | a 
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Now arrange the axes of coordinates as shown in Fig. 114. Then 
the parametric equations of the curve are 


Xx=pCOS Y= aCOS! g; 
y=opsing=—asin@cos'g. 


The centre of gravity of the figure lies on the x-axis, i.e. y.=9 
by virtue of symmetry about the x-axis. Finally, determine x,: 


a 








2 | xy dx = = 
0 __ 8a° 10 2 8a" ~12 
Ke > \ cos?® g sin? @ dp = —> \ (cos'? p—cos” g) dp = 
0 0 
__ 8a8 ( 1x3x5X7x9_ 1X3X5X7X9XI1\ mw __2I 
~~ (5/32) ma? \2x4x6x8x10 2x4x6x8x10x 12 z = 79% 
Y 
0 c= 
Fig. 114 Fig. 115 


7.13.21. Find the coordinates of the centre of gravity of the 
figure bounded by the straight line y= =x and the sinusoid 
y=sinx (x20) (Fig. 115). 

Solution. The straight line y=x and the sine line y= sin x inter- 


sect at the points (0, 0) and (F 1). The area of the figure 


bounded by these lines is 





S= f (sins —=*) dx =". 
0 
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Hence, 


fect 
o> to 2 
on ONS 
2. 
— 
nw 
os 
| 
of 
bo 
Ny 
Q. 
ef 























JT 
Q ‘ > 
= —— in2 a 8 = 
xX, i az | (sin x x) dx 
4 0 
iT 
2 
2 =p _ sindx 4 ‘i 1 
~ 4—mn | 2 4 3st? (4—)’ 
v 
yy 
{ x (sine—= x) de + 
0 _ 4 
Y= rae =7az | xsinxde— 
4 0 
JT 
“2 


—syaw | rd —~ 4 7 _ ba 
n(4—m) NO feng Bho) (On 
0 


7.13.22. Prove the following theorems (Guldin’s theorems). 

Theorem 1. The area of a surface obtained by revolving an arc 
of a plane curve about some axis lying in the plane of the curve and 
not intersecting it is equal to the product of the length of the curve 
by the circumference of the circle described by the centre of gravity 
of the arc of the curve. 

Theorem 2. The volume of a solid obtained by revolving a plane 
figure about some axis lying in the piane oj the figure and not 
intersecting it is equal to the product of the area of this figure by 
the circumference oj the circle described by the centre of gravity of 
the figure. 

Proof. (1) Compare the formula for the area of the surface of 
revolution of the curve L about the x-axis (see § 7.10) 


P= 2n \ yal 
L 


with that for the ordinate of the centre of gravity of this curve 
M,. 
y= =F r \ wal 


Hence we conclude that 

P=2n ly, =1-2Qny., 
where / is the length of the revolving arc, and 2ny, is the length 
of a circle of radius y,, i.e. the length of the circle described by 
the centre of gravity when revolving about the x-axis. 
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(2) Compare the formula for the volume of a solid generated 
by revolving a plane figure about the x-axis (see § 7.6) 
b 


V =a \ (y3—yi) dx 


a 


with that for the ordinate of the centre of gravity of this figure 


b 
M, 1 
Y= =3553\ YW) ae. 


Hence we conclude that 
V=n-28Sy,=S-2ny, 


where S is the area of the revolving figure, and 2ny, is the length 
of the circumference described by the centre of gravity when revol- 
ving about the x-axis. 


7.13.23. Using the first Guldin theorem, find the centre of gra- 
vity of a semicircle of radius a. 

Solution. Arrange the coordinate axes as shown in Fig. 116. By 
virtue of symmetry x,=0. Now it remains to find y,. If the semi- 
circle revolves about the x-axis, then 
the surface P of the solid of revo- 
lution is equal to 4mna’, and the 
arc length /=aa. Therefore, accor- 
ding to the first Guldin theorem, 





4na?=mna-2ny.; y= 2 =. 


7.13.24. Using the second Gul- a 
din theorem, find the coordinates Fig. 116 
of the centre of gravity of the 
figure bounded by the x-axis and one arc of the cycloid: r= 
=a(t{—sint); y=a(l—cosf). 

Solution. By virtue of the symmetry of the figure about the 
straight line x= «a its centre of gravity lies on this straight line; 
hence, x, =a. 

The volume V obtained by revolving this figure about the x-axis 
is equal to 5m?a* (see Problem 7.6.14), the area S of the figure 
being equal to 3ma? (see Problem 7.4.3). Using the second Guldin 
theorem, we get 

V 53028 oa 


7.13.25. An equilateral triangle with side a revolves about an 
axis parallel] to the base and situated at a distance b > a from the base. 
Find the volume of the solid of revolution. 
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Solution. There are two possible ways of arranging the triangle 
with respect to the axis of revolution which are shown in Fig. 117, 
a and 6. 





The altitude of the equilateral triangle is h= ED the area 
eas aa) . The centre of gravity O’ is situated at the point of 
intersection of the medians and at a distance of b—= = from the 





ae 


in the second. 





axis of revolution in the first cas:, and b+ 





(2) 


Fig. 117 


By the second Guldin theorem 
y, = 2 VS (4_ V5) _ 5 (YE) 


4 
pes (+ s¥3) n( See). 
7.13.26. Find the centre of gravity of the arc of a circle of radius 


R subtending a central angle 2a. 
7.13.27. Find the centre of gravity of the figure bounded by 


the arc of the cosine line y=cos x between x= —+= and raz and 








the straight line y=5 


7.13.28. Find the coordinates of the centre of gravity of the 
figure enclosed by line y?=ax— x’. 

7.13.29. Find the Cartesian coordinates of the centre of gravity 
of the arc of the logarithmic spiral p =ae? from 9, = 5 to = tt: 


7.13.30. A regular hexagon with side a revolves about one of 
its sides. Find the volume of the solid of revolution thus generated. 

7.13.31. Using Guldin’s theorem, find the centre of gravity of 
a semicircle of radius R. 
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§ 7.14. Additional Problems 


7.14.1. Find the area of the portion of the figure bounded by 
the curves y*=x" and y*=x” (m and n positive integers) situated 
in the first quadrant. Consider the area of the entire figure depen- 
ding on whether the numbers m and n are even or odd. 


7.14.2. (a) Prove that the area of the curvilinear trapezoid 
bounded by the x-axis, straight lines x=a, x=b and _ parabola 
y = Ax?+ Bx?+Cx-+D can be computed using Chebyshev’s formula 


_ b—a a+5 | b—a a+b a+b 1 b—a 
Sas" mye a) te (Se) +9 (St yee): 
(b) Prove that an analogous area for a parabola of the fifth order 
y =f (x) = Ax® + Bxt+ Cx + Dx?+ Ex+F 
can be computed using the Gauss formula 
__b—a a+b 3 b—a a+b 
sms" [sr (PV 5952) +81 (4) + 
a+b 3 b—a 
+57(*th 4 yf Soa) I 
7.14.3. Show that the area of a figure bounded by any two ra- 


dius vectors of the logarithmic spiral p=ae”+ and its arc is pro- 
portional to the difference of the squares of these radii. 



































7.14.4. Prove that if two solids contained between parallel pla- 
nes P and Q possess the property that on being cut by any plane 
R parallel to these planes equivalent figures are obtained in 
their section, then the volumes of these solids are equal (Cava- 
lieri’s principle). 


7.14.5. Prove that if the function S(x) (OQ x<A) expressing 
the area of the section of a solid by a plane perpendicular to the 
x-axis is a polynomial of a degree not higher than three, then the 
volume of this solid is equal to V=2 |S (0)+ 4S (=) +5]. 
Using this formula, deduce formulas for computing the volume of 
a sphere, spherical segments of two and one bases, cone, frustrum 
of a cone, ellipsoid, and paraboloid of revolution. 


7.14.6. Prove that the volume of a solid generated by revolving 
about the y-axis the figureax<x<b, O<y<y(x), where y(x) is 
a single-valued continuous function, is equal to 

b 
VS 20 ( xy (x) dx. 


a 
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7.14.7. Prove that the volume of the solid formed by revolving, 
about the polar axis, a figure OSaxqg<cpaa, 0<p<p(Q), 
is equal to 


21 


V == \ 0° (9) sin g dg. 


R Comey 


7.14.8. Prove that the arc length of the curve given by the pa- 
rametric equations 


x=f" (t)cost+/’ (t)sint, 


y=—/" (t)sint+f’ (t)cost 
is equal to [f () +f" (It. 


7.14.9. Find the arc length of the curve represented parametri- 
cally 


(f; St <7.) 


| 
COS 2 Sin 2 
x= |S? az, y= | ae 
2 J 2 


between the origin and the nearest point from the vertical tan- 
gent line. 


7.14.10. Deduce the formula for the arc length in polar coor- 
dinates proceeding from the definition without passing over from 
Cartesian coordinates to polar ones. 


7.14.11. Prove that the arc length /(x) of the catenary y= 
= coshx measured from the point (0, 1) is expressed by the for- 
mula /(x)=sinhx and find parametric equations of this line, 
using the arc length as the parameter. 


7.14.12. A flexible thread is suspended at the points A and B 
located at one and the same height. The distance between the 
points is AB = 20, the deflection of the thread is f. Assuming the sus- 
pended thread to bea parabola, show that the length of the thread 


QD f2 
1=2%(1+55) 
ate 
ee 
7.14.13. Find the ratio of the area enclosed by the loop of the 
curve y =+(3—*] Vx to the area of the circle, whose circum- 


at a sufficiently small 


3 / 
ference is equal in length to the contour of the curve. 


7.14.14. Compute the length of the arc formed by the intersection 
of the parabolic cylinder 


(y + 2)? = 4ax 
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and the elliptic cone 
zety a2 =0, 
between the origin and the point M(x, y, 2). 
7.14.15. Prove that the area of the ellipse 
Ax®+2Bxy+Cy?+2Dx+2Fy+F =0 (AC—B? > 0) 


is equal to 








a ABD 
S = — ———_..., whereA=!BC E}. 
(AC B2)?'? DEF 
7.14.16. Find: (a) the area S of the figure bounded by the hy- 
perbola x*—y?=-1, the positive part of the x-axis and the radius 


vector connecting the origin of coordinates and the point M (x, y) 
lying on this hyperbola. 

(b) The area of the circular sector Q bounded by the x-axis and 
the radius drawn from the centre to the point N(x, y) lying on 
the circle x?-++ y*== 1. Prove that the coordinates of the points M 
and N are expressed respectively through the areas S and Q by 
the formulas 


Xy=cosh 2S, ya =sinh2S, x,y=cos2Q, yy=sin2Q. 


7.14.17. Using Guldin’s theorem, prove that the centre of gra- 
vity of a triangle is one third of the altitude distant from its base. 


7.14.18. Let & be the abscissa of the centre of gravity of a cur- 
vilinear trapezoid bounded by the continuous curve y=/ (x), the 
x-axis and the straight lines xa and x-==b. Prove the validity 
of the following equality: 

b b 
| (ax +b) f (x) dx = (ab +6) \ f (xd 


a Qa 


(Vereshchagin’s rule). 


7.14.19. Let a curvilinear sector be bounded by two radius vec- 
tors and a continuous curve p=/(@). Prove that the coordinates 
of the centre of gravity of this sector are expressed by the follow- 
ing formulas: 


(Poa Pe 
\ 0? cos ¢ dp \ 0°? sing dp 
es 2 1 : na P14 
Ne — 3 Pe P Ye : 3 fe 
( p° dp \ p° ap 


(Dy P1 
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7.14.20. Prove that the Cartesian coordinates of the centre of 
gravity of an arc of the curve o=/(q@) are expressed by the fol- 
lowing formulas: 


Pe 





Pe 
| pcosp Vp? +p? dp | p sing Vp"-Fp7 dp 
(Pp : OF 
Ng gg » Ye =~ 9, 
\ V e+ dp \ V p+ 07 dp 
Pr 


P1 


Chapter 8 


IMPROPER INTEGRALS 


§ 8.1. Improper Integrals with Infinite Limits 

Let the function f/ (x) be defined for all xa and integrable on 
any interval [a, A]. Then fim Vi dx is called the improper 
integral of the function f(x) in the interval [a, -++ oo] and is de- 


noted by the symbol \ f(x) dx. We similarly define the integrals 


a 
B + 0 


F(x) dx and ( f (x) dx. 
~ Thus, _ 
+ @ A 
\ f(x) dx = lim | F (x) dx; 
a A++@ q 
B B 
\ f(x)dx = lim \ F(x) dx; 
a5 foe 
+@ C 


\ f (x)dx= lim \ F (x)dxe+ lim \ f (x) dx. 
A+-@ A Bo+a 


—- © 


ew 


tema 


If the above limits exist and are finite, the appropriate integ- 
rals are called convergent; otherwise, they are called divergent. 

Comparison test. Let f(x) and g(x) be defined for all x 2a and 
integrable on each interval [a, A], ADa. If 0</(x)<g (x) for 


all x S>a, then from convergence of the integral \ g(x) dx it fol- 


ao 


lows that the integral \ F(xyax is also convergent, and | F(x) axS 
a a 
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x 


<\ g(x) dx; from divergence of the integral \ F(x) dx it follows that 


a 
@ 


the integral \ g(x)dx is also divergent. 


Special comparison test. If as x—>oo the ene HIOR } (x) > 0 is an 
infinitesimal of order 4 > 0 as compared with —, then the integral 


+ 2 


\ } (x) dx converges for A> 1 and diverges for A< 1. 
Absolute and conditional convergence. Let the function f(x) be 


defined for all xa. If the integral | F(x) | dx converges. then the 


integral UF )dx also converges and is called absolutely convergent. 


In this ise 


oO 


<NlF lax, 


a 





\ fF (xdx 





If the integral (roo dx converges, and Jiro lax diverges, then 


the integral (Fox dx is called conditionally convergent. 


The change of the variable in an improper integral is based on 
the following theorem. 

Theorem. Let the function f(x) be defined and continuous for 
xa. If the function x=@(t), defined on the intervala<t<f 
(a and B may also be improper numbers —oco and oo), is ee 
nic, has a continuous derivative g'(t)-0 and lim @ (t) = 

f+ a+0 
lim@ (t)= + 00, then 


t+» B-O0 
B 


Jf )de= J fi@@) @" (de, 
Integration by parts avelves no difficulties. 
8.1.1. Evaluate the following improper integrals with infinite 
limits or prove their divergence taking advantage of their defini- 
tion. 


rd Cd. Co. 
(a) \ shave (b) \acSs: (c) | xsin xdx, 
e? —@ 0 
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Solution. (a) By definition, 


) 
e? = 





oo 
\ im | sa5- lia ee 
g) Ind x ane ytinx aces 2 In? x 


(b) By definition, 


> 


0 
dx lj \ dx 6. \ dx 
HOTS pe SPE OED gene | PON PD 
0 


B+-o 


: i. 


(instead of the point x=0O any other finite point of the x-axis may 
be taken as an intermediate limit of integration). 

Compute each of the limits standing in the right side of the 
above ew 











0 
lim 5 lim < arc tan~ | =+arctany +4, 
Bor ,\ ap aesa Bs+—-o 2 B 2 2 4 
; l l 
. ] x+1/A_ on | 
im | ayers 2 = lim garctan—- a x arctan>. 
0 
Hence, 
wa 
C ax _ a 
\ x?--2x1-5 °° 2° 
(c) By definition, 
oo A 
| xsinxdx = lim | xsin xdx. 
0 Aw +o & 


Putting u=x, du=sinxdx and integrating by parts, we get 


A A 
lim \ xsinxdx = lim - x COS xl ae ( cos.xdr _ 
0 


Ror A> + x 


= lim (—AcosA-+sin A). 


A+ +o 


But the last limit does not exist. Consequently, the integral 


( xsinxdx diverges. 
0 
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8.1.2. Evaluate the following improper integrals with infinite 
limits on the basis of their definition: 











(a) ( x dx - (b) (c) ‘i x dx 
\vE a) [a | V hey lp 
2 0 
( dx : ( ~X 
(d) \ eres (e) i. (cee > (f) \¢ sin x dx. 


Solution. (a) By en 
ee tas (ite = lim + Ca. a = 
J Ves ge o) Vie—3y =< tke ele 9 


! ' 
— l So) =I, 
fee Vy a3 J 
8.1.3. Prove that the integrals of the form 


+o b 


\ e~P* dx and ( ePx dx 


a —@ 
converge for any constant p> 0 and diverge for p <0. 
8.1.4. Test the integral 








dx 
\ Tae Eoe 
for convergence. 
Solution. The integrand 
l 
= Tapa 
is positive and is an infinitesimal of order A=4 as compared with 
~ as Xx» oo. Since 4> 1, the integral converges according to the 


special comparison test. 
8.1.5. Test the integral 


eo 
dx 
x+ sin? x 
1 


I 
— x-+ sin? x 


for convergence. 
Solution. The integrand f (x) 


tive for x > 1. 
As x—oo the function f(x) is an infinitesimal of order }\=1 


is continuous and _ posi- 


as compared with =; according to the special comparison test the 
integral diverges. 
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8.1. sf Test the following integrals for convergence: 


* Aan 
met ax, ” ree dx: 


(a) 1+ <x Vx 


I 

(c) 240s x ie aioe? nS x (€) \ arctan x 4, 
Vx (ex Vx x 

8.1.7. Test the integral 


| (x+ V x+1) dx 
J e427 +l 
l 


for convergence. 
Solution. The integrand is continuous and positive for x21. 


Determine its order of smallness A with respect to < aS X—>+ 00; 


| : 
xt Vx+l AD eta SN i+V t+3 
93 an, 
242 7/ x +] [29 “at oa. i 


the order of smallness A= 1. According to the special comparison 


o 


Since 








test the integral | EEE ar diverges. 
. x2+2 VY xA+1 


8.1.8. Test the integral 


\ ax 
J V x(x—1) (x—2) 
for convergence. 

Solution. Since the function 


| 
f («) = ——— = > =X 
! 2 = ! 2 
Ve0-3)0-3) oF V(-4)0-3) 
is an infinitesimal of order has with respect to — as X—>» +00, 


according to the special comparison test the integral converges. 
8.1.9. Test the integral 








a 7 ee es 
\ vane ae 
: y/ 3—] 


for convergence. 
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Solution. The integrand is continuous and positive for x22. 
Determine its order of smallness with respect to ~ aS X—>»-+ 00: 
ae 7 
1/7 349% ! Bol 
= x 3 fo 
l 
Vi-+ 





ara 
x3 —. | 35 
V Gs 


Since the second multiplier has the limit eo as X—»+-+00, we 


have A= as < 1. Consequently, the given integral diverges. 


8.1.10. Test the integral 
| (1—cos =} dx 
x 


l 


| 





for convergence. 
Solution. The integrand 
f (x)= |—cos 2 =2sin?— 
is positive and continuous for x > 1. Since 2sin?+ ~2 “ =, 
the given integral converges (by the special comparison test). 
8.1.11. Test the integral 
cL 
\ ie cate dx, n>0 
I 
for convergence. 
Solution. Transform the integrand: 
I ] 
fa) =n EOD tn 14 eo) 
x— oo, then 


infinitesimal as 


eed 
Is an 





Since the function 
I (x) =. According to 


1 
] l : 
~ —. In other words, lim = 
> ® L/x 


f(x)~ —— ~ = 
the special comparison test the given integral diverges. 








8.1.12. Test the integral 
( 1 — 4 sin 2x Ae 
x3 Vx 


1 


for convergence. 
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Solution. The function f (x = changes its sign together 
x3 


with the change in sign of the aamerice Test the integral 
ie [1—4 sin 2x] Ae 
x3 1 Vx 


for convergence. Since ee, and the integral 
at i x - 


(= converges, the integral  Ussingel gy converges as well (ac- 


i 
cording to the comparison test). Thus, the given integral converges 
absolutely. 
8.1.13. Prove that the Dirichlet integral 
( sinx 4, 
Xx 


| 
ot, 


converges conditionally. 
Solution. Let us represent the given integral as the sum of two 


integrals: 














Ze 
w Z ee) 
sinx sinx 
de) Sos) ite |S 
0 0 1 
a 
The first is a proper integral (since lim rae = 1). Applying the 
x0 
method of integration by parts to the second integral, we have 
© A 
\ SF de=lim |S dr= 
: A->o@ 
2 2 
A ° dx f cOsx 
, COS x cos x ue 
= os x = \ x dx 
2 1 
z i 





But the improper integral \= dx converges absolutely, since 
ut 
D 


[sos *l <-, and the integral (3 converges. 
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Therefore, the integral \ ae converges. 


0 
Reasoning in a similar way it is easy to prove that the integral 


COS X 





dx also converges. Now let us prove that the integral 


| sin x | 
x 





dx diverges. Indeed, 


fue g wlac—> g 


| sinx | sin?x 1—cos 2x 


but the integral 








2x sorget se x 2 x 

JI 

Oo 
eo 

=> lim In A— + Int ul 5 | ax 
A>o@ 

aT 
ey 


oO 


diverges, since lim In A =oo, and the integral {= 


Av @ 


cos 2x 





dx converges. 
JU 
e2 

8.1.14. Prove that the following integrals converge 


(a) \ sin (x?) dx; \ cos (x?) dx; (b) \ 2x cos (x4) dx. 
0 0 


Solution. (a) Putting x=V t, we find 


© 


[sin idem | Frat 


Let us represent the integral on the right side as the sum of two 
integrals: 


0 











2 7 ; 
sin / > sint sin? 
— dt = —— dt — dt 
\w \7 + \W5 
0 0) zs 

2 





The first summand is a proper integral, since lim or 0) Let 


t++0 Ve 
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us apply to the second summand the method of integration by 
parts, putting _ 
u=1/V t, Sarat, 

















a a 
sint pss a costdt _ l cos? dt. 
jews [svt--3 fs 
m/2 
| cos ¢ | I 





The last integral converges absolutely, since 378 Sap and 


the integral converges. We can prove analogously that the 


dt 
43/2 


we 


integral \ cos (x?)dx is convergent. The integrals considered are cal- 


0 
led Fresnel’s integrals. They are used in explaining the phenome- 
non of light diffraction. 

(b) By the substitution x?=¢ this integral is reduced to the 


integral | cos (f2) dé. The latter integral converges as has just been 
0 
proved. 

Note. Fresnel’s integrals show that an improper integral can con- 
verge even when the integrand does not vanish as x —> oo. The last 
convergent integral considered in item (b) shows that an improper 
integral can converge even if the integrand is not bounded. Indeed, 
at x=j/nn (n=0, 1, 2, ...) the integrand attains the values 


+ j/nn, i.e. it is unbounded. 
8.1.15. Evaluate the improper integral 


\ er n natural number. 


Solution. Make the substitution x=tan?t, where 0< t<F. Then 


x=0 at t=0, x—>++ 0 as t—++—0 and x;= ar #0. Conse- 
quently, by the theorem on changing a variable in an improper 
integral 
aU IU 
ie 2 
Vesa rs x sec? t dt =| cos?"~2 ¢ dt. 
0 0 0 
On changing the variable we obtain the proper integral which 
was computed in Problem 6.6.9. 
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Therefore, 





jm He veal, 
\ 


\ Eso a ee ce no oe ls 


8.1.16. Compute the integral 1=\ dx. 


x2 
1+ x4 
0 
Solution. Apply the substitution 
tli ake CP \dy 1.2200, 1,20; 


—¢ #2 CA) dt 0 
=| ieee =) ie \ ar 
0 











If another integral / is added to the or and left sides then we 
get 





1+ 7? 1/t?+1 
21 = | - dtm (Hen dt 


Make the substitution z=f—1/t, (1+1/f*)dt=dz. Then, as 
t{—-+0, z—-—oo and as t-—+»-+00, z—+ 00. Hence 


fe od ° ar 
z ; z 

ae \ z?+2 =+| jim Jf et, ue +0 ( 43|- 
— © 














l ; l A 
— — lim arc tan——-+—— lim arc tan——~ = 
2V 2 B+-& 7 2 2D Ave V2 








Spee ee eet 
—9Ve Ga —2p~2° 
8.1.17. Evaluate the following improper integrals: 


e | Co. 
(a) \ Tage a3 (b) ie KOOP: 
0 0 


8.1.18. Compute the integral 


ce 


_ ( Vee 
t= \ oer 
accurate to two decimal places. 


Solution. Represent the given integral in the form of a sum of 
two integrals 


N re 
"VY B—xeP+ 1 "VB—P+L] 
=| Seep ds =| BE ae 
1 N 
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Compute the former with the required accuracy, using Simpson’s 
formula, and estimate the latter. Since for x1 we have 

Ve8—eP+1 D x3/? 

ar rer ry ae a 





then 


0<1,=( x7 deZN-, 


N 


: 2 l 
At N=7 we get the estimate bh; ae x V7 < 0.0031. 
Computation of the integral 
7 
"VRB—xLP+1 
Peer 4 





= 


by Simpson’s formula for a step h=1 gives 
S,;= 0.2155, 

and for a step 40.5 
So.5 = 0.2079. 


Since the difference between the values is 0.0076, the integral /, 
gives a more accurate value S,,,= 0.2079 with an error of the order 


0.0076 
75 & 0.0005. 


Consequently, the sought-for integral is approximately equal to 
I ~ 0.208 


with an error not exceeding 0.004, or /=0.21 with all true deci- 
mal places. 
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If the function f(x) is defined for axx<b, integrable on any 
interval [a, b —e], 0<.¢< b—a and unbounded to the left of the 
point b, then, by definition, we put 

b b-t 
\ f(x)dx= lim \ i (x) dx. 
a E>+0 g 

If this limit is existent and finite, then the improper integral is 
said to be convergent. Otherwise it is called divergent. 

Analogously, if the function {(x) is unbounded to the right from 


the point a, then 
b b 


\ F(x) dx = lim \ f (x) dx. 
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Finally, if the function is unbounded in the neighbourhood of an 
interior point c of the interval [a, 6], then, by definition, 


b Cc b 


\ Fede =) f(xyde + Sf (nae. 


a 


Let the function f(x) be continuous on the interval [a, b] except 
at a finite number of points. If there exists a function F(x) conti- 
nuous on [a, b] for which F’(x)=/(x) except at a finite number 
of points, then the Newton-Leibniz formula 


b 


\ f(x) dx= F (b)—F (a) 
holds good. 

Sometimes the function F(x) is called a generalized antiderivative 
for the function f(x) on the interval [a, )b]. 

For the functions defined and positive on the interval axx<b 
convergence tests (comparison tests) analogous to the comparison 
tests for improper integrals with infinite limits are valid. 

Comparison test. Let the functions f(x) and g(x) be defined on 
the interval ax<x <6 and integrable on each interval [a, b—e], 
0< Se . If O<f(x)< g(x), then from the convergence of the 


integral feu x) dx follows the convergence of the integral \ f (x) dx, 


a 
dD b 


and \ Fixdde<) g(x) de, from the divergence of the _ integral 


: b 
(re )dx follows the divergence of the integral \ g(x) dx. 


Special comparison test. If the function F(x) >0 is defined and 
continuous on the interval a<x<b and is an infinitely large 





quantity of i order A as compared with —— as x —+b—0O, then 


the integral re )dx converges for 4<1 and diverges for A> 1. 


b 
aa 


converges for A< 1 and diverges for A > 1. 
Absolute and conditional convergence. Let the function f(x) be 
defined on the interval a<x<b and integrable on each interval 


In particular, the integral 
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D 


{a, b—e]; then from the convergence of the integral \ IF (x) | de 


a 


b 
follows the convergence of the integral \ f (x) dx. 
b a 


In this case the integral \ f(x) de is called absolutely convergent. 


a 
b 


b 

But if the integral t F(x) dx converges, and the integral \ | F(x) | de 
a i a 

diverges, then the integral ( [(x)dx is called conditionally convergent. 


a 
b 


Analogous tests are also valid for improper integrals \ f(x) dx 


where [(x) is unbounded to the right from the point a. 


8.2.1. Proceeding from the definition, evaluate the following 
improper integrals (or prove their divergence): 











e 2 
dx Re a, 
(a ‘oll : | ee 
dx * dx 
(c) ) V4x—2—3 (d) | V | 1 —x?] : 





Solution. (a) The integrand [== is unbounded in the 
Xx nex 


neighbourhood of the point x=1. It is integrable on any interval 
[l1-+e, e], since it is a continuous function. 
Therefore 
ea — fim be = lim E 3/ in? x | |= 
| > ‘¢°/in | &- 
ae e+ +0 6 We +0 l+e 
o 373 3 
= lim ea Vint (T+e)| =F. 


e>- +0 


e 








(b) The integrand [ (x)= 


of the point L=z and integrable on any interval 0, | as 
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a continuous function. Therefore 








= lim In tan($+4) 77° = = lim Intan (F-5) = 00, 


e++0 e£++0 


Hence, the given integral diverges. 
(c) The integrand is unbounded in the neighbourhood of the points 
x=1 and x=3. Therefore, by definition, 








dx - hel ieee Oe, 
\ yaaa \ yeas rs 


(instead of the point x=2 we can take any other interior point of 
the interval [1, 3]). Let us now compute each summand separately: 
2 
dx ’ dx ; , 2 
~~ = lim —_——_——————- = lim arcsin(x—2 
\ V 4x— x2 —3 ma V 1—(x— 2)? ess0 ey ) l+e 
+8 


= lim [0—arc sin(e—l)] => 





e>+0 
3—et ‘ 
; . d —t 
lS = lim | ee es ies lim arc Sin (x— 2) | = 
d V 4x— x? —3 E+~+0 2 V i— ( (x—2)? s++0 9 
2 2 


rely [arc sin(l1—e) —0] == 
Hence, 
3 
dx Tt 1 
\ peSesgcttio" 
l 
(d) The integrand f(x) = To is unbounded in the neigh- 


bourhood of the point x=1, which is an interior point of the 
interval of integration. Therefore, by definition, 


2 2 
ea Toe =| == V | 1—x? | +\ ae 
0 1 
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Evaluate each summand separately. If O<x <1, then 

















l l l—e 
\ dx _ ( dx ___ lim | dx 
Vii—#] J Vi—e@ &t? ) VYi-w 
0 0 0 
= lim arc sin x|, "= lim [arc sin (1 —e)—0] = 
e+>++0 e>+0 


lf l<x<2, then 


2 2 

\ Sen | ss- in \ _ ak 
V | 1 —x? | J Ve—=1 sso V 2 —1 

1 1 l+e 


= lim In(x+V 2—1) 


e>-+0 


= lim [In(2+V3)—In(1+e+V(+eP—1)]=In 28). 


Hence, 


— 
— 


I+e 





2 
dx rt a 


(e) Represent the given integral as a sum of three items, divid- 
ing each term of the numerator by }/x°, 
l I 1 


1 
x8 + jf x—2 j dx 
|v 73 dem | wndet| in ae —2\ 
0 0 0 


The first summand is a proper integral evaluated by the Newton- 


Leibniz formula: 
1 


5 
12/5 a yb 7/6 
ie dx 17 * 
0 


The second and third summands are unbounded to the right of the 
point x=0. Therefore, 


1 5 
9 17° 





l 














l 
; °c od . 15 l 
| i = | =e = lim yes ==: 
. ee e>+0 x sc | € 
0 € 
analogously, 
} 
ax . dx : 5 1 5 
= lim \ = lim —x2/5| =—, 
\ ae e+40,) «7° 2440 ¢ e 2 
0 g 
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Hence, 
] 
BT at NO, 025 
37a Lee LE ee Age 
0 


(f) Represent the integrand fe)=—43 in the form of a sum 
of partial fractions: 


ects Nh re l l x+2 
a Po 3 fostipeeal: 











! ! 
ade dx l x+2 
aa z\ sta \ pepe dx. Since 
0 
= lim i —=- tum n(gl—x)[, Pee. 
e>~+0 


0 


the given integral diverges. There is no need to compute the second 
summand representing a proper integral. 

Note. Evaluation of the improper integrals from Problem 8.2.1 
(a to f) can be considerably simplified by using a generalized anti- 
derivative and applying the Newton-Leibniz formula. For instance, 


in Problem 8.2.1 (a) the function F(x) = )/ In? x is continuous on 


the interval [1, e] and differentiable at each point of the interval 
1<x<e, and F’(x)=f(x) on this interval. Therefore 


é 
dx 3 3/Tne x | 3 
\ Fe HF Int |" = 5. 
3 2 2 
Oe ef TNX ] 

1 V 


8.2.2. Proceeding from the definition, compute the following 
improper integrals (or prove their divergence): 
2/1 
On (b) \ sin —. 


° ax | 
o | (x?—a?)°/* 
0 


x2? 


] 


0 
d ° d 
mn % we 
o x (l—x)2? (d) | 7a 


2 
dx 
Weot' (! ae 
1 
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8.2. . Evaluate the following improper integrals: 
2 
x2dx 2-+x 
vty 9 x2’ (b) \ V a " 
0 


Solution. (a) Find the indefinite integral 


x? dx I _ Xx ae 
[yin (onesies AYIA) 6 
The function F(x) = +(9 arc sin —x V9—*#) is a generalized anti- 


= on the interval [—3, 3], since it is 
—— 











derivative for f (x) 





continuous on this interval and F’ (x) =f (x) at each point of the 
interval (—3, 3). Therefore, applying the Newton-Leibniz formula, 
we get 


3 
2a ] : oe NS 9 
| ey (9 arc sin ——x V9—*%) , a 








| V9— x 3 2 
a3 
(b) Transform the integrand 
a _ 2 es 2 x 
VSS ne aS 


The indefinite integral is equal to 
\ yee dx = 2 arc sin =—V4—¥ +6. 


The function F (x) =2 arc sin=—V4—+ is a generalized antideri- 


vative for {/(x) on the ‘tera [0, 2], since it is continuous on 
this interval and F’ (x) =f (x) on the interval [0, 2). 
Therefore, applying the Newton-Leibniz formula, we get 


2 
2+x a | 
( V/ 2E* dy (2arc sin 3 V4 Or 


0 
8.2.4. Test the integral 








= 1-+ 2. 





l 


| dx 
ix 


-1 





for convergence. 
Solution. At the or x=0 the integrand aa to infinity. Both 
0 


integrals le : 
XU x 


-! 





=> 1. Consequent- 





and | 
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ly, the given integral diverges. If this were ignored, and the New- 
ton-Leibniz formula formally applied to this integral, we would 
obtain the wrong result: 


| 
] 


laa-CraL- 


And this is because the integrand is positive. 





8.2.5. Test the following improper integrals for convergence: 
ex sinx-+ cos x 
ee |S dx. 
- \ V 1—cos x . ») : moe 
0 0 


/i-# 


Solution. (a) The integrand is infinitely large as x-+-+0. Since 








V 1—cosx=V2sin > en as eee), 
the integrand has the order A=1 as compared with =. According 


to the special comparison test the given integral diverges. 
(b) Rewrite the integrand in the following way: 


sin x-+ cos x | 
f (x) = 


O/T Ex te ia 





This function is infinitely large as x—1, its order is equal 
to == as compared with — since the first multiplier tends 


to 1 as x0. Therefore, by the special comparison test, the given 
integral converges. 


8.2.6. Test the following ee integrals for convergence: 


2 oe 
(a) | (b) | == Ve +l dx: 
0 





e i/ 16 x4 


1 


1 
(* 
cos x dx 
c) 
0 


: p/ x —sinx 


Solution. (a) The integrand f (x)= a ee ) is positive in the 


interval Oe 2) and is not defined at oe 0. ‘ie us show that 
lim I@= . Indeed, since 


esinx_] \sinx ~ x, In (1 + j/ x8) ~)]/* as x30, 
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we have 





5a 
lim nity *) ) safe ae = lim = 00, 


x0 git: x-0 x lim 3735 


At the same time we have shown that f(x) ~ 





| : 
ss as x— 0, i.e. 
2 


that f(x) is an infinitely large quantity of order —— <1 as com- 


pared with =. Consequently, by the special comparison test, the 


given integral converges. 

(b) Determine the order of the infinitely large function f(x) = 
ai Ve 
7 j/ 16 — x4 


to —. To this end transform the expression for / (x): 


in the neighbourhood of the point x=2 with respect 





io_ 4 U/ 2+ f/f 2x | 
Hence it is obvious that the function f(x) is an infinitely large 
quantity of order heal as x—»2. According to the special 
comparison test the given integral converges. 


(c) The integrand f (x)= —*"— is unbounded in the neigh- 


x —sinx 
bourhood of the point x =0. Since 
f(x) COS X COS X 





VF sine 7x (1 BE) een 

Vx 
as x —+-+-0 the function / (x) is an infinitely large quantity of order 
r “| <1 as compared with - and, by the special comparison test, 
the integral converges. 


8.2.7. Investigate the following improper integrals for conver- 


gence: 
I 

















' exdx 0) | 7aeR x? dx : 
@) | Vi- 7/02 
l 
(Cc) \ Vy a d Ms (d) ae 
: 
(e) dx q (eet) a, 
x—sinx’ , tan x 
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8.2.8. Prove that the integral 
1 





ine 

\ x dx 

0 Vx 

converges. 
Solution. For O0<x<cl 
sin — 
0<|——|<—. 
— Vx — Vx 








1 
But the integral \ 72 ee converges, therefore, by the comparison 


‘ 
— dx also converges, and consequently 
Xx 


test, the integral ( 








the given integral converges absolutely. 
8.2.9. Prove the convergence of the integral 


O 
= \ Insin x dx 
0 


and evaluate it. 
Solution. Integrate by parts, putting u=In ae dx = dv: 


st 














n= at 

2 oe 5 

@ : pans 
| Insinxdx=xInsin x —| «5, x =--\ay je 
0 y 6 0 
; : : x 
Since lim j-—=1, lim =—=0, the last integral is a proper 
x> +0 an xX ; oop an x 


one. Consequently, the initial integral converges. 
Now make the substitution x«=2¢ in integral 7. Then dx = 2dt; 


c= 0 at 1, =0; x= > at t=. On substituting we get: 


n/2 m/ 4 mt/4 


\ Insinxdx =2 \ Insin 2¢ dt =2 \ (In2-+Insin¢+Incos?t)dt = 


0 
: t/4 
+-2 \ Insintdt+2 \ Incostdt = 


qt/ 4 


= 21 In2|, 





m/4 m/4 
=F In2+2 \ Insintdt+2 i Incost dt. 
0 0 
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In the last integral make the substitution t=a/2—z. Then 
dt= — dz; t=0 at z,=a1/2; t=m/4 at z,=a/4. Hence, 


mt/ 4 mt/ 4 m/2 
2 \ In cos t¢ dt =—2 | Incos ($2) dz=2 | In sin zdz. 
0 m/2 mt/ 4 
Thus, 
m/2 m/4 m/s 
a Insinxdx = 2 In242 \ Insintdt+2 | Insinzdz= 
0 0 t/ 4 
It/2 
== In2+2 \ Insin¢dt == In2+2/. 
0 
Whence 


b> 


n/ 
. Jt 
f= \ In sin xdx = — In 2. 
0 
8.2.10. Compute the integral 


\ = (n a natural number). 








») 


] — x- 


Solution. The integrand is an infinitely large quantity of order 


Xr = + with respect to —— as x —>1—0. Therefore, the integral con- 
verges. 

Make the substitution x =sinf in the integral. Then dx=costdt, 
x==0 at t=0, x=1 at ¢t-1/2. On substituting we get 


It/ 2 n/2 

















1 
2 nn » sn . . 
__ x" dx _ ( sind Se Sintec. 
J Vi—x cos ¢ 
0 0 0 
The last integral is evaluated in Problem 6.6.9: 
ae sat AS sy pe even, 
| sin” t dt = oo 
f= ni— 
0 n ‘ae ge 2 Odd. 


Consequently, the given integral is also computed by the same 
formula. 


8.2.11. Evaluate the following improper integrals (or prove their 
divergence): 
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8.2.12. Compute the improper integral 
1 
I=) x" In?xdx (n natural, m > —1). 
0 


Solution. At n=O the integral is evaluated directly: 


1 
m+. ] 
y= (endef, 


For n > 0 integrate /, by parts, putting 





u = \n" x; du = x” dx; 
dx xnt+i 
— n-1y“*. ee 
du=nI\n X=; U ee 
We get 
xat? ny n m\yn~1 ES A 
|, = In" are Int"! xde=——" 1, 





n 


This gives a formula by means of which one can reduce /7, to /7, for 
any natural n: 


set (n—1) _ (brn 
L_= me ae =+ Gopi = os = Caaf 
And finally, 
(—1)" n! 


fn Op RT 


8.2.13. Compute the integral 


e~* dx 
=f 4/24x—2 


accurate to 0.03. 

Solution. The integral has a singularity at the point x=2, since 
2+ x—x*? = (2—x)(1-+ x). Let us represent it as the sum of two in- 
tegrals: 

2—-€E 2 
= e-* dx oe e-* dx 
io 2p age ae | 4/94x%—28° 
ae . Iv vas 


Now compute the first integral to the required accuracy, and estimate 
the second one. For e<0.1 we have 


3 3 
(22 = = 0.115 x ze! =0.1530" 





733 


§ 8.8. Geometric and Physical Applic’s of Improp. I[ntegr’s 409 


Putting e=0.1, we get the estimate /, < 0.028. Evaluation of the 
integral 


en e-*dx 
b= | yeti 
by Simpson’s formula with a step h=0.8 gives 
55.40.9519; 


and with a step h/2=0.4, 
Siu Volo: 


And so, integral /, gives the more accurate value, 0.513, with an 
error not exceeding 0.001. Taking into consideration that integral /, 
is positive, we round off the obtained value to 


I ~0.52 


with an error not exceeding 0.03. 
Note. By putting e=0.01, we get the estimate /, << 0.005, but the 
computation of the integral 


e~* dx 


=f 4/ If x— we +x—x? 


would involve much more Se here calculations. 


8.2.14. Investigate the following integrals for convergence: 
1 


1 
dx |. dx ; 
(a) \ V sine ’ (b) Soe 
0 0 


(c) cos* x dx tanxdx . (e) sin x dx 
[i @ J VI xe iss 








§ 8.3. Geometric and Physical Applications of Improper 
Integrals 


8.3.1. Find the area of the figure bounded by the curve y= 
{the witch of Agnesi) and its asymptote. 


l 
1+ x? 


Solution. The function y=, 5 is continuous throughout the en- 





tire number scale, and lim y =0. Consequently, the x-axis is the asymp- 


tote of the given curve which is shown in Fig. 118. It is required 
to find the area S of the figure that extends without bound along the 
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x-axis. In other words, it is required to evaluate the improper integ- 
ral S=\ = By virtue of the symmetry of the figure about the 


y-axis we have 


ce 


Qo 
dx dx : A I 
sa ise _—_-=:2 lj arctanx| =2-—= Nn. 
S | 1 -+- x? 2 | l= x? ae : 0 2 

— 0 0 


8.3.2. Find the surface area generated by revolving about the 
x-axis the arc of the curve y=e~* between x=0 and x=-+ o. 

Solution. The area of the sur- 
face is equal to the improper in- 
tegral 


+ 


oO 


S=2n \ e-*V1-+-e7?* dx. 





oC > 


Fig. 118 Making the substitution e~-*=f?, 
dt —e~* dx, we get x=0 at 
t—1, «=oo at t=O; hence 


—_—— 


S=2n | VT Rat =2n-5 [tVTF 4 In(t+VIFA), = 


o¢ 


=n [V 24In(1+V 2)]. 


8.3.3. Compute the area enclosed by the loop of the folium of Des- 
cartes 
x8 + y3— d3axy =0. 


Solution. The folium of Descartes is shown in Fig. 86. Let us re- 
present the curve in polar coordinates: 
X=pcos~; y=psing. 


Then 0% cos® @ + 9? sin? p— 3a p* cos g sin g = 0, whence, cancelling p?, 
we get 
_ dsacos@ sing 


~ cos? ~-+ sin? p* 


Since the loop of the curve corresponds to the variation of @ between 
0 and > the sought-for area is equal to 


1 a? 


= 
Say | Pa 
0 


6O 


sin? @ cos? @ 


(sin? p-+ cos g)? P- 


ot — 0/3 
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To ora the obtained proper integral make the substitution 





tan g = t; —— ae e =a O=]) alt =20, P=5 at t= oo. Thus we get 
a A 
Sa ( Es es iy ess it |» se 
~~? Ja+eR~ 9 ee (Pay er ae a, oO 


8.3.4. Find the volume of the solid generated by revolving the cis- 
3 
soid y? = 





: about its asymptote x= 2a. 


Solution. The cissoid is shown in Fig. 119. Transfer the origin of 
coordinates to the point O’ (2a, 0) without changing the direction of 
the axes. In the new system of coordinates 
X =x—2a, Y =y the equation of the cissoid 
has the following form: 

2 __ (X+ 2a) 
y? eee, "ay : 
The volume of the solid of revolution about 
the axis X=0, i.e. about the asymptote, is 
expressed by the integral 
V=n\ X?dY = 2n | X?dy. 
-@® 0 

Let us pass over to the variable X. For this 
purpose we find dy = Y’dxX. Differentiating the 
equation of the cissoid in the new coordinates 





as an identity with respect to X, we get Fig. 119 
ie ee ee Sas (X —a) 
whence for Y >0 we have 
Vy? a— (X+2a)" (XA—a) _ — _ (X+2a) (X—a) 
x*Y X2 WV —(X+2a)/X 


Hence, 


0 
V =—2n | et 
J} V— (X+ 2a)/xX 
—2a 
Make the substitution (X + 2a)/X =— t?; X = —2a at t=0, X =Oat 
t—oo. Then: 
2a __ 4at 5 Res 
A=— TTR dX = (pa At X 20 = TG} 
_ __ 8a+at? | 
Sega 
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whence 


_ 2at? (3a+-at?)4at dt —__ 
Vm on | SEE = 
0 


ie . 
— 3 3 
= 48na lor dt + l6na lap 


Putting t=tanz, dt=sec?zdz, we get t=0 at z=0, t=oo at 
z=—m/2. Hence, 





TH - dt. 


m/2 TY 2 
V = 48na3 \ sin? z cos! z dz + 16a? \ cos? z sin*zdz= 
0 0 
m/2 N/2 
= 48na \ cos! zdz— 48na3 \ cos® zdz+ 
0 0 
n/2 t/2 
+ 16a \ sin? zdz—16na® \ sin®zdz. 
0 0 


a 
to 


/ 
Using the known formulas for the integrals | sin" xdx, 
0 


It/ 2 


\ cos" xdx (see Problern 6.6.9), we get 


0 


aes 1x3 gic Ke £0 
ve oen —64n 2 2x4x6 


2x4 
8.3.5. Prove that the area of the region bounded by the curve 
y= the axis of abscissas, the axis of ordinates and the 
—x 


== 2512q°, 








asymptote x=1 is finite and equals =: 


8.3.6. Prove that the area of the region bounded by the curve 
Ys = the axis of abscissas and the straight lines x—-+1 is 
2 


finite and equals 6, and the area of the region contained between 
the curve y=-5, the axis of abscissas and the straight lines x= +1 
is infinite. 

8.3.7. Find the volumes of the solids enclosed by the surfaces 
generated by revolving the lines y=e-*, x=0, y=O(0 SX < ++ 00): 

(a) about the x-axis, 

(b) about the y-axis. 


§ 8.3. Geometric and Physical Applic’s of [mprop. Integr’s 413 


8.3.8. Compute the area contained between the cissoid y? = 5 — 
and its asymptote. 

8.3.9. Compute the area bounded by the curve y=e7~?* (a1 x > 0) 
and the axes of coordinates. 


8.3.10. Find the volume of the solid generated by revolving, about 
the x-axis, the infinite branch of the curve y=2 (=| forx> 1. 


8.3.11. Let a mass m be located at the origin O and attract a 
material point M found on the x-axis at a distance x from O and 


having a mass of 1, with a force F=> (according to Newton’s 


law). Find the work performed by the force F as the point M moves 
along the x-axis from x=r to infinity. 

Solution. The work will be negative, since the direction of the 
force is opposite to the direction of motion, hence 


oo N 

m 7 m m 
A=|—"dx= lim \—dv=— 
x x r 
r 


Nes 


During the reverse displacement of the point M from infinity to 
the point x=r the force of Newtonian attraction will perform posi- 


tive work =. This quantity is called the potential of the force 


under consideration at the point x=vr and serves as the measure of 
potential energy accumulated at a point. 


8.3.12. In studying a decaying current resulting from a discharge 
“ballistic” instruments are sometimes used whose readings are pro- 
portional to the “integral current intensity” g= \ / dt or the “inte- 


0 
a 


gral square of current intensity” S= \ /?dt and not to the instan- 


0 

taneous value of the current intensity / or to its square /?. Here ¢ 
is time measured from the beginning of the discharge; / is alterna- 
ting-current intensity depending on tirne. Theoretically, the process 
continues indefinitely, though, practically, the current intensity be- 
comes imperceptible already after a finite time interval. To simplify 
the formulas we usually assume the time interval to be infinite in 
all calculations involved. 

Compute g and S for the following processes: 

(a) 1 =J/,e~** (a simple aperiodic process); k is a constant coeffi- 
cient, which is greater than zero. 
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(b) / =J/,e~*' sin wt (simple oscillating process); coefficients k and w 
are constant. 
Solution. 





pak 
Le dias 7, lim | : [2 = alts 


(a) @= | eM dt = li 7 
0 > 


oo) 


S= 


3 P 
2 p- 2k! es 


a A 
(b) g= \ l.e~™ sin wt dt= lim ( I ,e~*' sin wt dt = 
0 0 


A> @ 
——0_ jim [(@ cos wt + sin wt) e~F4] 4 = ne 
w?+k? , oO 0 Ww” rR» 
2 is 
es . — 2 
S= | 136-2" sin’ wfdt= lim | J} @~ Bet SOS POE oy — 

0 9 
=—/0 lim lap (k? cos 2wt + wk sin 2of)| en zat |" 

4k A+o@ w? +R? 





Io% 
~ 4k (k2 + w2) ~ 


8.3.13. Let an infinitely extended (in both directions) beam lying 
on an elastic foundation be bent by a concentrated force P. If the 
x-axis is brought to coincidence with the initial position of the axis 
of the beam (before the latter is bent) and the y-axis is drawm 
through the point O (at which the force is applied) and directed 
downwards, then, on bending, the beam axis will have the follo- 
wing equation 


y= pe em 214\(cos ax sina|x]), 


where a« and k are certain constants. Compute the potential energy 
of elastic deformation by the formula 


ow 


W = Ee \ (y")? dx (E, e const). 


Solution. Find y": 


y= corena [(cos ax + sin ax) —2 (— sinax-+ cos ax) + 


Pas : 
+ (— Silkax—cos ax)| = —— eo (sin AX— Cos aX). 
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Hence, 
P2Q%E : 
V = - € | ent (1-2 sin ax cosax) dr = 
0 
_ PabEe[ 1 2a _ PPabEe 
“ke 9a 4a?+4a2 | ~~ = 4k? 


8.3.14. What work has to be performed to move a body of mass m 
from the Earth’s surface to infinity? 


8.3.15. Determine the work which has to be done to bring an 
electric charge e,=1 from infinity to a unit distance from a 
charge @,. 


§ 8.4. Additional Problems 
8.4.1. Prove that the integral 


| dx 
xP \n@ x 
1 
converges for p>1 and q<l. 
8.4.2. Prove that the integral 


\ x? sin x? dx, g=0 

0 
converges absolutely for —1<(p+1)/¢<0 and converges condi- 
tionally for O<(p+1)/q <1. 


8.4.3. Prove that the Euler integral of the first kind (beta func- 
fion) 
1 


Bip, a= 2" (Iota 


converges for p>0O and q>0. 
8.4.4. Prove that 


lim §| sinax-sinBxdx=0, 
T-@ 
if [~||B|. 

8.4.5. Prove that 


[ = |e? x04 de == (n natural). 
0 
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8.4.6. Prove that if the integral | ax converges for any posi- 


tive a and if f(x) tends to A as eS: 0, then the integral 
’ 


converges and equals A In(f/a). 
8.4.7. Prove that 


\s eae ae | cos ax —cosBx 4) oe 
x x a 
0 0 
m/e 
8.4.8. At what values of m does the integral \ SOS Edy con- 
0 
verge? 





amy converges if kR< 1, and 


8.4.9. Prove that the integral | 
0 


diverges if R>1. 


oe 
sin x (l—cos x) 


= dx converges if 


8.4.10. Prove that the integral | 


O<s<4, and converges absolutely if l<os<4. 
8.4.11. Suppose the integral 


\ F(x) dx (1) 
converges and the function @(x) is bounded. 


Does the integral 
+a 


\ F(X) ela) de (2) 
necessarily converge? : 
What can be said about the convergence of integral (2), if integ- 
ral (1) converges absolutely? 


8.4.12. Prove the validity of the relation 
f (x) = 2f (1/4 +- x/2) —2f (n/4—x/2)—x In 2, 


where /[ (x) =— \ Incos y dy. 


0 
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Compute with the aid of the relation obtained 


i (=) — —( tn cos y dy. 


8.4.13. Deduce the reduction formula for the integral 
= 


l,= ( Incosx-cos2nxdx  (n natural) 


and evaluate this integral. 


ANSWERS AND HINTS 





Chapter ] 

1.1.5. (b) Hint. Prove by the rule of contraries, putting 2— . , where p andg 
are positive integers without common multipliers. 

1.1.8. Hint. You may take k= a 


1.1.9. (b) x4, x<c0; (c) —4<x<2. 

Lu.dt. (a) x <—Il or x1. Hint. The equality is valid for those values 
of x for which — =O (b) 2< x<3. Hint. The equality holds true for those 
values of x for which x?—5x+6<0. 


1.1.13. (a) x < 2 or x>8; (b)x<0o0r0<x< 5. Hint. The inequality 





5 
|a—b| >|a|—|6| holds good when a and 6 are opposite in sign or when 
la] < 
. at+2 3 3 
1.2.3.0; Sarypgapay? (@ +a) (aD). 





V 2+1 2V 10—5. 


3 = 
1.2.4. 52+ ab+a?; ferro. 1.2.6.4 V 2+1; a 


1.2.11. f (x) =10+5x2%, 


45x2-L | Oo l 

1.2.13. feat, OVS ay a ) 
15 3 ot 7ox4* + 15x2-+ | 
(9S Gorse 


1.2.14. f (2)=5; f (0) =4; f (0.5) =4; f (—0.5) = ve ; FQ)=8. 


1.2.15. Hint. From x,4,;=%,-+d it follows ee Yn ey SUH ae gta te — Qtngt, 
1.2.16. x= 4243. 1.217. f (x)= x2—5x+6. 1.2.18. f (x) = 23: @ (x) = 597. 


1.2.19. x<—1 or x>z2. 1.2.20. p=%+2(1-+-\ x; s=(1—+) x 


1.2.21. (b) (2, 3); (c) (~eo, —I) and (2, «); (d) x= + 2kn (k=O, i 
42, ...). Hint. Since sinx<c1, the function is defined only when sinx=1; 
(g) (—o, 2) and (3, ©); (h) [1, 4); (i) (—2, 0) and @, 1); (i) —F+2k<x< 


< F+2kn (k=0, hs HD ec). 
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1.2.22. (d) The function is defined over the entire number scale, except the 


points x= +2. 

1.2.24, (a) (—0o, 0); (b) (83—2n, 3—m) and (3, 4); (c) [—I, 3]; 
(d) (—1, 0) and (0, 0), 1.2.25. (b) 5c x<c6. 

1.2.26. (a) kn<x<(2k+1) 0 (k=O, +1, +2, ...); (o)| >, —1| ‘ 


1.3.3. (b) Hint. Consider the difference —2———1_, 
I+x, I+; 


1.3.4. (b) It increases for — 24 bn < x< = kn (k=0, +1, +2, ...) 


and decreases on the other intervals. 








1.3.7. The function decreases on the interval 0 < ro from -+o to 2 and 


increases on the interval a <x < = from 2 to +0. 


1.3.9. (c) The function is neither even, nor odd, (d) even. 
1.3.10. (a) Even; (b) odd; (c) odd; (d) neither even, nor odd; (e) even. 


1.3.12. (a) |A|=5, o=4, p=0, T=; (b) | A |=4, o=3, => 
27 l 4 ; ve x 
T=—3 (c)[A|=5,o= 5, p=arctan=, T =4n. Hint. 3 sin +4c0s > = 
= 5 sin S+o), where cos p=s. sing=—. 1.3.13. (b) T = 20; (c) T=1. 


1.3.16. The greatest value f(1)=2. Hint. The function reaches the greatest 
value at the point where the quadratic trinomial 2x?—-4x-++3 reaches the least 
value. 

1.3.17. (a) Even; (b) even; (c) odd; (d) even. 

1.3.18. (a) T=; (b) T=6n. 

1.3.19. Hint. (a) Assume the contrary. Then 


x-+T-+ sin (x-+7)=x-+ sin x, 


T a a 
whence cos (++ )=-—. which is impossible for any constant 7, 
2 sin > 
since the left side is not constant; (b) suppose the contrary. Then 





—7 — —> T 
cos Vx+T =cos V x, whence either Vx--T-+ V x=2nk, or —————_-—= = 
VxtT+V x 


== 2nk (k=0, +1, +2, ...), which is impossible, since the left-hand members 
of these equalities are functions of a continuous argument x. 





: ] 
1.4.6. (a) xm EES, (b)x=3siny; (c)x=yl%S5 (y>0); (d)x= 
ee AOR OEY Gay bp Se ey. 

log, y— 1 eee 
Bp 

1.6.3 (a) V3 V3 5 _¥3 . (b) a a tt dt e 

6.3. 7 9 ; yo tes yg? 3? Tere 

10. 11s 


(c) 2° 2.20: 2} 2 OBB? can < 
2n-+3 


1.6.9. Hint. The inequality atr—2|<e is satisfied for n>N= 
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= 5 (= | ) At e=0.1 the inequality is fulfilled beginning with n= 10, at 


e=0.01 beginning with n=100, at e=0.00! beginning with n= 1000. 

1.6.10. Hint. Verify that the sequence {x.,-,} tends to 1 as n—+o, 
and the sequence {x»,} tends to 0 as n —> o. 

1.6.12. (a) It has;  (b) it does not have; (c) it has; (d) it does not have. 


1.6.14. Hint. (a) se (b) lxnI<—. 
1.6.19. Hint. For a>1 put j/a=1+-a, (a, >0) and, with the aid of the 
inequality a=(l+a,)" > na,, prove that a, is an infinitesimal. For a <1 put 


"/ = —— (Om > 0) and make use of the inequality Baa +4,)" > na). 
l-+ a, a 


5D ] I 
1.7.1. (b) 7 (c) 0; (e) 7: 1.7.2. (b) 16: (e) 1; (f) 1. 
1.7.4. (b) 1; (f) 0. Hint. Multiply and divide by imperfect of a sum, square 
4 


and then divide by n?: (g) x; (h) 1. Hint. Represent each summand 
of x, in the form of the difference 
| | l l | I 


esacd= eeoetoe A 





[eo OR ee eel) on 
. ’ l 
which will bring x, to the form ay : 
1.7.5. (a) ei (b) 1; (c) 0, = (d) --. Hint. The quantity > is an in- 


4 
finitesimal, and cos n® is a bounded quantity; (e) 0;  (f) z° 


1.8.6. (b) Hint. The sequence is bounded due to the fact that n!=1x2x 
x3xX...Xn DS 2"-! and therefore 


] 1 \2 ] \"-1 3 } \#-1 
1.8.7. (b) 0. Hint. Take advantage of the fact that ot, <i. 
1.8.9. Hint. For all mn, beginning with a certain value, the inequalities 
= <a<n_ are fulfilled; therefore - = < \/ a < yn, and lim / n= 








l 
oe fee 

1.8.10. Hint. The sequence {y,} decreases, since Yn4,=a" ~ =a?"*? — 
= Vin Yn > 1). 

The boundedness of the sequence from below follows from a > 1. Denote 
lim y, by 5 and from the relation y,4,= Vy, find 6=1. 
fl + @® 

1.8.11. Hint. Ascertain that the sequence increases. Establish the bounded- 
ness from the inequalities 
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1.8.12. Hint. Transform x, into the form Gi ee and take advan- 


Vre+i+n 
tage of the inequalities 
2n 2n 


—_—_——_ << ———__—_—_——-— 
2n-+l ° Yrt+ti-n 


1.8.13. Hint. See Problem 1.8.7 (a). 

1.8.14. Hint. Establish the boundedness of the sequence by comparing x, 
with the sum of some geometric progression. 

1.9.2. (b) Hint. Choose the sequences 


<els 


X,==— and t= (n=l, 2). «2%) 


and ascertain that the sequences of appropriate values of the function have 
different limits: 


] 
a rz 
lim 2%? +0, lim2 ” =0. 


1.9.3. (e) Hint. Take advantage of the inequality 


qt AF I 
> are tan x < tan (are tan v Jas (x > 0). 


(f) Hint. Transform the difference 
sin eae x—sin = 
2 6 
into a product and apply the inequality |sina!<|a|. 
1.10.1. (d) f; (e) ~ () 35. Hint. Multiply the numerator and de- 
nominator by imperfect trinomial square (j/ 10—x+ 2): (g) = (h) log, 6. 


. 2223 _ (x—3)(Vx+6+3) ae 
Hint. lim to = 3] =10 | tim SSF E69) = log, 6; (i) =; 
x3 ne V x+6—3 ne x3 x—3 Ba 9; (1) 3 
) 7 
¢) 12° 








1.10.2. (e) > . Hint. On removing the irrationality to the denominator divide 
the numerator and denominator by x. 
1.10.3. (b) 32. — (c) 2 Hint. Put x=2z!5; (f) o. Hint. Put Fare; 


k= 2: z— 0 as roo; (g) —3. Hint. Put sinx=y. 
1 


1.10.5. (b) e3: (c) e~!;  (d) e@®: (f) 4; (g) —; (h) 2. 


1.10.7. (b) z 1.10.8. (b) 1; (c) = (a). 


1.10.11. (a) > (b) = @: 


1.10.12. (a) = (b) —2; (c) >i (d) 3 


(ay 2 


5: (e) 0; (f) —1. 


(e) —24. 
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1 
1.10.13. (a) e4; (b) —1; (c) 2Ina; (d) 3; (e)e *; (f) e-); (g) 1; 
(h) 1; (i) 9 (j) 15 (kK) a—B. Hine. 


e7x — eBx e(z—-3)x__] 


lim — lim e°* —a—FB, 
x>0 x x70 
1.10.14. (a) V2. Hint. Replace arc cos (1—x) by arc sin V 2x— x2; (b) 1: (c) a, 
1.11.5. (b) It is of the third order of smallness. Hint. 
lin tan a— sin Pk. 
a> 0 as 2 


1.11.6. (b) They are of the same order; (c) they are equivalent. 

1.11.8. (a) 100x is an infinitesimat of the same order as x; (b) x? is an 
infinitesimal of an order higher than x;  (c) 6sinx is an infinitesimal of the 
same order asx; (d) sin? x is an infinitesimal of an order higher than «x; 


(e) V/ tan? x 1s an infinitesimal of an order of smallness lower than x. 

1.11.9. (a) It is of the fourth order of smallness; (b) of the first order of 
smallness; (c) of the third order of smallness; (d) of the third order of 
smallness; (e) of the first order of smallness; (f) of the order of smallness 


5 (g) of the first order of smallness; (h) of the first order of smallness; 





9 


(i) of the second order oi smallness. Hint. Multiply and divide the difference 


cos x — / cos x by imperfect trinomial square; (j) of the first order of smallness. 
1.11.10. The diagonal d is of the first order of smallness; the area S is of 
the second crder of smallness; the volume V is of the third order of smallness. 


1.12.3. (b) 4; (f) 3; (g) = (i) 2. 1.12.6. (a) 1; (b) 2. 


3 4 
112.7. (a) 1; (b) zB @ Fs (b) es OSs @) S50) 2s 





(f) . (g) —2; (h) 1. 1.12.9. 10.14, Hind. 1042103 x (1 +.0.049). 


1.13.1. (b) f(1—0)=—2, f 1 -+0) =2; (f) f (2—0)=— ow; 
f(2+0)= +0. | 

1.13.3. (a) h(—0)=5s f(+0)=0; (b) f(—0)=0, f(+0)=+ 0; 
(c) f (—0)=—I, f(+0)=1. ee gt 

1.14.2. (b) The function has a discontinuity of the first kind at the point 
x=3. The jump is equal to 27. 

1.14.3. (c) The function is continuous everywhere; (e) the function has 
a discontinuity of the first kind at the point x0; the jump equals x. Hint. 


arc tan (—o) = —> arc tan (-+ 0)= +>: 
1.14.6. (b) At the point x»=5 there is a discontinuity of the first kind: 


f (5-0) =— +, }('+0 =F; (c) at the point x,=0, a discontinuity of the 


first kind: f(—0)=1, f(+0)=0; (d) at the point m=z an infinite dis- 
continuity of the second kind: 


(Gaa)mem 1(40)-—* 


1.14.7. (a) At the point x=0 there is a removable discontinuity. To remove 
the discontinuity it is sufficient to redefine the function, putting f(0)=1; (b) at 
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the point x==0 there is a removable discontinuity. To remove the discontinuity 
it is sufficient to extend the function putting f(0)=1; (c) at the point «=O 
there is a Ls of the second kind: f(—0)=0, f(+0)=-+ 0; (d) at 


the points x= (2k bl) 5 (k=0, +1, +2, ...), removable discontinuities, since 


ae 0 if |sinx| <1, 
pS in SAS at Vein | 
(ec) at the points x=kn(Rk=0. +1, 42, ...), discontinuities of the Ist kind, 
since 
|sinx| { I if sinx > 0, 


i= sinx | —l if sinx <0; 
(f) at the points x=n=0, +1, +2, ... removable discontinuities, since 
—Il if x=n, 
hwo=4 Oifxsza. 


1.14.8. (a) At the point x=1 there is an infinite discontinuity of the second 
kind; (b) at the point x=—2, a discontinuity of the first kind (the jump 
being equal to 2); (c) at the point x=0, an infinite discontinuity of the second 
kind, at the point x= 1, a discontinuity of the first kind (the jump being equal 
to —4); (d) at the point x=1, an infinite discontinuity of the second kind. 

3 1 

1.14.9. (a) F(O)=1; (db) FC ara? (Cc) FO=—>; (d) f (0) =2. 

1.15.2. (b) The function is continuous on the interval “0, + 0). 

1.15.3. (b) The function is continuous everywhere. At the only possible point 
of discontinuity x0 we have 

lim y= limu?=1; lim y= limw=1;) ylyeo=¥legeni1=); 
x--0 up-il X¥> +0 u>~—T! 


(c) at the points r= +nnu(n=0, +1, +2, ...) there are removable dis- 


continuities, since limy= lim y=—l. 
aU u>+to 


LSS 


2 
1.16.2. Yes. 1.16.12. 1.53. 1.16.13. No. For instance, the function y= x? 
on the interval |—1, 1]. 
1.17.1. (a) Hint. Multiply the obvious inequalities: 


Vien< at. 














(b) Hint. Let A— 


0 





2n— 3 
Then A < B since oar < nel and A? < We =o 
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1.17.2. (a) Hint. Extract the 101st root from both sides of the inequality 
and reduce both sides by 101?. 
(b) Multiply the obvious inequalities: 
99 x 101 < 1902, 
98 x 102 < 1002, 
2x 198 < 100?, 
1 x 100 x 199 x 200 < 1004. 


1.17.3. (a) —3<1<—lorl<x< 3; (b) ae or r>2; (c) the 


inequality has no solutions, since it is equivalent to the contradictory system 
x—2>0, x (4x2?—x+4) < 0. 1.17.4. Yes. 1.17.5. (a) No; (b) Yes. 

1.17.7. Hint. Apply the method of mathematical induction. At n=1 the 
relation is obvious. Supposing that the inequality 


(1+ x;) (1 ++ x2) eas (l+-%,-1) Sl ey Peet ee + Xy-1 
holds true, multiply both its sides by 1+ x, and take into consideration the 


conditions |+-x, > 0, x;-x, >0 (t= 1, 2, ..., n—l1). 
1.17.8. (a) [1], + 0); (b) (Qnn)?< x< (2n+ 1)? a? (n=0, 1, 2, ...); 
(c) x=0, +1, +2, ...;  (d) (—o, 0) for f(x); g(x) is nowhere defined; 


(e) [—4, —2] or (2, 4]; (f) x= (20+) > (n=0, +1, +2, ...). 


1.17.9. (a) No: @(0)=1, and f (0) is not defined; (b) No: f(x) is defined 
for ail x 40, and @(x) only for x >0; (c) No: f(x) is defined for all x, and 
@ (x) only for x0; (d) Yes; (e) No: f(x) is defined only for x > 2, and g (x) 
for x > 2 and for x < l. 

1.17.10. (a) (0, 0); (b) [l, of). 1.17.11. V=8n (x—3) (6—x), 3< x < 6, 

1.17.12. (a) x=5. Hint. The domain of definition is specified by the inequa- 
lities x+2>0, x—520, 5—x=0, which are fulfilled only at the point 
x=5. Verify that the number x=5 satisfies the given inequality. (b) Hint. 
The domain of definition is specified by the contradictory inequalities x—3 > 0; 
2—x > 0. 


1.17.17. (a) f(y= 


blem 1.17.16). 
1.17.18. An even extension defines the function 


2 x ax +-a-* | a¥—a-* 


piaxe Te (b) Deeg ge oe (see Pro- 


) = f(x)=x2+x for Ox xB, 
PA) f(x) = x8 —x for —3< 4 < 0. 


An odd extension defines the function 


_ jf f@)=2+% for 0x3, 
, =| —f(—*)=— 7+ for —83< x < 0. 


1.17.21. Hint, If the function f(x) has a period 7,, and the function g (x) 
has a period 7,, and 7T;=n,d, T,=n,d (ny, ny, positive integers), then the pe- 
riod of the sum and the product of these functions will be T=nd, where n is 
the least common multiple of the numbers n, and ng. 

1.17.22. Hint. For any rational number r 


1 for rational x, 
0 for irrational x. 


Met r=R(= J 


But there is no least number in the set of positive rational numbers. 
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1.17.23. Hint. If we denote the period of the function f(x) by T, then from 
f(T) = (0)=f(—T) we get 
sin T-+ cos aT = 1=sin(—T)-+cos (—aT), 


whence sin 7=0, cosuT=1, and hence T=kn, aT =2nn, a=? is rational. 


1.17.25. The difference of two increasing functions is not necessarily a mono- 
tonic function. For example, the functions f(x)=.x and g(x)=x? increase for 
x>>0, but their difference / (x)—g(x)=x—x? is not monotonic for x0: it 
increases on | 0, 3| and decreases on oe ce). 

1.17.26. Example: 


x if x is rational, 
y= eee 
J —x if x is irrational. 


_ i I+y 
1:17.27. (a). x= 9 In roy 


(b) 





(—-l<y< 1); 


y for —~o<y<l, 


x=i Vy for |<y<16, 
log,y for 16 < y< om. 
1.17.28. Hint. The functions y=x?-- 
+2x+1 (x S—1)and y=— Ly x 
(x == 0) are mutually inverse, but the 
equation y=x, i. e. x*+ 2x-+1=x has 
no real roots (see Problem 1.4.4). We) | 
1.17.30. (c) Hint. If E is the domain 
of definition of the function f (x), 
then the function y=f [f(x)] is defi- f(x) 
ned only for those x@€E for which 
f (x)€E. How the points of the desired Fig. 120 
graph are plotted is shown in Fig. 120. 
1.17.32. Hint. The quantity T=2 (6—a) is a period: from the conditions of 
symmetry f (a+-x)=/ (a—x) and f (6+x)=f (b—x) it follows that 


f [x+-2 (6—a)] =f [6+ (6+ x—2a)] =f (2a—x) =f [a+ (a—x)] =f (x). 
1.17.33. (a) It diverges; (b) it may either converge or diverge. Examples: 


| —])\n 
a ee, 





Xn = a n lim (XpYn) = 9, 
nti—> @ 
| ; ; 
Xyp=— YQ SN; lim (XpYn) = @. 
n n+ @ 
1.17.34. (a) No. Example: x,=n; y,=—n-+1; (b) No. 
mu (n— 2) 
1.17.35. Le (n=3, 4, ...). 1.17.36. Hint. Take into account 
that || Xn |—|a||<|x,—al. The converse is incorrect. Example: x, =(—1)?+!, 
1.17.38. Hint. The sequence a, may attain only the following values: 
0, 1, ..., 9. If this sequence turned out to be monotonic, then the irrational 


number would be represented by a periodic decimal fraction. 


1.17.39. Hint. If the sequence 7 increases, then 
ai : 
b; 


Qn+1 
On +1 





Ae Deki Saab TEND, nas HY, 
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whence it follows that 


On +1 (Ay+ Ag+ 0 6-+ On) < An41 (1 +024 ~-- +n); 
and hence 


det ee tant: Uta. ton _ 
by bg- eee Fona1 Fb +... +n 


(53+ bo «++ +841) (01+ 4.+...+6y) 


1.17.40. (a) 2; (b) 0; (c) 0. 1.17.41. Hint. From the inequalities 


nx—1< E(nx)<nx it follows that x—1 < x < E (nx) 


> 0. 





<=. 
1.17.42. Hint. From the inequalities 


n fn 
y (kx—1)< DD) E (kx) < DS bx, 
k=] k=] k=} 


it follows that 


n 
n+] ] l n+l 
* on —a<p bl elas 2n ° 
k= 1 








1 
1.17.43. Hint. Take advantage of the fact that lim a” = lim Va = 1 (see 
nm» ® toe 
1 


Problem 1.6.19), lim a ” ey, and for a> 1, |h|< Ze the ine- 
lst lim Va i 


wm» @ 
1 1 


qualities a "—l<a’—l< a” —1 take place. 
1.17.45. Hint. Divide the numerator and denominator by x”. 


1.17.46. (a) a=1; b=—1; (b) a=1; ee Hint. To find the coefficient 


2 
a divide the expression by x and pass over to the limit. 
1.17.47. (a) 
PGKE 1 for Ox x<l, 
Ole: x for x > 1. 
(b) 


0 for xe > ban, 
f(x)= : (n=0, £1, +2, ...). 
1 for X= PAN 


1.17.48. Hint. Take advantage of the identity 
(1—x) (1+ x) (1+x?)...(1 + x27) = 1— x2", 


1.17.49. Generally speaking, one can’t. For example, 


lim In (1+ *)+ Ind —x) _ lin In (1—x?) _ 
x0 x x70 x ; 
and if we replace In(1+ x) by x and In(l—x) by —x we will get the wrong 





X—-X 
result: lim =(0; 
x—> 0 x 
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1.17.50. - Hint. If a is a central angle subtended by the arc under con- 
sideration, then the chord is equal to 2R sin ~ Ra, and the sagitta to 
2 
R (1—cos a) ~ R=. 


1.17.51. 2. Hint. The difference of the perimeters of a circumscribed and 
inscribed regular n-gons is equal to 


tana—sinag 


2Rn ( tan 4 — sin) =2nR ~ nRa?, 


where a=, and the side of an inscribed n-gon is 
_ I 
2R sin aoe sina ~ 2Ra. 


1.17.52. On the equivalence of (1-+-a)3—1 and 3a as a —0. 
In(1+ x) x 

1.17.53. No, log (1 + x)== in 10 in 10 

1.17.54. (a) Yes. Hint. If the function @ (x)=f (x)+ g(x) is continuous at 
the point x=xX,, then the function g (x) =@(x)—/ (x) is also continuous at this 
point; (b) No. Example: f (x)=—g(x)=sign x (see Problem 1.5.11 (p)); both 
functions are discontinuous at the point x=0, and their sum is identically 
equal to zero, and is, hence, continuous. 


as x — 0. 


1.17.55. (a) No. Example: f (x) =x is continuous everywhere, and g (x) = sin = 
for x # 0, g(0)=O being discontinuous at the point x0. The product of these 


functions is a function continuous at x=0 since lim xsin tae 0; (b) No. Exam- 


xX 0 
1 for x>0, , ) . 
ple: f(x) =— g(x) = eee both functions are discontinuous at the 
point x=0, their product f (x) g(x)==—1 being continuous everywhere. 


1 if x is rational, 
1.17.56. No. Example: f (x)= —1 if x is irrational. 


f (x) = 2A (x)— 1, where A (x) is the Dirichlet function (see Problem 1.14.4 (b)). 
1.17.57. (a) x=0 is a discontinuity of the second kind, x==1 is a disconti- 
nuity of the first kind; (b) x=1 is a discontinuity of the first kind: f/(1—0) =0, 
f(i+0)=1; (c) @(*) is discontinuous at all points except x=0. 
1.17. (a) x=n=0, +1, +2, ... are discontinuities of the first kind: 
lim y=I1, lim y=y|xon=0. The function has a period of 1; (b) x=+ Vin 
x+n-O x>n+0 


(n=+1, +2, ...) are points of discontinuity of the first kind: 


We may write 


lim y=2n—1; lim y=Y\| yen. 


x>Vn-0 x+Vn+08 


The function is even; (c) x=+ Vn (n=+1, +2, ...) are the points of 
discontinuity of the first kind; at these points the function passes over from the 
value | to —1 and returns to 1. The function is even; 
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(d) 
: 4 I Tm 
‘ if |sinx |< 7 i.e. —etan <4 < Ean, 
y=} ¥ if Isinx| =>, i.e. X= + = tan, 
| 0 if |sinx|> i.e. Stan <x < tan, 


x=+ =f an are discontinuities of the first kind. 


1.17.59. The function f[g(x)] has discontinuities of the first kind at the 
points x=—1; 0; +1. The function g{[f(x)] is continuous everywhere. Hint. 
The function / (uw) is discontinuous at u=0, and the function g(x) changes sign 
at the points x=0, +1. The function g[/f(x)]==0, since /(x) attains only the 
values 0, +1. 

1.17.61. Hint. Write the function in the form 

x+1 for —2<x< 0, 


(xtl2 * flor O< x<2. 
Make sure that the function increases from —1 to | on the interval {—2, 0) 
and from 0 to > on the interval [0, 2]. Apply the intermediate value theorem 


to the intervals [—2, —1] and [0, 2]. The function is discontinuous at the point 
x=0: f(—O)=1, f(+0)=0. | | 
1.17.62. Hint. Suppose ¢ > 0 is given and the point x»)€|a, 6] is chosen. We 
may consider that | 
é€< min [f (x 9)—f (a), f (0)—f (%o)). 
Choose the points x, and xg, x1 < X9 < x, so that 
f(xy) =f (%o)—8, | (%2) =f (Xo) +8, 
and put 6=min (x»>—+x,, ¥,—x 
1.17.63. Hint. Apply the 
g (x) =f (x) —x. . a G 
1.17.64. Hint. Apply the intermediate value theorem to the function f (x) on 
the interval [x,, x,], noting that 


min [f (a) «oe F tm) S— UF (ta) EF (a) Ee EF (tn) max Uf Ce), ees Pal 
1.17.65. Hint. Apply the intermediate value theorem to the function g (x) = 


0): 
intermediate value theorem to the function 


a on the interval a l 
1.17.66. Hint. At sufficiently large values of the independent variable the 
values of the polynomial of an even degree have the same sign as the coefficient 
at the superior power of x; therefore the polynomial changes sign at least twice. 
1.17.67. Hint. The inverse function 


ai) aye for y<—l, 
X= 0 for y=0, 
Vy—! fory>I! 


is continuous in the intervals (—0o, —1) and (1, o) and has one isolated point 
y=0. 
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Chapter II 
20 
2.1.1.  § (b) = 51° 2.1.2. (b) y’=10x—2. 2.1.5. Ugg = 25 m/sec. 
9.1.6. (a) y’=3x?; — (b) y=—S. 2.1.7. The function is non-differentiable at 
5 7 
sa Boer a pee 
the indicated points. 2.2.1. (b) y =— q ax Te bx >. 22:2.22 (ce) = 











—2xarctanx+1. 2.2.3. (b) —9000. 2.2.4. (a) y’=6x?+3; (b) Ce ea 
x 
, 8x? +2x-+2 , SVx+8 Vx+2 V I/x, 
i Gye: Gea See 
Ox 73 (x° —x-+ 1) 6 (x—2 / x) 
, cosg—sing—l , 1 9px 1, acipene ; h r 
() =~ eos ge” (f) y= 2e%--—-; (8) y= 2e*cosx;  (h) y 
x (cos x— sin x) — sin x—e* 
So = = ae ee 
2.2.5. (f) 30In4(tan® x); (g) sin 3 neces 
(1) Me sinéx’ 8 V j—<x uae 
2a)" 
2.2.6. (b) y’=—3(38—sinx)?cosx; (c) y’= ene 2sinx, 


‘ a 3 ’ 
3 sin xd/ sin? x COS" xX 








2ex + 2% In 2 5 In4x 1 uo 5 e 
d — : e) y’=3cos3x — = sin = + 
we: 3 t/ (2e¥ —2* 1)? x i 5 5 
sec? V x; (f) y’ = (2x —5) cos (x?—5x-+ 1) —~5 sec? = ; (h) y’ = 
Ve, | | : i 3 
x 
ee ee (i) y’ =2\Inare tan » -————— - ->——5. 
xV1+in?x arctanx 1+x3 3 arc tan Qt<x 
se l c2 2 ape ‘_ 
B28 AD): USES Tans tang) hoa jp eae 


x (x sinh 2x3 -+cosh x?-sinh an (e) y’ = eSinhax a 











{— | 
3 2 73g 2 
2.2.9. (Cc) y ae Tae Sin? x cos ns -—7 Tt Beat x 2tans) 
(x+1) I 
r 2 as 
(d) y’ = (tan x) (5 Intanx+ sn) 


2.2.13. (a) /’ (=z [cosh 5 > rsinh > ) (b) f’ (x)=tanhx; (c) f(x) = 


= Vcoshx+l; (d) [’ See: 
x (cosh bx-+sinh bx) = (a+b) a+), 
2.2.14. (a) y’=(cos x)*'"* (cos x In cos x— tan x sin x); 


(e) /’ (x) =4 sinh 4x; (f) f’ (x) =(a-+-d)e%* x 


a= cos 3x 
y sin? 3x (1 — sin 3x) — 
: ox? + x — 24 
(Cc) y= 1 5 Bs 


Sie)? 2) eas? 
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9.2.17. (a) yi 3. tan Vane sin 3-7 
7 Vsi*—1~ Yaresing—* | 

; sin In? x-In? x 
(b) y= 


Bx 7/ cos! In? 3 In? x (1-++ j/ cos? In? x In x)i/ ( (arc tan tan 3/ co cos In3 cos In? x)* 
2.3.1. (b) kekx; (e) 2"-1sin (2x41 3} (f) > sin (x+a5 -- 
gn mt oF Tt 
+ i sin (+05) le sin (5x+-n >) . 








2.3.4. (b) e* (x? + 48x-+551); (c) e%* < sin Bx con — 8 at 2B24 .|+ 
+ cos Bx | na—p — OR) an 98 4. | . 
2 2 
36 (tas ss eee “ba a wei (€) Be-¥*x 


(l+x2)VW1l +x? 3 
(1—x?) ? 
x (2x2 —1). 
2.3.8. (a) x? sin x—60 x? cos x—1140 x sin x-+ 8640 cos x; (b) 2e-* x 
xX (sinx-+cos x); (c) e* [38x?+ 6nx+3n (n—1)—4]; (d) (—1)" [(4n? +2n + 
+ 1—x?) cos x— 4nx sin x]. 


2.3.9. (a) 100! po Go| 2 Gy ee 








(x— 2)101 (x — 1)10! 201 
; 2100 (1—x) ? 
Hint. y=2(1—x) 2? —(—x? 
” 4 cos x 
2.4.1. (b) *yy—— (6-4 sin xp” 
, k—|] > 
2.4.3. (b) yi = — cot 5 ts (d) y= —~ 2e- et, 
ices ob Wh crt ih 
eee AU) Ixx~3 (PMs oS Ixx~ at cost 
2.4.5. (b) yi)’ =— 3 sin sec? Zt. 
ae 2—x a/ ¥ 
2.4.6. (b) yw =e *3  (c) VG (d) y.=— ye 
pg Ore) Mert). » _  fe*~-" A(x) 
BA OY Hee“ ays) axe IL TE Gey IP 
2a—2x—y | x+y, ex siny+e-* sinx - | 
meee) x-+2y—2a’ ( ae —y’ (<) ~ eX cosy+e-’ cosx ’ (d) ee 
Qy2+ 2° 11 csint { 
2.4.10. (a) a ye ; (b) 056° 2.4.11. (a) a (bcos ft) ' (b) 9? 
t 
t—6 sin ¢) cos3 — 
(2 I ot? (a cos 9 
(c) ea ‘d) Sis oan (e) SS 
At Of (242 + 2t-+ 1) | 
4 sin a 


1— 4t? —— 
(f) — = (g) —V1—?#. 


2.5.1. (b) Ox-+2y—9=0; 2x—6y+ 37=0. 


Answers and Hints to Ch. 11 431 


2 10 2 10 
2.0.2. M = 5 Spe fs M.{—= > a 
©) My (=a Be) Mile aye)” 
2.5.3. (b) g=arctan2V2. 2.5.8. (b) x+y aoe y=X. 
5 \ 
2.5.15. (a) $3 (b)) g= 1, x-2y—2=0; (c) yt a= —3 (#44 7}? 


(d) =. 2.5.16. 11. 





S697 EAU, BbA0. sant Ae! oye ee me 
5.17. 26,450. 5.19. s=a og OE SB SRG eT, oa og! 
2.5.20. =e sinM(1+2ecos M). 2.6.3. Ay ~ dy=0.05. 
2.6.5. (b) log 10.21 ~ 1.009; (d) cot 45°10’ = 0.9942. 
2.6.7. (c) Ay=|cosx|A,;  (d) Ay=(1+ tan? x) Ay. 
— 143 
60. ye oe Oelna=aee hype 
x2 Y (In? x—4)3 
(c) d3y = —4 sin 2x dx. 
Shin _ 4(1+8x4) ee ‘ 4(1+ 3x4) 2 4x é 
2.6.10. (a) d-y (is x2 ax: (b) d y= eee poy ; 
in particular at x=tan f, d*y= ——— dt? 


cos? 2t 
2.6.11. AV=4nr? Ar+4ar A+ = mAr? is the volume contained between 


two spheres of radii r and r+ Ar; dV=4mr? Ar is the volume of a thin layer 
with a base area equal : the sphere’s surface area 4nr? and a height Ar. 


2.6.12. As=gft M5 g AP is the distance covered by a body within the 


time At; ds=gil At=vdt is the distance covered by a body which would move at 
a velocity v=gt during the entire interval of time. 
2.7.1. (a) It does not exist; (b) it exists and equals zero. 
2.7.2. 90°. Hint. Since 
i x>0 
y= 


e~*, x < 0, 
fF. (0)=—-I, Ee (0)=1. 
2.7.3. f_ (a= —9 (a); F, (@)=9@ (a). 
2.7.4. Hint. For x 40 the derivative 


f’ (x) =— cos (=) + 2x sin (=) 


At x=0 the derivative equals zero: 


Ax? sin + 
Ph O= lim —yj>—=0. 
LA\x -+ 0 Ax 
Thus, the derivative f’ (x) exists for all x, but has a discontinuity of the 
second kind at the point x=0. 


2.1.05 O—= 2X, b=—xt. 2.7.7. Hint. The formula for the sum of a geo- 
metric progression represents an identity with respect to x. Equating the deri- 
vativés of both sides of the identity, we get 


Lp2xp38 +... pat EO 
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multiplying both sides of this equality by x and diflerentiating again, we get 


5 5 1+x—(n 4-1)? x? 4 (2n? + 2n — 1) x84! — nyt? 
21 92 Iya Tis NE 
Pe 2 en (i—xp , 


2.7.8. sinx+3 sin 3x+...+(2n—1) sin (Q2n—1)x— 
__ (2n+ 1) sin (2n—1) x— (2n—1) sin (Qn+1) x 
_ 4 sin? x 


Hint. To prove the identity multiply its left side by 2sinx and apply the 
formula 2sin@ sinB=cos (a—B)—cos(a+ 8). To deduce the desired formula 
differentiate both sides of the identity and equate the derivatives. 

2.7.9. (a) sin 2x [f’ (sin? x) —f’ (cos? x)]; (b) ef ‘*) [exf’ (ex) +f (x) f (e*)]; 


) 
cy VO), 1 ee) In pce) 


p(x) In@(x) p(x) In’ (x) 

2.7.10. (a) No; (b) No; (c) Yes; (d) No. 

2.7.11. Hint. Differentiate the identity /(—x)=/(x) or f(—x)=—f (x). 
This fact is easily illustrated geometrically if we take into consideration that 
the graph of the even function is symmetrical about the y-axis, and the graph 
of the odd function about the origin. 

2.7.12. Hint. Differentiate the identity f (x4-7)=f (x). 

2.7.13. F’ (x) =6x?. 2.7.14. y’ =2|x|. 2.7.15. The composite function 
f [~ (x)] may be non-differentiable only at points where @’ (x) does not exist 
and where @(x) attains such values of @(x)=u at which f’ (uw) does not exist. 
But the function y=u?=|x|? has a derivative y’==0 at the point x=0, 
though at this point the function w=|.x]| has no derivative. 











uw ‘. Ww : | 2 I | ; } , 
2.7.16. (a) y”=6] x]; (b) y”=2sin Gg SOS Sa at x 40, 
y” (0) does not exist, since y’ (x) is discontinuous at x=0. 
2.7.17. Hint. (a) Verify that jot ck (k=0, 1, ..., nm) and take advan- 
tage of the property of the binomial coefficients. (b) Designate: f (x)=u,; 
show that ui) =(n—1)u,-1—Un—-, and use the method of mathematical 


induction. 
2.7.18. Hint. Apply the Leibniz formula for the nth derivative of the pro- 
x 


a 


duct of the functions ue and v= x’. 
0 at n=2k 
2.7.19. y™ (O)=< [1K3xK...xK(2R—1)]? at n=2k+ 1 
(Re) 2; ocx). 


Hint. Differentiate the identity n—2 times and, putting x0, obtain 
y™ (0) = (n— 2)? y¥*—*) (0) (nS 2). 
2.7.21. Hint. Take advantage of the definition 
0-H yy (2) = (C7) 4 = (—2xe—**)m) 
and the Leibniz formula for the nth derivative of the product u=e-** and 


u= —2x. 2.7.22. i 3(y2+ 1 ‘ 
2.7.23. 12> 4Vi4 V i—y (— 0 < YS 1), 
ty a=tV1I—Vi—-y (<y<)), 
l 


1 Bj (133) (¢=1, 2; 3, 4) for Xie 0, +1. 
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Hint. Solve the biquadratic equation x*—2x?-+-y=0 and find the domains 
of definition of the obtained functions x; (y). 
2.7:25. (a) X;=—3; X.=—1; (b) x—+1. 


2.7.26. Hint. Note that the function x=2t—|t =| 


x, XS=0, 
vative at ¢=0. But f=, x 
\z*<9, 


t, />0, 


31.1 <0 has no deri- 


therefore we can express y=/?+-/|t|= 


217, t=>>0, _ f 2x, x0, : Ss ake ha 1 he ; 
= 0 1<0 through x: v=] De eo. This function is differentiable eve 
rywhere. 2.7.27. a=Cc=— 5 b=. 2.7.28. Hint. The curves intersect at the 


points where sinax=1. Since at these points cos ax=0, 
y, =F (x) sin ax +f (x)acosax= f' (x)=y', 


i.e. the curves are tangent. 
2.7.30. Hint. For ¢ # mn the equations of the tangent and the normal are 
reduced to the form: ~ 


y=cot > (x —at)-+ 2a, y=— tan > (x—al), 


respectively. For /=7 (2k—1) (k=1, 2, ...) the tangent line (y=2a) touches 
the circle at the highest point, and the normal (x=at) passes through the high- 
est and lowest points; for t=2kn (k=O, 1, ...) the tangent line (x=at) pas- 
ses through both points, and the normal (y=0O) touches the circle at the lowest 
point. 2.7.34. wb ty. 2.7.35. The relative error patty ana 
reliable result, i.e. the result with the least relative error, corresponds to the 
value ~= 45°. 


. The most 
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3.1.2. (b) Yes; (c) No, since the derivative is non-existent at the point 0. 
3.1.5. E=e—l. 3.1.7. No, since g(—3)=g (3). 3.1.9. (d) Hint. Consider 
the functions 








, 2x 
f(x) =arc sin le +2arctanx for |x| > 1, 
, 2x 
g(x) =arc sin Pe —2arcetanx for |x| <1. 
7 2 10 52 
3.1.15. (a) c=>7) (b) ear (c) oo (d) it is not appli- 


cable, since the function has no derivative at the point x=0. 
3.1.16. 1.26 < In(l+e) < 1.37. Hint. Write the Lagrange formula for the 
function f (x)==In x on the interval [e, e-+1] and estimate the right-hand side 


in the obtained relation: In(1-}-e)=1 + (e<&< e+). 


3.1.17. Hint. Apply the Lagrange formula to the function f/ (x)=In x on the 
interval [1, |-+x], x > 0, and estimate the right-hand side in the obtained re- 


lation In(l--xy=— (bea lee), 3.2.1. (c) 2; (d) 0; (f) eae 
S 


2 
x—tan x I 
rane es ‘ a oksetJe 1 _. 
Cea oO 3.2.5. (b) el =e. 





3.2.3. (b) 0. Hint. Represent cot oo 


434 Answers and Hints 





3.2.6. (a) 1; (b) 1. 3.2.9. (a) a; (b) Ina—1; (c) 2; = (d) aV 3. iG 


6 a 
mag 2 
(f) 0; (g) 1; (bh) Ina; (i) e se 3(4) at (k) —1; (1) e = (m) a 
is oo oa L: | 3.3.5. (b) 0.34201 
(n) 7? (0) Z? (p) e > (als (Wy Sige 3.5. (b) 0. 


1 


4/— oa acces 4 
3.3.6. V/ 83 f 3.018350. Hint. V/ 83 = V/ 8142 =3 (1437) . Apply the bi- 
nomial formula and retain four terms. ° 
3.3.7. Hints. (b) Write the Maclaurin formula for the function f (x)= tan x 
with the remainder R, (x); (c) write the Maclaurin formula for the function 
1 
f (x) =(1 +x)? mie remainders Ry, (x) and Rg (x). 
l | Re Ke 
4.2. == ¥2 — — x3 —___ x5 -5)- = _-_ —— 
Bee a egg age ager Ota) a GU or gig 
x 
i 5 
+ 5g 10 (x). 
l l 


l 
3.4.3. (b) 5 (c) — 79° (d) a (e) 1. 


2 5 | x? x. x8 x 
3.4.4. t etl os Bs 5: ee —_——— ° —a, (oan: 
(a) 1+ 2x-+-—F x8 — 2 xT x8; (d) —S—-G+E; () 1- $+ 
x2 x4 
12 720° 


3.5.1. (d) The function decreases on the interval (—oo, 0) and increases on 
’ z) and (3, -+ 00) 
and decreases on (+. 3); (f) the function increases over the entire number 


scale. 
ee 52 
3.5.2. (b) The function increases on the intervals (0, z) and (=F. 2 


and decreases on a = 

3.5.8. (a) The function increases throughout the number scale; (b) the func- 
tion increases on the interval (—1, 0) and decreases on (0, 1); (c) the function 
decreases throughout the number scale; (d) the function increases on both 
intervals (—o, 0) and (0, o) where it is defined; (e) the function decreases 
on the intervals (0, 1) and (1, e) and increases on (e, -++ 0); (f) the function 
decreases on the intervals (—o, 1) and ‘(l, ©), increases on (—1, 1). 
3.5.10.a<0. 3.5.11. b>1. 3.6.1. (b) The minimum is / (1)-=/(3)=8, the 


maximum f (2)=4; (d) the minimum f/f (S)=—a 3.6.2. (b) The minima 


5 24 
are f (+1)=V 3; the maximum f (0)=2. 
3.6.3. (b) The maximum is / (—2)= 160; the minimum f (0)=2. 
3.6.7. (b) The minimum is f (0)=0. 


3.6.8. (b) On the interval [0, 2m]: the minimum is i= \=—4 the maxi- 


(0, 0);  (e) the function increases on the intervals (—» 


(> = 4, 3.6.10. (a) The minimum is / (0) =0, the tnaximum / (2) = 4e-?; 


(b) the minimum is f (—2)=—1, the maximum f (2)=1; (c) the maximum is 


num } 
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5 a 
f(0)=0, the minimum f (s)=-F Vt: (d) the maximum is f (+2) =—, 
the aoe | f (0) =7; (e) the maximum is f(3)337/7 ‘3. the minimum 
F(2)= — 44. . 

3.6.11. (a) There is no extremum; (b) there is no extremum; (c) the ma- 
ximum is /(0)=0; (d) the minimum is f (0)=0. 

3.7.1. (c) The greatest value is (= , the least value f(0)=0; (d) the 


l 
reatest value is ( = the least value 1)=0. 
g pes V3 f(+)) 


3.7.2. (b) The greatest value is y=, the least value y ( _ =F 
(c) the greatest value is y (4)=6, the fe value y (0)=0. 
3.7.6. (a) The greatest value is [C= the least value j=: 
(b) the greatest value is f (0)=2, the least value f(+2)=0; (c) the greatest 
7 = 7 
TF =~ +0.25 In 3, the least value f(V 3)=—3 —0.25 In 3;(d) the 


greatest value is ac a 
est value is f(l)==1, the least value /(2)—2(1—In2); (f) there is no great- 
est value, the least value is f (0)= 1. 

3.8.3. H=R V 2, where H is the height of the cylinder, R is the radius of 
the sphere. 3.8.7. x=asina, y=acosa, where «a=0.5 arc tan 2. 

Hint. The problem is reduced to finding the greatest value of the function 


S == 4xy + 4x (y— x) = 4a? (sin 2a — sin? a) 


value is i( 


, the least value I (> )=—2: (e) the great- 


in the interval O<a< =. 3.8.8. Prax = Gay at W=W;. 3.8.9. h=2R= 
3u ; R 

=2 “oe 3.8.10. The radius of the cylinder base is fama where R 

is the radius bs the cone base. 3.8.11. The equation of the desired straight 

line is S44 f 


3.8. io xX=a—p for a>p and x=0 fora<p. 


3 
3.8.13. v= oe Hint. It will take — hours to cover one knot. The 


2b © 
3 
appropriate expenses are expressed by the formula pat? =< + bv. 





3.8.14. p= x Hint. At the board width a the cross-sectional area of the 


from 


trough is equal to a2(1+cosq)sin@. where @ is the angle of inclination of the 
walis to the bottom. 

3.8.15. up Hint. The point of fall of the jet is at a distance of ee 
the tank base, where H=h—x is the height at which the orifice should be 
located, v is the rate of flow; therefore the length of the jet is determined by 
the expression 


Z — 


V 2¢x V =?) VY x (h—x). 
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3.8.16. After 5 hours the least distance will be equal to > km. 


3.9.1. (b) The intervals of concavity are | — oo, 5] and (1, 00), of conve- 


xity (z 1); the points of inflection are (=. 2), (1, 13); (c) the in- 


tervals of concavity are (— V 3, 0) and (V 3, o), of convexity (—o, — V 3) 
and (0, V 3); the points of inflection ae (— V3. =e) (0, 0), (Vs, 


10 /’ 
V3 


7 (e) the curve is concave everywhere; (f) the intervals of concavity are 





3-V5 34+V 5 
(0, x,) and (X%2, o), of convexity (x,, x.), where x; =e a X,=e * ; the 
points of inflection are (x,, y,), (%2, y2), where 
V 5-3 B4V5 








3—V 5\? 3 aye 
n= (S=¥5 e : , n= (Gt¥s ) eé 
2 2 
3.9.5. (a) The point of inflection is (3, 3); the curve is convex for x < 3 and 


concave for x > 3; (b) the abscissa of the point of inflection x= arc sin V 5-1 . 








9 9 
the curve is concave in ( —>, arc sin ys—), and convex in (ar sin ire 


JT 


— 


3.10.1. (c) y=0; (d) x=0; (i) y= 2x as x—++o0 and y= —2x as 


x—>—o. 3.10.3. (a) x= 3, y=x—3; (b)y=+t—-1; (0) y=x; 
(d) x= + 2; (e)y=2e—F. 


3.11.2. (a) The function is defined everywhere, it is even. The graph is sym- 
metrical about the y-axis and has no asymptotes. The minimum is y(0)=1, 
maxima y (I)=y(—) =. The points of inflection are (4 Ve. as (b) the 


function is defined in (—oo, —1) and (—1, -+ 0). The graph has a vertical 


asymptote x=—J1 and an inclined asymptote y=x—3. The minimum is y (0)=-0, 
256 ' , 3296 

maximum y(—4)=—-—. The points of inflection are {| —6, —-——} and 
rH 125 

(2 73 (c) the function is defined in (—o, 0) and (0, +00). The graph 


has a vertical asymptote x=0. The minimum is u(s)=3 The point of inflec- 


3 
2 
tion is ( . 0) ; (d) the function is defined in the intervals (—o, —1) 


(—1, 1) and (1, 0); it is odd. The graph is symmetrical about the origin, has 
two vertical asymptotes x= +1 and an inclined asymptote y=x. The minimuin 


is y(V 3)=+3 La the maximum y(— V 3)= seve. The point of 


inflection is (0, 0); (ce) the function is defined everywhere, it is even. The 
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graph is symmetrical about the y-axis and has a horizontal asymptote y=0. The 
minimum is y (0)= A 4, the maxima y(+ V 2)=2 Pe The points of inflec- 
tion are (+ 2: V/ 4); (f) the function is defined in (—2, + 0). The vertical 


asymptote is x= —2. The minimum is y(0)=0, the maximum y (—0.73) ~0.12. 
The point of inflection is (—0.37; 0.075); (g) the function is defined everywhere. 


The horizontal asymptote is y=0Oas x —>+-+ 0. The maximum is y (+) = (a) : 
The points of inflection are (0, 0), 


EY (SY), 03, C28) 9) 


(h) the function is defined and continuous everywhere. The horizontal asymptote 
is y==1. The minimum is y (0)=0, the point (0, 0) being a corner point on the 


, JU ’ JU 
graph: y_ O=—>.%O=+s5- 


3.12.6. 4.4934. 3.12.8. x, = —2.330; x,=0.202; x,==2.128. 3.12.11. 0.6705. 
3.12.12. (a) 0.27; 2.25; (b) 0.21. 3.12.13. (a) 1.17; (b) 3.07. 3.12.14. 1.325. 
3.12.15. 0.5896 and 2.2805. Hint. To approximate the smaller root more precisely 
write the equation in the form x= e®-8*-1, to find a more accurate value of the 
larger root represent it in the form x= 1.25 (1-+In x). 

3.13.1. No. Hint. Show that at the point x1 the derivative is non-exis- 


tent: f- ()=1; fz (D=—l1. | 

3.13.2. Hint. Check the equality f (6)—/ (a) =(b—a) f’ oh 

3.13.3. Hint. Apply the Rolle theorem to the function f (x)=a, .x"+... 
w+. +a,—1 (x) on the interval [0, xp]. 

3.13.4. Hint. Make sure that the derivative f’ (x) =4(x3—1) has only one 
real root, x==-1, and apply the Rolle theorem. 

3.13.5. Hint. The derivative f’ (x)==nx"-!-+ p has only one real root at an 
even n and not more than two real roots at an odd an. 

3.13.6. Hint. The derivative is a polynomial of the third degree and has 
three roots. Take advantage of the fact that between the roots of the polyno- 
mial lies the root of its derivative. 





3.13.7. Hint. From the correct equality lim cos = —=0 (0<& <x), where € is 
x 0 


determined from the mean value theorem, it does not follow that lim cos—-=0, 
x 0 

since it cannot be asserted that the variable € attains all intermediate values 

in the neighbourhood of zero as x —>0. Moreover, & takes on only such a sequ- 


ence of values £ for which lim cos ee (EEL). 


3.13.8. Hint. The mistake is that in the Lagrange formula one and the same 
point & is taken for f (x) and @ (x). 

3.13.9. Hint. Apply the Lagrange formula to the function In x on the interval 
[b, a]; (b) apply the Lagrange formula to the function 2? on the interval [y, x]. 

3.13.10. Hint. With the aid of the Leibniz formula ascertain that the 
coefficients of the Chebyshev-Laguerre polynomial alternate in sign, the odd 
powers of x having negative coelficients. Whence deduce that L,, (x) > O for 
x< 0. 
3.13.11. Hint. Using the Rolle theorem, show that inside the interval [x 9, +,,] 
there are at least n roots of the first derivative, n—1 roots of the second deri- 
vative, and so on. 

3.13.12. Hint. The L’Hospital rule is not applicable here, since the deriva- 
tives of both the numerator and denominator vanish at all points where the 
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factor sinx (which we cancelled in computing the limit of the ratio of deriva- 
tives) vanishes. 
3.13.13. Hint. Write the Taylor formula with the remainder R,: 


2 3 
j (a-+h) =F (a) +P (a) +r I (a) +r" (a+ Osh). 


Comparing it with the expansion given in the problem, get the equality 


Peper) . —-f'’ (a+0,h) and pass over to the limit as h—+ 0. 


3.13.14. Hint. Prove by using the rule of contraries. Suppose that e=— P 


q’ 
where p and g are natural numbers, p >g > 1, and, using the Taylor formula, 
get for n> p 


p | | ] | p\% 
Peltaptayt-tartgpr (F) @<e<v. 


a 


Multiply both sides of this equality by n!, and noting, that n' and 


p \9 l p 
—\nl ee eee yee 
(145 Tr: ot ar) A are positive integers and ——— ot € < ee < t, 
obtain a ane es result. 
3.13.15. Hint. Verify that the function 


je oere n 
saa x ~~ 2’ is continuous on the interval jo. 3 | : 
l, x==0 


Ascertain that the derivative f’ (x) <0 is inside the interval. 
3.13.16. Hint. Show that f’ (x) 0. Ascertain that 


= > 0 for @a-< 1, 
(O=1—2) ote asl 


and take advantage of the fact that the function increases. 

3.13.17. Hint. Show that the function / (x) =xe* —2 increases and has oppo- 
site signs at the end-points of the interval (0, | 

3.13.18. Hint. Show that the derivative 


' — I : l ] ) 
i (x) =a 2x sin yo ee (x ~ 0) 
eee l 


the points tea i.e. the derivative changes sign in any vicinity of the 


is equal to = at the points x= 


origin. 

3.13.19. Hint. Ascertain that the auxiliary function w(x) =f (x)—@ (x) in- 
creases, 

3.13.20. Hint. Make sure that at all points of the domain of definition of the 
ies the derivative retains its sign if ad—bc 40. But if ad—bc=0O, i.e. 
<= ae then the function is constant. 3.13.21. p=—6, gq=l4. 

3.13.22. A minimum f (x) =0 if p(x) >O and nv is even; a maximum 
1 (Xj) =90 if @(x%») <O and a” is even; the point x, is not an extremum if n 
is odd. Hint. At an even a, in a certain neighbourhood of the point x, the func- 
tion retains its sign and is either rigorously greater than zero or rigorously less 
than zero, depending on the sign of @(x,). At an odd n the function changes 
sign in a certain neighbourhood of the point Xp. 
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3.13.23. Hint. For x40 f(x) >0, hence / (0) is a minimum. For x >0 


sca ee aoe . ol 
the derivative / (x) =2—sin + cos —- is positive at the points eer 
l 


(Qn+1)n- 
logously. 3.13.24. (a) 1 and 0; (b) | and —2. 

3.13.25. (a) The least value is non-existent, the greatest value equals 1; (b) 
the function has neither the greatest, nor the least value. 

3.13.30. Yes. Hint. Since {” (x) changes sign when passing through the point Xp, 
the latter is a point of extremum for the function f’ (x). 

3.13.31. The graph passes through the point M(—1, 2) and has a tangent 


and negative at the points x= The case x <0 is investigated ana- 


line y—2——(x-+1); M is a point of inflection, the curve being concave down- 
ward to the left of the point M, and upward to the right of it. Hint. The func- 
tion f”(x) increases and changes sign when passing through x==-—l. 
3.13.32. h= 





O V2 

3.13.33. Hint. According to the Rolle theorem, between the roots of the first 
derivative there is at least one root of the second derivative. When passing 
through one of these roots the second derivative must change sign. 

3.13.35. Hint. The polynomial has the form agx?” +a ,x2"-*+ ... +a, — 4x? + ap. 
Polynomials of this form with positive coefficients have no real roots. 

3.13.36. Hint. Take advantage of the fact that a polynomial of an odd degree 
(and, hence, also its second derivative) has at least one real root and changes 


sign at least once. 
4 3 
3.13.37. Hint. Find lim (2 222+!) . 
x8 %x%—] 


Xx > @ 


Chapter IV 


4.1.2. pee ay 5 In 2x—1|-+C. 
3 3 


4.1.7. (me 3 (x1) yz feet 2 +C. Hint. Eliminate the irrationality from the 
denominator. 


4.114. Jat 


10 
4.1.15. je siete ee 


V3 VF 
4.1.18. J=In|x+3+ Ve+6r +1 i 
4.1.20. fo—— in| VOR V 


a Vor V7 
4.1.21. (a) 5 are tan *S oie: (b) , iy alten (c) 3tanx+ 


2X 7 
ee 





+2cotx+C; (d) — _ tanx--C. 


4.1.22. (a) In (x-+- V 1+ x*)-+-arce sin x +C; (b) sin x— cos x-+-C; 
De wee 2: | ; 
(c) — nb? vt Bipoe *1-C;  (d) —0.2 cos 5x—x sin5a+C. 
37 


4.2.3. p22 ops. 2x—5 5 Se 
lt years > V5 joes 
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4.2.8. 


4.2.13. 
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2 
{=—2 V cos x+C. 4.2.10. l=5 (x3 + 3x-+1)3 +C. 


(a) 0.75 o/ (1+ in x8 +; (b) In| Inx|+C; (c) are sin = Va- 


(d) — arctan are (e) —2 cos Vx +c; (f) 5 In? x+In|Inx|+C. 


4.2.14. 


(a) — (835—40x -+- 14x?) fags 34; 
(b) = (Inx—6) V 1+Inx+C; 
(c) (3 sin? ro sin4 x) V sin’ x-+C; 


(d) 75 (B+ 4x? + 3x4) V |—x?-+C, 


4.3.2. xarcsinx-+ V1—x?-LC. 


4.3.14. 


4.3.17. 
4.3.18. 


4.3.19. 
4.3.20. 


4.3.21. 
4.3.22. 
4.3.23. 
4.3.24. 
4.3.25. 
4.3.26. 
4.3.27. 


4.3.28. 


+ PPaK+C; (bd) Stef) xt 1) —HA—D A+)? + 


— cos x Intanx-+In 





tan (+) +6. 


xInQg+V1i+x2)—VI+2+C. 

3 — 2. 23 9 

7* iE: GC x)*—> In riz +C. 
2 Vi+x arc sinx +4 V1t—x+C. 
—0.5 (= _teot x) +6. 


3* (sinx-+-cos x In3) 
1+ (In 3)? ee 


(se -P4+52+q] e3* C, 





3 
(x4— 10x?+-21) sin a (4x? —20) cos x +C. 
2 — 
ox" 18x—11 | CS ae sin 3x-+C. 
27 
x3 
(J —434) inx—S 4X _3r 46, 


4 


= arc tan x— 4% +C 


acoso be _—— x2+C, 


3 
18x? +-6x— 13 
(a) — 75 











] 
sin (6x -+ 2) — — cos (6%-+.2) +-5 x34 


5 


27 mu 
4.4.2. (d) Hint. Apply the generalized formula for integration by parts and 


express /,, 


from the relation thus obtained 


» 
fn--zy sin?! x (@ sin x—n cos x) +}——,—__ J gp-2 - cS 
ii a2 sin x ( Ss | a a2 ume O- 
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cos Xx iD 
DA Mi sak he | 
: (1—1) sin"-1 x Teen L,-. (n> 2); 
sohaes | cos x | 
ar [pea ot 
l 
4.4.4. (a) /,= 7 tan’-1x—J/,_5; /,=—In|cosx|+C; /,=x+C; 





ie cot?-!xy—J/,_,; /,=In}]sinx|+C; /I,=x+C; (ec) f= 


n— | 


=o yo Vie pat al, -93 = Vxet+a+C; Iyp=in|x+ Vx?+al+c. 














a la V 
5.1.2. ~ eae a ty In}x+2|+C. 
5.1.5. Catiedicdatats ae +C, 
5.1.8. ; 74 arc tan a ia tan (x-+2)+C. 
5.1.10. aes ene ee. ae 

9x? +- 50x 4-6 (x-- 1) (x +2) 
1. Tear ts | wera [te 





























5.1.12. ae tan (x—2)+C. 
ey 1 _ 
5.1.13. —sapte G [ete e arc tan x 
2x— | 
— — arctan —-+C,. 
3 7 V 3 
x+2 Vx+l 
5.1.14. ————_++ 2 arc tan x -+- In -———— ++ C. 
re Fi) = Vet 
5.2.2. 44/ x+6 f/ x4+24 Y/ x-+24 In | ‘7 xl J+C. 
——— 
2 (t+ 2) 
5.2.4. — op arc tan zt i + In Acs 
V 3 V 3 i VPs 
+C, where (= a, 
3 qos 
5.2.7. 5.2.8. 5 VY 7+. 





9 

5.3.3. —2are tan (Verret +e, 

pee she ee Re 
2(V 2+ 2x+4—x— 1) 


= injV + 2x+4—x—1| + C. 


5.2.9. (1i->*] V1 Ses ace sinx-+C, 


5.3.5. 2In| Vxe-2x +4 De epee 
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2 Er 
5.3.6. IE VIA? gare tan 7s 


x— | (x+ V 1+ x2) 
5.3.7. Tepe ete eee C. 5.3.8. Troe ee es ee C. 
V 2x — . 15 a 
5.4.2.5 V x?+2x +5—In(x+1+ V x? 42x +5)+C. 
2 = 
5.4.5. a V 3x? 2x1 -+4C. 


5.4.6. at 








V etext = In| Qe +142 Vx?4-x+1/+C. 


5.4.8. Deane 111) V x?-+ 4x4 3— 66 In| x+2+- Vx + 4x43 |(+C. 


3297 
128 V 2 
12 VY 42+ aa. 


5.4.9. = (32x? — 20x — 373) V ote 7 2 In] 4x45. 








8x9 © 3 

5.4.10. Six Lip V x2 + 2x + 2x —— are aay en 

V ee —4x +3 | 
5.4.11. Peas ee sin-—5 1 C. 

2 ye 8x2 + 12x+7 
5.4.12. or amy Gap +C. 

2 74.1Q2y2 1-1 
5.4.13. In eT ee a Hint. First make the substitution 

x? =1. 


9 


2 2 5 
5.5.2. 3arc tan oT XL. 5.5.4. 2 (oye ae lope) +C. 
11 8 


5.5.5. = (1 Lx?) FZ $2) 45 damien 
5.5.7. 12 “ie :. + C. 


5.5.8 Sees : 

= “THs x Pee © 
2) 2 Oc 

5.5.9. i ees 

: Vi+x ( (2x? — 1) 

5.5.10. a ee 


5.5.11. 35 (l+j/ #)+C. 


4 9 
Ve 9D [ye 
aoe een! Oe ee St i eed 
5.5.12. 7 (I+) 5 (1+—) -C. 
| 1 ! 
Oe rr eoVeVe x-—té 3 XY . 
5.6.2 Ras Gey ———-+C. 5.6.6. tan - z tan r-+C 


5.6.10. (a) a nt eee 





(b) + tan’ x—— In (1+ tan’ Caz tan? x4-In | cos x |-+-C. 
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Dc 1-++ sin x 
fe —— sin ae eee 
5.6.12. —sinx g sin x-- y's +C 
9 oe + 2 tan — ta 
5.6.14. ——— arc tan 
V 15 V 15 
x 
2 tanh —-+ | 
sinh 4x 2 2 
5.6.22. +C; (b) — arc tan faint a C. 
+= V3 V3 + 
5.7.3. + In (x —— — | )-— x (2x21) Vx—14+0C. 
oN tes 2 
5.7.4. n+ VF p—Letl so, 
5.7.7. /=arc sin erro. 
i 


5.7.8. f= ———_——_—————— + 

4 V x®—2x +5 

5.8.2. /=4 VY l= 2 In(2—x—2 Vil) =201 V 1—x) Inx+C, 
5.8.5 j -zeat & COS E+ Sint 


a? | 


+C, where /=arc tan x. 


Chapter VI 


3-+19 


6.1.9. /=4- = 44 as the area of a trapezoid whose height is 5—1=4 











a 
and bases 4X1—1=3 and 4x5—1=19. 
1 175 , 125 175 , 125 
6.1.12. S,= 16 — On ane S, = 16 — 7tse on “1 qqae 
3 AL 7 l 3 

6.2.2. (a) 1; (b) z! (c) S 6.2.10. (a) 75 (b) 3g In oF (c) m1; 
(d) *_arct ) In2; (f) 1; (g) arc tan i: (h) —; (i) a 

i an; (e ; ; g 7? 16’ ( TB 
a (k) ll As 6.3.1. (c) 3< 1 <5. Hint. M=f()=>, i 
=fQ=s. 6.3.11. (a) SB, (b) —Vi-x!. 6.3.14. OF 6 3.15. (by SH = 
=—e-4¥sinx. 6.3.23. (a) Inx; (b) = 6.3.24. (a) y. =": » (b) y= ne 

6.3.25. (a) The maximum is at x=1, the minimum at x=— 1; (b) ie 
minima are at as 0; 2, the maxima at x= + l. _ 

6.4.3. (a) = - z = (eapetauen x=asint); (b) ————— ae y 2 ———~—— (substitution x=tan /). 

9 
6.4.6. (a) V 2— nts, so 0a Vs rt. 
V3 [-b 
sin — 
: 24 = 
6.4.15. (a) 2—21n2; (b) 0.2 In 112; (c) Re eer (d) V 3—0.5 In (2+ 
sin — sin 


8 >" 12 
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+ V 3); (ce) 0.25 In3 (substitution sinx—cosx=1); (f) “(F-3| 
st 
7° 

32 I ; 
q In 77 (substitution x4=ft); (d) Jp (substi- 


(substitution x=acos ?); (> ee x=2asin??¢);  (h) + 


6.4.16. (a) = (b) = (c) 
tution x? =a? cos? /+ 6? sin? f). 


+ 


6.4.17. The substitution ras will not do, since this function is disconti- 
nuous at ‘=0. 
6.4.18. The substitution ¢= tan will not do, since this function is discon- 


tinuous at x=. 


6.4.19. Hint. The inverse function x= + V6 is double-valued. To obtain 
the correct result it is necessary to divide the initial interval of integration into 
two parts: 


2 0 2 
( V/ dex \ V ax+ | / 2 dx 
ad = 2 0 


and apply the substitutions x=— Vt in —2<x<0 and x=+ VP ind< 
< x <2; 

6.4.20. It is impossible, since sec ¢=>1 and the interval of integration is 
{O, lL]. 

6.4.21. It is possible; see Problem 6.4. i 


a 


6.4.22. Hint. On writing 2 f (x) dx = § f (x) dx + f (x) dx, make the sub- 


stitution x=—? in the first integral. 
1] —! 0 
6.4.23. \ F (are sin t) dt + | f (ware sin t) dt + ( f (Qn + arc sin 4) dt. 
0 1 —1 
Hint. Represent the given integral as the sum of three integrals for the in- 
tervals: (0. >). (+ >). (>. on | and substitute the variable: x = 
=arcsin?f, x=n—arc sint, x=2n-+arc sint respectively. 
6.5.3. (1) If f(x) is an even function, then 


aT Kae a1 
( f (x) cos nx dx =2 \ f (x) cos nx dx, and \ f (x) sin x dx ==0. 
n 0 —1 
n at 
(2) If f (x) is an odd function, then \ f (x) cos nx dx -=0, and \ f (x) sinnx dx= 


=2\ f(x) sina de. 
0 
6. 


5.4. 0. 6.6.3. 6—2e. 6.6.5.1 V9—4. 6.6.6. n—2. 6.6.13. — 


It V3 eee a 


| ] > 
b) —>; @ 2-Srates nS; (d) Foy; () In2— (In 


4 2° 
mM lon 
grils Apa eye 
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6.6.14. Hint. Integrate by parts twice, putting u=(arc cos x)” the first 
time and w=(are cos x)"-! the second time. 
6.6.15. Hint. Integrate by parts, putting u=—x. 


6.7.4. (a) 0.601. Hint. Estimate | f!¥ (x)| on the interval = =| and put 
2n —6; (b) 0.7462. 6.7.5. 0.96 





6.8.1. : 
| for O<x<l, 
Fis > fo 1l<x<2, 
(x—2)? ~ 1 


<3. 
3 T5 for: 2<.% 


Continuity is checked directly. The assertion concerning the derivative re- 
quires checking only at the points x=1, x=2. 
6.8.2. Hint. Make sure that the function f (x) is continuous both inside the 
interval (0, 1) and at the end-points ( lim f(x)=/(0) and lim /(x)=/(1)). 
x>+0 xo-l— 
6.8.3. No. Hint. Consider the function 
ee 1 if x is rational, 
P=) _ 1 if x is irrational on the interval [0, 1]. 
b 


6.8.4. 1—V 3. Hint. Ve (x) dx =f’ (b)—f" (a). 


a 
6.8.5. Hint. Putting for definiteness x > 0 and 
E(x)=nxx<n+l, 
take advantage of the additivity of the integral 


x 1 2 n x 
(E(x) dx=( E(x) de+ | E(x)dx+... + ( E (x) dx-+ \ E(x) dx. 
0 0 1 n—I\ n 


6.8.6. The antiderivative F, (x) will lead to the correct result and Fy, (x) to 


the wrong one, since this function is discontinuous in the interval [0, sz]. 
x 


6.8.7. F (x) =Y y+ \ f(t) dt. Hint. Any antiderivative F (x) can be represen- 


Xo 
x 


ted in the form F (=VFW dt+-C. Putting x-=%,, find C= yp. 


Sb 58 
| e279. e2a 


6.8.9. The function is defined on the interval [—1, 1], it is odd, and in- 
creasing; convex on the interval [—1, 0] and concave on the interval [0, 1]; 
the point [0, 0] is a point of inflection. 

6.8.10. Hint. The function 

x*¥ atO<x<l 
a= 
I “at x20 
I 


is continuous on the interval, it reaches the least value me ° 0.692 at 


r= and the greatest value M—=1 at x=0 and at x= 1. 
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6.8.11. Hint. Integrate the inequality f< <I. 


6.8.12. Hint. Integrate the inequality 


——— x? V 1? mt 
Oi a ee ees SS =, 
V xsinx > V « a= | 5 at O<4<q 


and write Schwarz-Bunyakovsky inequality 


/ 

2 ie 2 = 

\ Vrsintar< |/ \ car | sin car— oe 
8 2V2 

0 9 0 


6.8.14. Hint. Apply the euncae oan ae ne in the form 


i" 1 Oya ux] < a {roves | ye 


t 


6.8.15. Hint. Make the substitution arc tan Ay 


x 
6.8.16. Hint. If f(x) is an even function, then Fin=\ FW dt is an odd 
0 


function, since 
—xX Xx 


Pen= ( f(t) dt = —\ f(z) dz=—F (x) (t= —z). 


4 ( 
Xx 
And if f (x) is an odd function, then F (x)= NEW) dt is an even function, 
0 


since 
—X Xx 


F(—x= \¢at=—\ f(-2yaz=F (x) ((=—2); 


all the remaining antiderivatives have the form F(x)-++C and, therefore, are 


also even functions. 
6.8.17. Hint. The derivative of the integral / with respect to a equals zero: 


dl 
Fg lt (@+T)—F(a)=0. 


Chapter VII 





7.1.4. (a) In 2; (b) (2 V 2—1); (c) 5, (d) 1; (e) > 

l | | 2 1 2i 
ey i — i; are aang RY . 83. ofseVJe ret ae ome Oe ps cee 
7.2.2. (a) i (b) ay in ye 02 7.2.5. =. 7.2.10 WEE 
a2 BE _ _ 8 2/ 21, 
2.2.13. (a) pa : (b) t= In 2: (c) P=7 a2. 7.2.15. 3 ‘ 7.2.16. ae ‘ 


30 2.0 _ 3 8 | 
4.3.4. e 7.3.6. 31 are sin =. 7.3.11. is: 7.3.13. 9. sa area 
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7.3.19. = 7.3.20. = 7.3.21. 2n—(2 V3) In(2+ V3). 7.3.22. 0.752. 
128 4 8 l 9] 
7.3.23. =. 7.3.24. >. 7.3.25. 3. 7.3.26. Fe. 7.8.27. TE. 7.3.28. 5 


7.4.6. 2. 7.4.8. 0.75nab. Hint. The curve is symmetrical about the coordinate 


axes and intersects them at the points x= +a, y= +0. 

7.4.9. (a) = Hint. The curve is symmetrical about the x-axis, intersecting 
it twice at the origin at ‘== + 1. The loop is situated in the second and third 
quadrants; (b) = Hint. The points of self-intersection of the curve are found 
in the following way: y=(x (¢), therefore y (f,)=/,x (4;)= ox (f,) at t, #4, and 
x (ty) =x (t,), only if x (ty) =x (t2)=0, i.e. t7 = 0; 1,=2; (c) 8V3 


7.4.10. 0.25mab. Hint. The curve is symmetrical with respect to both axes of 
coordinates and passes twice through the origin forming two loops. Therefore, it 
is sufficient to compute a quarter of the desired area corresponding to the variation 





of ¢ from 0 to > and multiply the obtained result by 4. 


4 
7.4.11. nae Hint. The curve resembles an astroid extended in the vertical 
direction. 


7.5.2. (a) of (b) a Hint. The curve is a circle of radius = passing 


through the pole and symmetrical about the polar axis, —F<p<t. 


2 2 et 
7.5.6. 2a? (F- 1), 7.5.8. (a) 3 (b) — 7.5.9. a? (<5 V3 ). 


12 
7.5.10. se Hint. The curve passes through the pole forming two loops located 


symmetrically about the y-axis in the first and fourth quadrants. It is sufficient 
to calculate the area enclosed by one loop corresponding to variation of @ from 0 


to > and double the result thus obtained. 


7.5.11. 2 na Hint. The curve passes through the pole, it 1s symmetrical 
about the polar axis and situated in the first and fourth quadrants. It is sufficient 
to calculate the area of the upper portion of the figure which corresponds to 


variation of @ from 0 to ¥ and double the result thus obtained. 


7.5.12. a2 a) 


7548. 


intersects them only at the origin, forming four locps—one in each quadrant 
(a four-leaved rose). Therefore, it is sufficient to find the area of one loop corres- 





. Hint. The curve is symmetrical about the coordinate axes and 


ponding to the variation of @ from 0 to and multiply the result by 4. 


7.5.14. V2 na. Hint. The curve is symmetrical about the axes of coordi- 
nates and the bisectors of the coordinate angles; it cuts off equal intercepts on 
the axes. The origin is an isolated point. It is sufficient to compute the area of 
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one-eighth of the figure corresponding to variation of @ from 0 to = and mul- 
tiply the result by 8. 


7.6.2. Is m. Hint. A plane perpendicular to the x-axis at the point x will 


cut the sphere along a circle of radius r= VY 16—x2, therefore the cross-sectio- 
nal area S (x)= (16—<?). 

7.6.5. 0.5a2h. Hint. The area of a triangle situated at a distance x from 
the centre of the circle is equal to h V a?—x?. 











7.6.10. 27?a7b. 7.6.11. = (see Problem 7.3.9). 7.6.14. 5743, 
Ls. 16 Les D8 

7.6.16. (a) onab (1-35 | ;  (b) 3 4 (c) y abk nm. 7.6.17. 3 2 tan @. 

7.6.18. (a) 12m; (b) re (c) oe (d) m?; — (e) om (f) + nat. 

7.6.19. = 7.6.20. ™. 7.6.21. Lage a | +-na? 1a sinh © 4 
my 78:20. 75, all ae 

+nazc. 7.6.22. 55 (6n+5 V 3). Hint. The abscissas of the points of intersec- 

, — non 19 127 16nc§ 

tion are: Mp a 5 eo 7.6.23. 78 7 7.6.24. 0. 7.6.25. ‘T05a pa 
2 

y=— — sin ¢, where c= V a2?—6?., 7.6.26. = na’. 7.6.27. wat 

ma = = 2 ‘ 

ca V 2in(Qi+ y=. . Hint. Pass over to polar coordinates. 


4 112 eb —e- = = 
22 3 ee ee € : 
7.6.28. 5 na. 7.7.2. 55. 7.7.4. In GG. 7.7.8. ( a) V 6+1In(V 24+ V 3); 


Es 5 3 
(b) 2 In (2—YV 3). Aint. _=— >) maz; (c) aie 
7.7.10. 10 (a+ V5). 7.8.2. 8a. 7.8.5. 


axes at 4; =0 and t,=i/ 8 7.8.7. 4V 3. 7.8.8. 16a. 7.8.9. 8na. Hint. 
3 





a (a-- 2) 
5 


. Hint. The curve intersects the 


7.7.9. 


| Gs 





3__ fd 

Sce Fig. 79. 7.8.10. esr 7.8.11, >: 7.8.12. At so the point 

2n V 3 3a D 3 , 
M a (8) = | 7.9.5. 1.5na. 7.9.9. 75-4 In =. 7.9.10. 2V 2 na. 

Hint. The curve p=2 V 2acos (oF) is a circle. 

Pe a 14; 6 

7.9.11. p[V 2+inQity 2)]. 7.10.3. (a) = (b) aoe 
ot 

7.10.5. 2n (1 es 7.10.8. —. 7.10.14. (34 V17—2) = 

a Tae 2 a 
56 29V2 

7.10.15. 27 otaceks V 2)). = 7.10.16. =z ma?, 7.10.17. - y nm (e* — 2). 
7.10.18, 29.62, 7.10.19. 4a2a2. 7.10.20. 128 na2. 7.11.7. 16a? where a 1s 


5 
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——y 








8 

the radius of the cylinders base. 7.11.8. 1.50. 7.11.10. = (a) nt 

7 | | ma? p? ==) 

(b) aa arc tan >. TAL. (a) =>; (bj: = (3-+4 V 2): 
a a 2 

) = (Sn +6 V3). 7.1113. (2In38—1). 7.11.14. —S— (5 (5 V5—2 V 2). 

V3 » ee ( [3 . 

TALIZ. 20 SS. 7AN8. ta? Vipg. 711.19. rab aris | 

3—6 
7.11.20. _ 7AL.21. 12m. 7.11.22. Ge nb2a. 7.11.23. = ma’. 





7.11.24. (a) 1 [vs V 2)4+-(V 2+1) ¥s—), (b) ‘nat (213 + 


943 
. 74 4 202 
a ; (ce) Qnrh. 7.12.2. = pr. 7.12.4, ura 7.12.9. sues 


7.12.11. smabhd. 7.12.12. mrdh*. 7.12.13. a RH, 7.13.3. 0.250R3. 


-+- 2 In 


7.13.7. M,=— (5 V 5—1); My== V 8445 In(24 V 5). 7.13.8. M, = 


2 YER. M,=LV@ER. 7.13.9. VI4In(1+ V9). 7.13.10. 0.15. 
ee y=95 


: : 3b) h3 
7.13.11. 1a 5 y= : 7.13.12. or l 


; 
7.18.19. x.—y,= 2. 7.18.26. x.=R I: y=0. 7.13.28. aa pee 


5 a 
a 2n_ T 
0.2 (2e2"—~eF) yee ee. 7.13.30. 4.5na°. 


7.13.29. Xo aS : c n 





7.13.16. x,=y, =0.4a. 





Sep er — 2 
4R m—n|. m—n 
7.13.31. XO: Yer a 7.14.1. men ; men 


even; | a | if both m and a” are odd; joa if m and n are of different 
m--n m+n 


if both m and fn are 




















evenness. Hint. The curves y7=x" and y*?”=x™ have two common points (0, 0) 
and (1, 1) in the first quadrant. The area of the figure situated in the first 


n m 


quadrant is equal to \ €: —x" Nae . Depending on evenness and oddness 
0 


of m and n this figure is mapped symmetrically either about the coordinate 
axes (m, n even) or about the origin (m, n odd). If m and n are of different 
evenness, then the curves enclose only the area lying in the first quadrant. 
7.14.3. Hint. Take advantage of the formula for computing the area in 
pail coordinates. 
7.14.4. Hint. Since the figures are of gana) area, the function S(x) appear- 


ing in the formula for the volume V = S (x) dx is the same and, consequently, 


a 
the values of the integrals are also equal. 
7.14.5. Hint. The formula follows directly from Simpson’s formula 


h 
=+ 
\res dx 1 (0) + aC; j+re], 
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2y2 
for a sphere S (x)= (r?—.x?); for a cone S(xy=4e; for a paraboloid of 


h 
revolution S (x)=2mpx and so on. 

7.14.6. Hint. Divide the curvilinear trapezoid into strips Ax wide and write 
an expression for the element of volume AV = 2x xy Ax. 

7.14.8. Hint. Use the formula for calculating the length of a curve represen- 
ted parametrically. 


7.14.9, In=. Hint. The point (f=1) nearest to the origin with a vertical 


tangent corresponds to =>, 
7.14.13. 270 ve : 7.14.14. V 2 +z. 7.14.16. (a) O.5In(x+y); 


15 


(b) = —0.5 are sin x. 


Chapter VIII 
8.1.2. (b) > In 2; (c) 1; (d) 1—In2; - nm;  (f) _ 


8.1.6. (a) It diverges. Hint. uns a — for x > Ve—1; _ (b) converges; 
(c) diverges. Hint. ZV Ose > at, (d) converges; (e) diverges. 
x x 


8.1.17. (a) O. Hint. pelescus the integral as the sum of two items: 








© I 
ae In x Inx . ap ne a 
\ ax—=\ [pe oc (i 2 dx. Make the substitution caer in the se- 
0 0 
I | 
nx m! 
cond summand and show that (we [ee (b) 7: 
0 
_ a I 
8.2.2. (a) 9a? ; (b) it diverges; (c) diverges; (d) 6 j/ 2 (e) 3° 


(f) converges for p < |! and diverges for p>=1. 
8.2.7. (a) It converges; (b) diverges; (c) converges; (d) converges; 


(e) diverges; (f) converges. 8.2.11. (a) It diverges; (b) 2VIn2;  (c) = 
8.2.14. (a) It converges; (b) diverges; (c) diverges; (d) converges; 
(e) converges. 8.3.7. (a) si (a) 2n. 8.3.8. 3na*. 8.3.9. > 8.3.10. = 


8.3.14. mgR. Hint. The law of attraction of a body by the Earth is deter- 
mg R? 
r2 





mined by the formula f= , Where m is the mass of the body, r is the 


distance between the body and the centre of the Earth, R is the radius of the 
Earth. 


8.3.15. e,. Hint. Electric charges interact with a force , where €,; and é, 


are the magnitudes of the charges and r is the distance between them. 
8.4.1. Hint. Represent the integral in the form of the sum 
a 


+O 


+ 0 
dx dx dx 
\ emnins xP |n@x Bs \ xP In? x een) 
1 1 a 
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and apply special tests for convergence, taking into consideration that in the 
first integral In x= Inf{1+(x—1)]~x—1 as x-—> 1, and in the second integral 
the logarithmic function increases slower for g <0 than any power function. 

8.4.2. Hint. Making the substitution x7—?, reduce the given integral to the 


poe see 7 ee 
form + a \ 197-! sint dt. Represent the integral \ 19-! sin¢t dt as the sum 


0 
| 


0 
. ye . 
\ a a it \ ms t dt, where a=! - and show that the integral conver- 
0 


ges absolutely for | <a< 2 and conditionally for0<a<l. Note that at 





p= —0 the integral is reduced to the conditionally converging integral 


A 


ao L 


+ 
Suh ap: and at pe =e to the diverging integral \ a dt, 
0 





t 


SC > 


1/ 
8.4.3. Hint. Represent the given integral as the sum \ xP-V(] — x)9-!dx + 
0 
l 
-- ( xP—-1(|—x)?-1! dx and apply the special comparison test. 
1/2 


T 
8.4.4. Hint. If |a] A ]B], then ( sinax-sinBxdx is bounded. 


0 
8.4.5. Hint. By substituting ‘=x? the integral is reduced to the Euler 
gamma-function. 


0 oo o0 aB 
8.4.6. Hint. (Hea te) a= LS ax— | i ax— | Lt) ay — 
a aa ab ad 


Ba 

_ B f(x)—A . 

= Aln . + a dx. Applying the generalized mean value theorem, show 
aa 


that the last integral tends to zero as a—>0. 
8.4.7. Hint. Take the function f(x)=e-* for the first integral, the function 
/ (x)= cos x for the second and take advantage of the results of Problem 8.4.6. 
8.4.8. It converges for m <3 and diverges for m==3. Hint. Take advantage 


of the equivalence of 1—cos x and _ as x —> 0. 





uv 
n “2 
dx dx 
8.4.9. Hint. Represent \ as the sum of two integrals \ S_ 
J (sin x)P J (sin x)* 


dx 
(sin x)* 


+ 


; Teduce the second integral to the first one by making the substi- 





tution xm—t?t and take advantage of the equivalence of sinx and x as x —> 0. 
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It 
o “Q 
sin x (l— cos ; 
8.4.10. Hint, | P= CSS 4, (sine (cos 9) ay 4 
x 


sin x (1—cos %) 4, The integrand of the first summand on the right side is 


= x 


no| _— )8 


an infinitely large quantity of order s—3 as x —+0. By the special comparison 
test the first integral converges absolutely for s—3 < l, i.e. s < 4, and diverges 
for s=>4. The second integral in the right side converges absolutely for s > 1, 
since the function sin x(1—cos x) is bounded. But if 0 <s< 1, the second in- 
tegral enaeciees ae, as the difference of two conditionally converging 


integrals fs ray and ( sins Fay (see Problem 8.1.13). 


IT 


5 2 
8.4.11. Hint. Integral (2) can diverge. For example, let 


={ l, 2nnx<ox<(2n-+-1) a, 
PS Hl, Qntl) nex < (Qn+2)a. 








@ o 
The integral \ Bas converges (see Problem 8.1.13). But |e dx = 
0 
@ io) 
| sin x | : , 
== . dx diverges (see the same problem). But if the integral \ / (x) dx con- 
0 


a 
verges absolutely, then the integral \ f (x) @ (x) dx also converges absolutely: if 


a 
|p (x)| <C, then |f (x) @(x)| < C|f(x)|, and it remains to use the comparison 
theorem. 
aU 
as 


8.4.12 Hint. Transform the integral / (x) into f (x)= Insinzdz by the 





substitution y=5—2. Taking into account that sinz=2sin 5 ° COS = , reduce 


the above to the sum of three integrals. 
8.4.13. Hint. Putting uw=In cos x, cos 2nxdx=dv, integrate by parts and get 


sin x 


i sin 2nx dx, n#Q0. Since 
cos x 


2n 





the equality /,,= 


ae 


sin 2Znx = sin (2n—2) x-cos 21-++ sin 2x-cos (2n— 2) x, 
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ae 
J " j 
; sin x 
Le 5, — {sin (2n — 2) x dx 
i 0 
= 


7 


It 
2 “o 
-+- \ sin (2n — 2) x-sin 2xdx +2 \ sin? x-cos (2n — 2) x dx 
0 0 _I 


Check by direct calculation that for n2=2 the second and the third summands 
equal zero. Therefore, for n=2 


sin x n—| 
ax = — Tooe: 
COS x n 








Aa 
2 

|,=— 5 \ sin (2n — 2) x 
0 


a 
1 sin x rm 1 on eo. le ot qt 
i - — \ sin 2x —--dx=— wetave /,=— — SA gies ee ee 
Since /, > | sin oe . 1 ; 7 aids ar ae 
0 


I 
n—1l 
and by induction, /,=(—1) tn’ 


